Effect of Ground Permeability on Ground Return Circuits
By W. HOWARD WISE

The formulas for the self and mutual impedances of ground return
circuits are derived without restricting the ground permeability. Curves are
given to show the effect of a ground permeability 1.7 on the mutual imped-
ance between two parallel ground return circuits with the wires lying on the
ground.

N account of the irregular and heterogeneous character of the
major portion of the earth’s surface and the consequent difficulty
in choosing a conductivity to be used in a computation of ground
return circuit impedance it has heretofore been considered useless to
take into consideration the possibility of an earth permeability greater
than unity. However, since the permeability may sometimes be
known to be appreciably different from unity and it is always desirable
to reduce the probable error in a computation and since the inclusion
of the permeability in the formulas may sometimes lead to a better
agreement between the theory and experiments it seems worth while
to provide formulas which include the permeability.
The self impedance of a ground return circuit is

Z =2+ 12wlog p’'/a + du(P 4+ iQ),

where z + 12w log p”/a is the self impedance with a perfectly con-
ducting ground and 4w(P + 1Q) contains the effect of the finite con-
ductivity and permeability of the ground. Carson! has derived an
infinite integral and series expansions for P + () on the basis of unit
permeability. The infinite integral derived here is arrived at merely
by going through Carson's paper and writing in the permeability
wherever Carson has replaced it by unity. The reader will be expected
to have a copy of Carson’s paper at hand as not all of the steps in his
paper will be here reproduced.

Equations (23) and (24) respectively are the new infinite integral
formulas for self and mutual impedance. Equations (4) and (C)
respectively are the new asymptotic and convergent series formulas
for P and Q. The functions m and [ occurring in equations (C) are
functions of the permeability. Since some of them are defined by
series and their computation is consequently rather laborious, enough

! John R. Carson, Bell System Technical Journal, Oct., 1926.
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of them are tabulated for values of p from 1 to 1.7 to provide for the
computation of P and Q for values of r; up to 2.
Equation (1)! is unchanged but there is a new definition for «

o = 4drhpw.

Since curl E = — (8/dt)uH equations (2) and (3) have the factor u
added to their left hand sides.

The next change is in the application of the boundary conditions.
At the surface of the ground H, and pH, must be continuous. The
equations to be solved for F(r) and ¢(r) now become

A Fia F(r) = 2 4+ o(n),
piw

—F(x) = 21 — 4(r),

whence
o np—hT
F(r) = =2 45, 11
() Vit + 1o + pr (11
2 y —
o) = ST M g (12)
N1+ da 4 pr
The new equations (13), (14), (18), (19), (20), (23) and (24) are
E. = — idwly f T __COSYT v, (13)
o Vr¥ +da + pr
E. = — idwly f T__COSXT by, (14)
0 N+ 1+ KT
_ @ T
E, = — it4wly — cos a'rdr
0 \‘T: + 1+ ur
; p 9
— 12wl log? ~ % V, (18)
I=—itolp [ =S dr — 2ellog2 + TV
2l = — jdolp ————dr — 2wl log — \ 19
ju N2+ 0+ pr ®a 1)
I? = (G + () [5 + 2w log%

. el e—2h’f
4 —_dr |, (2
+1w#JO Nepr B T] (20)
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" (,—2fl’1'
R+iX=2=:z+2wlog? +i4 23
w log — wp \/—1 . dr (23)
"
=z + 12w 1og"— + 40(P + 1Q),
o g—(hl‘-}-hz')r
Zw = 12w Iog -l— '14w,u ————Cos x'rdr (24)

V2 44+ pr
12w log -I- 4m(P + Q).

The principal steps in the derivation of equation (18) are given in

Appendix I.
The new definition of P + iQ is

i ) %0 e—tunr ,
P +iQ = iu ) mcosxﬂif.
Replacing 7 by ? and assuming that v is a real quantity this is
Pl s n e e L

P =wR [ f—
tiQ=1e fV'T-i-l-i-#TT

where R is used to indicate that the real part is to be taken.
The asymptotic expansion is easiest derived by expanding
1/(¥7* 4+ 1 + p7) into an ascending power series in 7 and integrating

termwise.

YW+ 14 ur) =1 P SR A Gl i
+ -+ - - 280 )+ =

whence, writing &' + v + ix’ = re¥,
— Cosﬂ_ cos 260 2 — cos 360
P—i—fQ—,wv[w y2r2+( 3) r“z'
cos 46 cos SB

_(“3_ )v44 31+(#-‘_2+8) 60

— (e — 1)2°°S6"5!+ .
whence, separating the real and imaginary parts,

u | cosé cos 36
=]l @ -,

+ 3(1242 — 8t — 3) C"jf" + - J
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2 2 2 3
._#2‘“_1[(“ = 1)1!c052t9—('u = 1) 5! cos 60

-I—(‘uz : 1)E“)!cosl(]ﬂ— s ],
p

(4)
0 =

%[co:ﬁ_ (20t — 1)(:0539
+ 3(12p2 — 8ut — 3)

cos SB ]

2 f 2 — 2 _ 4
+ 5 [(.u : 1)23!00349—(” L 1) 7! cos 86
r r

=1
- 5
+(“ 3 1) 11!c05129—+---].

[t is worth noticing that when 7 is so large that only the leading
terms in P are of importance

P =[u+ (h 4 ho)V2mhop])/dmhe[® + (I + hej?].

At power frequencies (fi; + /2) V27w is small in comparison with u.
When g — 1 is small a series in powers of up — 1 is a convenient
form of solution. This is readily arrived at by writing

1 1 ( €T )
——— = 1 — —_—
Vi + 1+ pr \72+1+f[ Vi 4+ 1+

() -]

The expansion is absolutely convergent for all values of = if
e=u—1<2,

1/(\{m+ uT) = (\/”_1 - 1) — er(\{r 1 —7)?
e = oy -
= VI F [ + 272 4 e(drt + 72) + (878 + 47%)
+ €(167% + 1275 + %) + (3270 + 327% + 67°)
4 (64712 + 8070 + 2478 + 19)
+ (12871 4 192712 + 8070 + 87%) + - -]
— [r 4+ €27 + 1) + E(47® + 379
+ (877 + 87 + ) + €'(167° 4 2077 + 57°)
+ (3271 4 487° + 1877 + %) 4 -+ .
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Writing ¢ = v(b’ + 3" + ix") = vre? we have then

e-—cr
P4+iQ=wR | ——dr
0 Vit 4 1 + pr

a | d
=,uy2R[1-|-62d—62 c(sfrd)+ o ®
1 3! 5! 3!
—#'UER[C?‘F E<26_4+6_2) + 52(434‘ 36—4) + ].

where f(c) = f V7t + le~7dr = f cosh? ¢ ¢~esinhed g
4]

_ K (c) e fol
+ 3 35 55

w?R[ f(c) — (1/62)] = u times Carson's P + iQ with o = pdmiw.

— a2

The problem is now reduced to the tedious procedure of differen-
tiating f(c) and separating real and imaginary parts twice for. each
power of e. The chief steps are given in Appendix II. The result
is best written in the form

_ T M g (11)*
= S[nrﬂ 2!5!( 2) cos 4B+4r5|( 2) cos 86
Mya [ 11\ 7
W(E) cos 120 + — - J
/] Ma "1 2 mn
+§[1!2!(_2)5m23 3141

6
r') sin 66
Mo [ T lo |
+m(—2) sin 106 + ]

2

/“‘\

1 ricosf i’ cos 30 ” r® cos 50
V2 T3 17735 53527
r’ cos 76
+11’I7—]325—272—§-+— J
7,2 cos 26 r1® cos 64 2
+W<12+m2|"g )_W(lﬁ_I_mSIOgr_,)
cos 106 2
e (o mlog2) =+ -,
(0)
= T () e (i)
0= =5 751(3) cos20 = 55 (3) coso0
10
%(%) coleB—--|_...]

2 See Jahnke & Emde, ‘‘Funktionentafeln,” pages 171 and 93.
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o my [ri\* . ms [ r1\® .
—E[F(E) Slll4g—m(§) sin 86
> 12 . T
+%(’—2‘) sin120 — + -+
1 ry cos f r® cos 36 ~ r®cos 50
+ﬁ[’”‘ 3 T Mgy T gy
o rTcos 760 + + -]
773052729
1 2 71t cos 40 2
+m(!g+ﬂ?010gr—l')—-W(h—l—‘mg,logz)
718 cos 86 2
—W(l‘s-l-msbgr—l) -+

where r, = r/Vp = Vdmho|a® + (h + ¥)*] = Carson’s r and the per-
meability is contained in the functions . and I..

The definitions of the m. and I, will be found in Appendix II. The
table of numerical values should suffice for most needs.

TABLE 1

H - %.’o [g 14 ln ls 'IID

1 0.03861 0.67278 1.08945 1.38112 1.60612 1.78945
1.1 0.04619 0.70382 1.23834 1.71141 2.1758 2.6549
1.2 0.05264 0.72954 1.38429 2.07062 2.8568 3.7890
1.3 0.05808 0.75059 1.52655 2.45663 3.6558 5.2371
1.4 0.06261 0.76756 1.66456 2.86745 4.5785 7.0466
1.5 0.06631 0.78095 1.79799 3.30122 5.6305 9.2669
1.6 0.06923 0.79121 1.92660 3.75623 6.8167 11.9492
1.7 0.07159 0.79871 2.05026 4,23089 8.1417 15.1467
n no ny Ma s ny my

1 1 1 1 1 1 1
1.1 1.04762 1.06700 1.09751 1.13529 1.17851 1.22625
1.2 1.09091 1.12837 1.19008 1.26928 1.36318 1.47078
1.3 1.13043 1.18469 1.27788 1.40147 1.55291 1.73236
1.4 1.16667 1.23643 1.36111 1.53153 1.74676 2.00996
1.5 1.20000 1.28403 1.44000 1.65922 1.94400 2.30254
1.6 1.23077 1.32793 1.51479 1.78442 2.14402 2.60929
1.7 1.25926 1.36845 1.58573 1.90706 2.34630 2.92042
I g ns s Mo Mo myy

1 1 1 1 1 1 1
1.1 1.27799 1.3334 1.3926 1.4554 1.5217 1.5918
1.2 1.59192 1.7270 1.87607 2.0420 2.2241 2.4244
1.3 1.94162 21834 2.4613 2.7798 3.1441 3.5602
1.4 2.32690 2.7055 3.1556 3.6895 4.3217 5.0696
1.5 2.74752 3.2957 3.9685 4.7925 5.8003 7.0324
1.6 3.20326 3.9566 4.9089 6.1108 7.6264 9.5370
1.7 3.69388 4.6903 5.0856 7.66074 9.8497 12.6816
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The curves show the effect of p = 1.7 on the mutual impedance
between two parrallel ground return circuits with the wires lying on
the ground. The dashed portions of the curves were not computed.

AprPENDIX I
Equations (4), (7) and (17) substituted into (16) give

. v 2I(h — )
E.(x,0) — WIU [m

® 7
—I—f ¢(7) cos xr e Vdr ] dy — —
o d

E.(x, )

Z

dr

Emun+mjmﬂﬂmmﬂfW—n—

o+ (h—y)? oV

+ 1wl log 4 P 2
© e cos xT
= — 4wl f L R
o V7° 4+ da -+ pr
+ lzw[fw ‘JT + 1& - I-[T( — ()T B_)h.) COS X1 d-r
Vr? + i + da + pr T
: x2+(f!-—y)2_aV
+ iwl log T —
—(h+u)T
= — idol f M os xrdr
N7 e +

COs X1

- 12wff (emtw)r — e=hry —— dr

& (= av

+ iwl log R 9z

G (htnr
= — 14wl f cos xrdr
V7 + da + ar

24 (h—v av

+1wIlOg 2+ (]i' + }’)2— E
AppenDIX 11

The succeeding analysis has been considerably shortened by writing

fnm = Wy — Won +

[ Wa(n—1—1)s
21; — 1+ 2(n—1—m)
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where
é% wy = 0.
1 c c I I
f<6)=ﬁ+[§‘ﬁ+ﬁﬁ—w+—"']
1 c\*
+§|:§'!n {20 ,2,( )+f102|3,( )
1 /c\s '
—i’mm(g) +—"'J
1 1 c\2 1 c\!
+§[1 1I2I(§) +2|3|<2)
1 c\® 2
() + e
f(”)()ﬁ(n—l—l)! ITn—1D! 1 (n—3)! 1-3 (n—5)!
I 2 e 2-4 2 2:4.6
1:3:5---(n — 3) 1!
-+ 2:4-6---n )
v (n/2)! ¢ _ (14 n/2)!
+(=2) [3-5-7---(n—l—3) 157 - (n £ 5)
(2 + n/2)! 8 ’
Jr213,2527-9---(n+7)‘+"'J

1\ (/2)+1 1-3.5 --- (" _ 1)
-\ 73 Clenin s 1ns2 -
0! (5 +1 ) !

3-5-7 - 1
— {ins2y +21ny2 (n + )(5)24_ — ]

1!(’—;4-2)!

_(_1)(»!2)1—1!1.3.5 oo n—1) 3.5.7---(n4+1)
2

0:(’5’+1)! 1!(1;+2)!
2

the # being an even integer.
The inverse powers of ¢ all cancel out, in equation (B), and there
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remains
re =W?R{§q‘ — ot o - ﬁ(:ﬁéfh-r -
4 gyt~ 2 et G
f’“(:ﬁ)usps + - ] (D)
SOy )
where

1 . 1-3 1
$ropo = $0 — 62.«"21——_T+ é'('ﬂ‘aam— ﬁlﬁ)

1.35 13
(85‘" 741 4‘““22-3!)

1-3-5-7 135 1-3
+ (16t — 1200 gy S tag) -+

1 3-5 3
s“:uz,j)z=§'eo§—_— Ezk'!lz 3'+ (4(427 1 §'312 5')

3.5.7 3.5
_éﬂ(855a 2951 454_22 4')+...'

1 1 5 5-7 .S
fuu:ﬂf’s;:f:mz—fzt-uz _“+ (4£a22 51 — (4 _“)
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5 5.7 s
3 Crat *2(422-5! _2-4!)

5-7-9 5-7
- fs(SW“ 49—5") =

. . . . . . . . . . . . . . .

2t.1! 2220 2t
1 — €2 S +e(457k-—-—-5 )

28.3! 22.21
— €3 - 4= — s
E(85-7-9 J‘5-7)4' '

21.21 22.31  21.21
| - 2 i —
1! €2 7 + € (4 =0 7 )

23.4! 22.3!
— 3 —_ _ e
E(87-9-11 47-9)+ '

2. ’5‘ 224! 2t.3!
I — = — -
21 — €2 + €& ( 911 5 )

23.5! 22.4!
— gd —_ —
e(39-11-13 49-11)"'

The way in which the succeeding terms of each series are to be
formed will be made clear by comparing the numbers just preced-
ing the {s in the p series with the numbers in the expansion of
1/(¥72 + 1 + ur) into a power series in e.

The series converge if e = ¢ — 1 < 2.

The g series are all represented by the single formula

. = (
-

+

+

_I_

2 +(2/2) x X X €
_ L y Ty _f
1+#) P<2'1 2Ty 2)
_2
1+

1+(z/2) e\x — 2
D )5

x(x + 2) (_e) (x—z)(x—4)
(x + 4)(x 4 6) 2-4

x(x 4+ 2) (_g)"(x—2)(x—4)(x—6)
(x + 0)(x + 8) 2-4-6

x(x + 2) (x — 2)(x — 4)(x — 0)(x — 8}
(«+8)(a+10)(> 2:4:6-8 ]

good for all values of ¢ if x is even; good for e = 2 if x is odd. Other
series are available for odd x and 2 < e but there is little likelihood of
their being needed. :
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The p series are all comprised in the single formula

1
Cotrmops = (1 +g) P Eageimpo —lx— - 62§(2+zm)1-—'£|-_7—'
(1+§): 2(2+§)1

1 3 1
+ €& 45‘(3+=12)2(x—+)—(3;i——) — Ceromi _ﬂ_x_ — e |,
2(3+4+5)! 2(24+3)!
2 2
Since j—ﬂm = ?n(nfl) + Wa(n—1—m) WE Can write this

g‘(l-{-z.fﬂ)ﬂpz = Wqz + 5::
where

5 = (1 + :2_6) ! lri'u+xw.)=r24ul__ ~ Harzmasern WY
J (1+§>! 2(2+§)!
l . 2
1
+ & 4faizn iz gL)(x:;S)
22 (3 + E) !

x+1
= fetematam —7 N
2 (2 n 5) !

8 = 2u 10g1+u

pr—1 2’
/2 N, 1 {4 u
'5“(1+u) (3t le )
1 2
5z=;12—_—1'z—1_d1(§'=r2(=1271)—5=—2) for 4 =u.

By separating the real and imaginary parts one gets from equation
(D)

T 1 ri\* 1 r\8
P =§“["° *m<§) cos 40-qu +1@(§) cos 80-gs — + ]

7} 1 r\? . 1 r\o .
+§#[m(§) ze'ﬂ*‘m(i) sin 60-¢o + — ]
_ u [ rcosé r cos 30 _r”cos 50 .
G5 TR e - et |

+

|
[T ST I S
(X
»a'l:
—

+
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Q= —gp[ﬁ<§)2c0526-g2 —3_!147(%)6(:0566-@—{— - ]
—g,u[ﬁls—](%ysinzw-@ —ﬁ(%)asin 80-qs + — ]
+%[rc§segl+r3c;§30ga_155(:2(‘);756‘%_ 1ot J
+5 g1 (wpo + arlog 2 )
—%ﬁm(g)4c0546(§'3up4—{—gﬂog%)
+% %(%)acos 83(§5u1—“a + QaIOg%) — 4 -

Equations (C) are now got by writing » = ryu, m, = u*¢Mg, and

Ip = Dy miopz — q:log yy/u).
L = m(w; — log, yyu) + w't@2s,
log. v = 0.5772157.



