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The small signal ac transmission characteristics of junction transistors
are derived from physical structure and bias conditions. Effects of minority
carrier flow and of depletion layer capacitances are analyzed for a one
dimensional model. The ohmic spreading resistance of the base region of a
three dimensional model is then approximated. Short circuit admittances
representing minority carrier flow, depletion layer capacitances, and ohmic
base resistance elements are then combined into an equivalent circuit. Theo-
relical calculations are compared to observations for two typical designs.

1.0 INTRODUCTION
1.1 General

Junetion transistors have been in commercial production for nearly
a year. A detailed understanding of their behavior is necessary both for
the increasingly exacting requirements of modern circuit engineering
and for the wise design of improved types. Design theory, by relating
function to structure, can serve both these needs.

The principal object of this paper is to develop in logical fashion a
design theory for junction transistors. The product of the development
is an equivalent circuit, founded on device physics, which predicts the
cireuit characteristics of junction devices in a simple and intelligible
fashion. Although attention is concentrated on small signal transmission
performance, some large signal aspects are also examined.
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1.2 Method and Assumptions

The usefulness of the junction transistor derives primarily from the
flow of holes or electrons across two closely-spaced p-n junctions, one
of which is biased in the forward or conducting direction while the other
is biased in the reverse or non-conducting direction. Development of
design theory begins quite properly with analysis of this mechanism,
which is considered, for simplicity, as a problem in the flow of holes and
electrons in one dimension, at right angles to the p-n junctions. In the
analysis, it is assumed that these carriers are controlled largely by the
voltages applied to the junctions and that they move principally by
diffusion. The dependence of the diffusion currents on the junction volt-
ages is reduced to a set of two terminal-pair short-circuit admittances,
which form the initial and most important segment of the equivalent
circuit model for the junction transistor.

Practical transistors have not only the very useful transisting mecha-
nism mentioned above, but also passive capacitances across the charge
depletion layers which separate the p and n regions at each junction.
These capacitances limit the useful frequency range of transistors and
must be considered in any practical theory. In the synthesis of the
equivalent circuit, these capacitances are placed in parallel with the
short-cireuit input and output admittances which represent the flow of
diffusing holes and electrons.

A further limitation on performance is imposed by the ohmic or body
spreading resistance of the base region. The base current of the transistor,
in flowing from the region between the emitter and collector to the base
contact, develops a base contact to emitter voltage which seriously
limits the frequency response. Calculation of these effects requires the
assumption of flow paths for the base current. The circuit elements rep-
resenting base spreading resistance effects appear in series in the base
leg of the equivalent circuit.

1.3  Eaisting Design Theory

W. Shockley’s classic paper* announcing the junction transistor also
initiated the design theory. Diffusion effects for de and low frequencies
were analyzed, and formulae for depletion layer capacitances were de-
veloped. The mechanism of the frequency cutoff of the current trans-
mission (alpha) was reported in a subsequent articlef, and the effects of

* W. Shockley, The Theory of p-n Junctions in Semiconduetors and p-n Junc-
tion Transistors, B.S.T.J., 28, p. 435

t W. Shockley, M. Sparks, and G. K. Teal, The p-n Junetion Transistors,
Phys. Rev., 83, p. 151, July, 1951.



DESIGN THEORY OF JUNCTION TRANSISTORS 1273

ohmic resistance of the base region were discussed briefly. Still more
recently, the dependence of base thickness on collector voltage was used
to explain output and feedback effects*. The present paper is both a
consolidation and an extension of the earlier works and borrows freely
from them. The diffusion current analysis of Appendix A is patterned
after Shockley’s.

1.4 Scope

The design theory developed here is not complete, even for small
signal ac transmission. In particular, effects of large carrier emission
densities are not considered, nor are the effects of non-parallel junction
arrangements. Despite these omissions, it is hoped that the theory
developed will be both useful and instructive to those engineers charged
with transistor device and transistor circuit design.

2.0 METHODS AND ASSUMPTIONS

2.1 General

In developing the design theory, it is convenient to break the transistor
down into several internal electronic functions and to consider their
dependence on structure and materials individually. These functions
are then fitted together and used to predict the terminal electrical char-
acteristics. With this approach, it seems proper to describe separately
the methods and assumptions used in analyzing each of the functions.

2.2 List of Symbols

The symbols listed here are used in the body of the paper. A separate
list for Appendix A appears at the end of that section.

Emitter and collector currents are assumed to flow inward at the
corresponding terminals, in accord with the convention usually used for
transistors.

N . - 4
a = gradient of (N4-N,), usually given in atoms/cm’.
a,, = short-circuit forward current transfer constant for theoretical
one-dimensional transistor.
(. = collector to base capacitance with emitter open-cireuit ac.
Cy, Cec = hole storage or diffusion capacitances at emitter and col-
lector. These capacitances are directly related to the current trans-

* J. M. Early, Effect of Space-Charge Layer Widening in Junetion Transistors,
L.R.E., Proc., 40, pp. 1401-1406, Nov., 1952.
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mission cutoff frequency and may be used as an alternative charac-
terization of that quantity.

Cre, Cre = theoretical depletion layer capacitances of emitter and col-
lector.

D, D,, D, = diffusion constants for minority carriers, usually given in
2
em’/sec.

fo = D/mwy’ = current transmission or alpha cutoff frequency.

oo Geey oo s Geo = low-frequency conductance components of y’s given
below.

h’s = set of two terminal-pair parameters, defined by Guillemin, Com-
munication Networks, 2, p. 137, John Wiley and Sons.

hi = short circuit input impedance.

hy = short circuit forward current transfer ratio.
hi» = open circuit feedback voltage ratio.

hee = open circuit output admittance.

I, = average or dc base current.

Ipe, Ine, Ipe, Ino = holeand electron components of average or dc emitter
and collector currents.

I,., = emitter reverse current when collector is also reverse biased.
a . - 2

J. = emitter current density in amperes/cm”.

k = Boltzmann’s constant.

kT/q = average thermal energy per carrier, approximately 0.026 elec-
tron-volts at 25°C.

L, L,, L, = diffusion length or average distance a minority carrier will
diffuse before recombining; average distance diffused in one life-
time (7).

N., Np = concentration of acceptor and donor atoms in semi-con-
ductor, usually in atoms/cm’.

n = concentration of electrons/cm®.

n; = electron concentration which would exist in the semi-conductor
at thermal equilibrium if donor and acceptor concentrations were
Zero.

n, = thermal equilibrium concentration of electrons in p-region.

p = hole concentration/em’.
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pi = hole concentration which would exist in the semi-conductor at
thermal equilibrium if donor and acceptor concentrations were zero.

pa = thermal equilibrium concentration of holes in n-region.
q = electronic charge, 1.6 X 107" coulombs.
q/kT = see kT/q.

n', ma', me’ = ohmic spreading resistances of base region, specifically,
the effective base to emitter feedback resistances for diffusion cur-
rents and for collector capacitance currents.

r, rz, r3 = geometrical radii in transistor of Fig. 2(b).

T = temperature in °K.

V. = average or de collector to base voltage.

V. = electrostatic potential across collector depletion region.

V. = electrostatic potential across emitter depletion layer at therma
equilibrium (no biases applied).

v. = small signal ac collector to base voltage.

w, wy = base region thickness.

wy, wy, wy = base region thicknesses in transistor of Fig. 2(b).
& = thickness of collector depletion region.

Yeo y Yeey Yee , Yee = theoretical short cireuit input, forward transfer, feed-
back, and output admittances for one-dimensional transistor.

a, ag = short-circuit emitter to collector current transfer ratio and its
low-frequency value.

a* a* = collector junction current multiplication ratio and its low-
frequency value.

B, Bo = current transport ratio across base region and its low-frequency
value.

¥, Yo = current emission ratio at emitter and its low-frequency value.
& = dielectric constant of vacuum, 8.854 X 107" farad/cm.

I = relative dielectric constant, ¢/e .

p, pp = resistivity, base region resistivity.

Oney 0 = conductivities produced by electrons and holes in collector
region.

7, ., T, = lifetimes of minority carriers.
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upe = constant of feedback generator used to characterize modulation
of de base spreading resistance.

w = 2xf = angular frequency in radians.

Wy = 2mfa = 2D/w,’ = alpha or current transmission cutoff frequency
in radians.

2.8 Minority Carrier Admittances

An admittance representation of minority carrier diffusion is a way of
writing the dependence of the diffusion currents on the junction poten-
tials. To obtain this dependence analytically, the minority carrier den-
sities on both sides of each of the two depletion layers (emitter and
collector) are assumed to be exponential functions of the junction volt-
ages. This exponential dependence is a result of the normal thermal dis-
tribution of hole and electron energies. The carrier diffusion currents
are computed directly from the gradients of the minority carrier den-
sities at the depletion layer surfaces. Since the gradients of the carrier
densities are affected by many conditions besides the junction voltages,
additional assumptions are necessary. Their nature and pertinence may
be seen from consideration of the normal operation of a junction
transistor.

The three principal regions of a junction transistor, the emitter, the
base or control, and the collector, are indicated in Fig. 1. These regions
are separated by transition regions in which the conductivity type
changes either gradually or abruptly from p-type to n-type. Roughly
coincident with these transition regions are the emitter and collector
depletion layers across which the emitter and collector voltages appear

EMITTER BASE COLLECTOR
A o)
P n p
A A
! !
EMITTER COLLECTOR
DEPLETION DEPLETION
LAYER LAYER

Fig. 1 — p-n-p transistor.
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when the unit is biased. In normal operation for the p-n-p transistor
shown, the emitter is biased positive with respect to the base so that a
current, of holes is injected into the base from the emitter. The collector
is biased negative with respect to the base so that the holes diffusing
across the base from the emitter are collected whenever they reach the
edge of the collector depletion layer.

In the analysis each of the three major regions is assumed to have a
uniform resistivity, p; a diffusion constant for minority carriers, D,
which is a measure of the speed with which injected carriers will diffuse;
and a lifetime for minority carriers, r. This lifetime is the average time
which a minority carrier remains free before recombining with a majority
carrier. The minority carrier density in each region is assumed to have a
thermal equilibrium value in the absence of applied potentials. The
density is increased or decreased exponentially from this value by the
applied potentials. The base layer is assumed to have a thickness, w,
which is dependent on the collector voltage V.. An increase of collector
voltage increases the collector depletion region thickness, ., thus de-
creasing the base thickness. The rate at which base thickness changes
with collector voltage is determined by the nature of the transition
from base to collector. For gradual transitions, the rate of the transition
is important, while for abrupt or step transitions the rate of change of
base thickness with collector voltage is determined by the base region
and collector region resistivities.

Determination of the diffusion currents from minority carrier density
gradients requires determination of minority carrier densities everywhere
in the three principal regions of Fig. 1. These are obtained by solving a
continuity equation for carrier flow in each region, subject to the applied
junction potentials and other assumptions deseribed above. It must be
pointed out that, in normal operation, there may be a significant flow
of electrons to the emitter and from the collector in the p-n-p transis-
tor of Fig. 1. Small signal ac diffusion currents are determined by as-
suming small signal variations of the junction voltages and discarding
all but first-order ac terms from the diffusion currents.

Results of the analysis are given in Section 3.0, and the analysis
appears in Appendix A.

2.4 Depletion Layer Capacilances

In a p-n junction with no bias potential applied, there is a tendency
for holes to diffuse into the n-region and for electrons to diffuse into the
p-region. This creates a slight unbalance of charge in the two regions
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and the resulting electrostatic potential keeps each type of carrier in
its own region. The potential appears across a thin layer separating the
two regions. In this depletion layer, the hole density is lower than in the
p-region and the electron density is lower than in the n-region, and there

“is a net charge density. Acceptor and donor atoms are not neutralized
by mobile charge as they are in the p- and n-regions, but instead serve
to terminate the field of the electrostatic potential. Application of ex-
ternal potential across the junction changes the electrostatic potential,
and by exposing more or fewer fixed (donor and acceptor in equal num-
ber) charges widens or narrows the depletion layer. '

The passive capacitance of this region is simply that of a parallel
plate condenser having a plate spacing equal to the layer thickness.
Calculation of this capacitance is explained in Section 3.0, following
the discussion of the minority carrier diffusion admittances.

2.5 Base Spreading Resistance*

Implicit in the one-dimensional analyses described above is the as-
sumption that the base region is everywhere at the same potential.
Actually, since the emitter and collector currents are not equal, current
must flow through the base region parallel to the junctions. Because the
base region has finite, rather than zero resistivity, this current produces
transverse voltage drop in the base region.

It is assumed that the most important effect of these voltage drops is
the feedback produced between the base contact and the emitter junc-
tion. In consequence, each of the ohmic base resistances studied is de-
fined as the quotient of an average voltage between base contact and
emitter junction divided by the current producing it. The need for
defining more than one feedback base spreading resistance results from
the fact that the base current has two principal ac components. One of
these is the difference between the emitter and collector minority carrier
diffusion currents. The other is the collector depletion layer capacitance
current. The feedback effects of these two currents on the emitter junc-
tion are the same only when the flow paths of the two currents through
the base region are the same. Consequently, the representation of base
resistance effects is somewhat more complicated in transistors where the
flow paths differ than in those where they are identical or nearly so.

* The majority carrier resistance of the base region for base current flow
parallel to the junctions. The word “spreading’’ was suggested by the base con-
tact geometry of Fig. 2(a) and readily distinguishes this resistance from the
“bage resistance’’ of the familiar tee network, which was long believed to be
identical with it. It is not. See Sections 5.2 and 5.3.
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Fig. 2(a) shows a structure for which the flow paths to the base con-
tact are substantially the same for all components of the base current.
Both the collector capacitance current and the diffusion loss base
current enter the base region substantially uniformly over the entire
area and follow the same path to the base contact. In Fig. 2(b) these two
currents have quite different flowpaths and the associated feedback
resistances are likewise very different. The general method of calcula-
tion is, however, the same in both cases.

Another important effect is associated with modulation of the de
voltage drop in the base region. The base current ordinarily has a de
as well as an ac component, and a de voltage drop occurs between the
base contact and the emitter junction. Since the base region thickness
changes when collector voltage changes, the de resistance of the base
region is modulated by the collector voltage, producing a modulation
of the dc voltage between base contact and emitter.* This effect is most
easily represented by an ac voltage generator in series with the base

EMITTER
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Fig. 2 — p-n-p transistor structures.

* This effect was first pointed out by J. N. Shive.
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contact. The voltage is computed as the product of the de base current
and the modulation of the de base resistance. This modulation can be
calculated from the base region resistivity and the dependence of base
thickness on collector potential.

2.6  Summary of Methods

In developing the design theory, simple physical assumptions are
made concerning the behavior of the charge carriers in the semicon-
ductor. The transistor is studied as a one-dimensional problem and the
per unit area electrical characteristics of the one dimensional structure
are computed. The effects of current flow within the base region parallel
to the junctions are then calculated for a three-dimensional model.
Finally, the equivalent circuit representations of these electronic func-
tions are combined in structural fashion to give the terminal electrical
characteristics of the junction transistor triode.

It should be noted that the base region thickness between emitter and
collector is assumed uniform, and that design theory has not been ex-
tended here to cover the case of non-uniform thickness. Likewise, edge
effects at the emitter and surface effects in general are neglected.
These omissions were made for mathematical simplicity and are neces-
sary omissions in a one-dimensional analysis. The place of surface leakage
among the electronic functions is discussed at the end of Section 4.0.
Analysis of the effects of sharp discontinuities in base layer thickness
requires new solutions to the continuity equation but gradual changes
in thickness can be accounted for by averaging over the active area of
the transistor the short cireuit admittances which are the subject of the
next section.

3.0 ONE-DIMENSIONAL TRANSISTOR

3.1 General

This section deals with the small signal transmission electronics of
the structure of Fig. 1. It is assumed that the emitter is biased to provide
a flow of carriers into the base and that the collector is reverse biased
sufficiently so that no majority earriers can diffuse out of the collector
region into the base region (a reverse voltage of 0.5 volts is more than
enough to prevent this). The four admittances associated with minority
carrier flow and the two depletion layer capacitances are indicated in
Fig. 3. In each case, the design expressions are given first in their most
exact form and are progressively simplified. For convenience in dis-
cussion and comparison, current densities per unit area rather than
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Fig. 3 — Theoretical equivalent circuit for “one-dimensional” transistor.

currents are used and the admittances and barrier capacitances are
written on a per square centimeter basis. It will be noted that transverse
voltage drops resulting from base spreading resistance are ignored in
developing the expressions of this section.

A number of physical mechanisms are involved in the admittances
for minority carrier flow. The forward current across the emitter junction
rises as an exponential of the emitter to base region voltage. This is the
result of the thermal energy distribution of minority carriers and is com-
mon to all thermionic emission. A natural effect of this exponential de-
pendence is that a given change in the voltage results in a fixed per cent
change in the current, thus producing an ac admittance which is pro-
portional to the average or de emitter current. For several reasons not
all of the current which flows through the emitter junction is collected.
First, some of the emitter current consists of electrons diffusing into the
emitter body and of displacement current through the emitter depletion
layer capacitance. These effects are expressed in the emission factor or v,
which is the ratio of the hole current injected into the base region to
the total emitter current. Further, some of the injected holes recombine
in the base layer. Those which are collected suffer a transit delay which
results in a phase difference between emitter and collector currents. These
two effects are summed up in the forward current transport factor or B,
which is the ratio of the minority carrier current reaching the collector
to that injected by the emitter. Finally, the current of holes entering
the collector from the base gives rise to a much smaller flow of electrons
from the collector to the base, thus producing a collector multiplication
factor or a*, which is the ratio of total carrier current crossing the col-
lector junction to the hole current entering it from the base.

Although the most important minority carrier flow originates at the
emitter, this flow is altered by changes in collector reverse voltage. As
the collector reverse potential is inereased, the base region becomes
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narrower because of widening of the collector depletion layer. This re-
duction in base thickness permits more emitter current to flow for a
fixed emitter to base voltage, so that both emitter and collector currents
are increased, thus producing output and feedback admittances. How-
ever, since large changes in collector potential are required to produce
small changes in base thickness, relatively small changes in the junction
currents are produced and the admittances are far smaller than those
associated with change of emitter potential.

3.2 Diffusion Current Admittances

The short circuit two terminal-pair admittances associated with the
diffusion of minority carriers in the structure of Fig. 1 are

_ i—[(I 1) 1+ 'L'wfp)l'lz tanh wo/(Dpr)m
Yoo = kT re 77 tanh [(1 + twrp)2wo/ (Dyrp)

+ Tae (1 + iwrne)'’]
12 12
Yoo = _% [(Ipe — 1w [(1 4+ dwrp) _ tanh wo/(Dp7p) ] [ L4 E:I

nh [(1 4 "’-wrp}”zwo/(Dpr)lﬂl Tpe
_ _ow (1 + dwry)"
Yeo = = oV, (Dyrp) " sinh [(1 + twryp) 1f%u(,/(D]tnrp)”zl
. ow (1 + dwr,)" [1 + "_”:l
Yoo = T3V, (Dyr)™ tamh [(1 + twr,) Pun/ Dpr) ]

in which I,e, I, and I,. are average hole and electron currents at the
emitter and collector junctions and I, is the emitter reverse current
measured with both junctions reverse biased. wo is the (time) average
base region thickness and V. is the average collector voltage. The de-
pletion layer capacitances which shunt the input and output diffusion
admittances, i.. and y.. , are discussed in Section 3.3.

Some general features of the admittances may be noted at once. The
expressions are similar to those for a section of lossy transmission line,
but differ significantly in the ordering of the magnitudes of the terms.
Each of the admittances is proportional to a de current, and in fact,
since I, is ordinarily ninety per cent or more of I,., approximately the
same de current. This effect, which results from the exponential depend-
ence of emitter current on emitter potential, can be related to the
transmission line analogy by the argument that the increase in minority
carrier density in the base region which accompanies increase of dec
current lowers the characteristic impedance of the transmission line.
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Finally, the last two terms, the feedback and output admittances, are
smaller than the first two by approximately

kT dw
quo V,

which is usually 10 or less, but the four form a rather symmetrical set.

The symmetry of the terms can be seen by removing the dissymme-
tries. The term 7,. (1 4+ twt,.) in . results from diffusion of electrons
into the emitter from the base and is the emission loss term which
makes vy less than unity. The factor (1 4 on./0p) Which appears in ..
and .. is the collector multiplication factor &* which results from the
flow of electrons out of the collector body. If ¥ and o* are assumed to be
unity, the admittances assume a more symmetrical form. In that case
Yee/ Yoo = Yee/Yee = —f, the base transport factor, and the forward
and reverse current transmission ratios are identical. This can be seen
more clearly if the hyperbolic expressions are replaced by the first two
terms of their polynomial expansions, yielding

Yoo = Geo Hﬁ‘%
v = T i
Yeo = %f/‘g%
where
“-’a=2w—D; and ﬂﬂsl_%‘_ﬁ"f:_gr;

is the low frequency value of the base transport factor. A lumped param-
eter equivalent circuit for these simplified admittances is shown in de-
tail in Fig. 4(a).

It is apparent here that a single parameter, w, = 2D,/w,’, specifies
the frequency variation of all four admittances. This frequency depend-
ence, which has been commonly measured as the alpha cutoff frequency
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Fig. 4 — Simplified equivalent circuits for “one-dimensional” transistor.

or three db pointt of the current transmission amplitude, appears in
the admittances in the form of storage capacitance or as transfer delay.
These result from minority carrier storage in the base region and are of
the same nature as hole storage capacitances in semi-conductor diodes.

If desired, further simplication can be obtained by eliminating the
effective power loss in the storage capacitances as shown in Fig. 4(b).
In this arrangement, as in the more rigorous forms preceding it, the
forward transfer admittance y.. is a little smaller than the input admit-
tance 11, and the feedback admittance y.. is not quite as large as the
output admittance ... This makes the circuit delta (Jeeee — Yeelec)
greater than zero so that the structure is inherently stable when y
and o are unity.

3.3 Depletion Layer Capacitances

Even in the absence of applied potentials, there exists at useful p-n
junctions a depletion layer in which the density of mobile carriers is low,

t R. L. Pritchard has pointed out that this three db point is 22 per cent larger
than we as defined here. See R. L. Pritchard, Frequency Variations of Current-
Amplifieation Factor for Junetion Transistors, Proe. LR.E., 40, p. 1476, Nov.,
1952.
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and across which there is a small electrostatic potential. The potential
difference across the region exists primarily because of the difference in
energy levels between the conduction band in which the mobile electrons
exist and the valence bond band in which the mobile holes move. The
potential difference depends on the densities of holes and electrons in
the p and n regions, but it cannot exceed the energy gap or difference
in band levels, so long as the junction is at equilibrium.

It a reverse voltage is applied to a junction, the applied voltage ap-
pears principally across the depletion region, where it strengthens the
electric field by widening the barrier region so as to bring more fixed
donor and acceptor charges into the field. It is obvious that the depletion
region has a capacitance, since an electric field exists across it. This
capacitance decreases with increase of reverse voltage, since the capaci-
tance is charged not by bringing mobile carriers to fixed electrodes but
rather by widening the region to include new fixed charges from the
semiconductor regions on each side.

Both emitter and collector capacitances may be calculated easily
for the principal cases of published engineering interest, the graded
transition and the abrupt or step transition. For graded transitions, the
depletion layer is in a region of linearly changing fixed charge density
(zero at the center of the layer). The step junction has the barrier layer
almost entirely in either a p or an n region of uniform fixed charged
density since the fixed charged density in the other region is usually so
large that the field effectively terminates at its surface.

The general expression for barrier capacitance is

where x,, is barrier thickness and the other symbols have conventional
meanings. In the case of graded junctions, this becomes

2ga \'#
__ Ke 4
¢= 2 (3KE()V;)

where a is the rate of change of fixed charge density in charges per em®
per cm. For step junctions, the relation is

€ = e (q(Na = Na))m

!
2’(50 Vg

where (Ng-N,) is the fixed charge density in the low charge density region,
ordinarily the base region in transistors. The potential V', is the electro-
static potential across the depletion layer and under bias conditions is
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the sum of the equilibrium barrier potential and whatever part of an
applied external potential is not lost in IR drops in the p and n regions.
Tor reverse bias conditions, the sum of the equilibrium potential and
the entire applied potential is almost always a satisfactory approxima-
tion, but for equilibrium and forward bias conditions, the barrier po-
tential may be computed more easily from the minority carrier den-
sities immediately adjacent to the depletion layer.
The equilibrium barrier potential may be calculated by
Ve >~ E P
q Np Pn
in which n,, p, and n;, p; are, respectively, equilibrium and intrinsic
carrier densities in the two regions. The total depletion region potential
for a forward biased emitter junction may be calculated by the same
expression but the hole density in the base region side of the emitter
depletion layer is not the equilibrium value p. but rather

_ Wed o
P gD,

which is simply a modified form of the equation for diffusion current.
Because of the large difference in the voltages across the barriers, emitter
depletion region capacitance per unit area is ordinarily 2-20 times larger
than the collector depletion region capacitance per unit area. It should
not be assumed that emitter depletion region capacitance is the more
important. It contributes but a small fraction of the emitter admittance,
while the collector depletion layer capacitance contributes greatly to
collector admittance.

3.4  Summary

A one-dimensional study of the small signal transmission properties of
the junction transistor shows two terminal-pair short circuit admittances
which are closely proportional to the de bias currents. The input and
output admittances of this set are shunted by depletion layer capaci-
tances which are essentially passive circuit elements. A major feature
of the diffusion current admittances is the presence of a single frequency
determining factor, the alpha cutoff frequency. Comparison of the dif-
fusion or storage capacitances with the depletion region capacitances
shows that the collector depletion region capacitance is usually much
larger than its storage capacitance, while at the emitter the reverse is
true. This results from the fact that the output and feedback minority
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carrier admittances are many orders of magnitude smaller than the
input and forward transfer terms. The output and feedback admittances
decrease with increase of collector reverse voltage in much the same way
that collector capacitance decreases, while the input and forward trans-
fer admittances are but little affected.

This simple picture of the junction transistor is incomplete in that it
ignores the important effects of majority carrier resistance in the base
region. These effects are discussed in the next section.

4.0 EFFECTS OF BASE REGION RESISTANCE

4.1 General

The resistance of the base region to the flow of currents parallel to
the emitter and collector junctions is important primarily because of
voltage developed between the base contact and the emitter junction.
Necessarily associated with this is power dissipation which is usually,
however, of less importance than the feedback effect of the voltage.

The primary factors in determination of base region feedback voltages
are the materials and geometry of the base region and the flow paths for
the transverse currents moving through the base region to the base
contact. Reduction of the base region resistance effects to equivalent
circuit elements permits them to be incorporated in the equivalent cir-
cuit obtained in the previous section. This ecircuit is then an essentially
complete model for the electronic mechanisms or functions in junction
transistor triodes.

4.2 Base Region Currents

Two of the three principal components of the base current have nearly
identical origin and flow paths, while the third component differs in
origin and may differ greatly in flow paths to the base contact. The de
component of the base current arises principally from recombination of
injected holes in the portion of the base between emitter and collector,*
as does also the ac component associated with the diffusion admittances.
The ac component of base current required to charge the collector barrier
capacitance, however, is introduced into the base uniformly over the
surface of the collector. The ac component required to charge the emitter
capacitance is both small and similar in flow paths to the first compo-
nents discussed.

* In some transistors, much of the recombination occurs on the exposed surface
of the base region. This surface recombination may be replaced by a reduction of

volume lifetime for a one-dimensional analysis. This is not exact, but is a fair
approximation.
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For the structure of Fig. 2(a), all current components are introduced
into the base layer relatively uniformly over its area. The de component
and the (1 — ) or diffusion component originate within the layer vol-
ume, while the collector capacitance current is introduced from the
collector side of the layer, but this difference is of little consequence. The
transverse current density is largest at the base contact and diminishes
monotonically to zero at the layer edge opposite the contact. The feed-
back voltage to the emitter junction consequently rises most rapidly
close to the contact and becomes nearly constant as the opposite side
of the base region is reached.

For the structure of Fig. 2(b), significant differences in flow paths are
apparent. The transverse current densities are zero at the center of the
unit and rise out to the edge of the emitter. Here the de and (1 — «) com-
ponents of current density begin to decrease because of the increasing
cross-section of the base region, while the collector capacitance compo-
nents continues to increase because of the additional contribution from
the larger collector area. All components decrease in density beyond the
collector circumference. It is apparent that two feedback resistances
are required to deseribe the separate electronic functions in this case.

4.3  Effective Feedback Resistances

The resistance effects of importance are not the series resistances to
the flow of the various current components through the base region to
the base contact, but rather the feedback resistances defined by the
quotient of the average base contact to emitter junction voltage by the
current component producing the voltage. The calculations necessary to
determine such resistances are detailed in Appendix II.

For the structure of Fig. 2(a), a single equivalent resistance given by

’ Pb b
Ts =f(—)fl-'£-
w w

is sufficient. Both (1 — a) and C, current components pass through this
resistance en route to the base terminal. In the structure of Fig. 2(b),
the (1 — a) or diffusion current component has an effective feedback
resistance of

’ 1 1 1
o, o~ [m— T talra/) + fn(rs/rz):l

while the collector capacitance component of base current has associated

t This value of r;, is an upper bound, since the assumptions are pessimistic.
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with it a resistance

’ 1 1
Thy = Pb( tn(rs/rs) + (r./r2)’ [— m L w1:I
2mws 1 8T

2mws
51 * 1
+[1- () Jea)

For the proportions shown, the ratio of Ty , to 1{2 is approximately 1.5 to
one. Reasonable variations in the proportions can make this ratio as
small as unity or as large as five.

A common feature in these resistances is the presence of the base
region thickness w in the denominator. Since low values of base spreading
resistance are desirable, this requirement opposes directly the primary
requirement for a high alpha cutoff frequency — a thin base layer.

4.4 Base Resistance Modulation Feedback

As was mentioned previously, the de voltage drop between the base
contact and the emitter junction is modulated by the widening and
narrowing of the collector depletion layer which alternately increases
and decreases the de base resistance. The resulting ac voltage may be
represented by a voltage generator in series with the base resistance, as

ary dw

ce=I—‘_ o
ke = 2 3w oV, "

where [ is the de base current, V. is the de collector voltage, v, is the ac
collector voltage, and uv, is the feedback voltage.

For the structure of Fig. 2(a), the expression given earlier for 7' may
be differentiated to obtain the dr’/dw. The caleulation of dw/dV . has been
indicated in Section 3.0. The resulting expression for u, is approximately

Determination of this feedback effect for the structure of Fig. 2(b)
is more difficult. Only those portions of the base region adjacent to the
collector barrier are affected by the barrier widening, so that only the
first two terms in the expression for 7/, given above enter into the cal-
culation. The value of . is

1 1 ro\ OW
Hie > Lupy (81rw'i, + 2w’ . ?'—1) av,

This feedback term cannot be reduced to an expression containing r',
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in the same simple way possible for the structure of Fig. 2(a), since the
base resistance between the collector circumference and the base contact
is not changed by collector depletion region thickness changes.

The details of the base contact may change the magnitude of this
feedback greatly. In particular, poor placement of a bonded base contact
may sometimes result in very large values of ws.. A point of general
interest is that the sign of the feedback is determined directly by the
direction of base current flow, while the phase is otherwise exactly that
of the collector voltage.

4.4 Equivalent Circuit with Base Resistance Effects

The base resistance effects discussed above can be combined with the
admittance circuits obtained in the one-dimensional study of Section 3.0
to give equivalent circuits for the three-dimensional structures of Fig. 2.
The resulting representations, shown in Fig. 5, reflect the geometry of
these structures since the base resistance elements are shown in a branch
through which the base current must flow to reach the base terminal.
All of the effects can be seen to give feedback, which is to say, coupling
from the output circuit of the collector to the input loop of the emitter.
This leads to complication of the electrical characteristics of the trans-
istor, whose characteristics would otherwise be given by the electronic
funetions developed in the previous section.

Fig. 5(a) is an equivalent ecircuit which represents the small signal
transmission properties of the structure of Fig. 2(a). It should be noted
that a single base resistance is needed, through which all of the base
current passes. The effects of surface leakage are indicated by the ad-
mittance Y; from collector terminal to base resistance. The indicated
uncertainty of placement of thisleakage effect with respect to r’ reflects
the fact that the feedback resulting from the leakage depends on the
position of the leakage with respect to the base contact.

The structure of Fig. 2(b) is represented by the circuit of Fig. 5(b).
The separate base resistances Ty , and ry, mirror the physical fact that the
collector region is, on the average, closer to the base contact than is the
emitter region. Leakage effects may be added to this circuit in the same
manner as before.

Although the circuits of Fig. 5 represent primarily small signal ac
transmission functions in the transistor, very similar representations
may be employed for large signal functions. The principal changes occur
in the diffusion admittances, which should be replaced by the diffusion
currents written as functions of the barrier voltages, and in the capaci-
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Fig. 5 — Equivalent circuits for junction transistors.

tances, whose variation with barrier potential must now be considered
explicitly.

5.0 DESIGN CALCULATIONS
5.1 General

The understanding of junction transistors is now sufficiently ad-
vanced that this type of device is designable — the engineer may work
from requirements to choice of structure and material. The limitations
on designability are now primarily lack of adequate control over manu-
facturing variables together with the inherent characteristics of the
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semi-conductor materials available to the designer. The designability
of the major small signal transmission parameters of junction devices
is illustrated below by a comparison of calculated and measured charac-
teristics of both grown and fused junction devices.

The characteristics calculated are the theoretical short circuit con-
ductances and current transmission ratios (alphas), the current trans-
mission three db cutoff frequencies, the collector capacitances, the base
region spreading resistances, and the low-frequency values of the “h”
parameters. The latter are computed because of their ease of measure-
ment and interpretation and are compared with measured values.

5.2 n-p-n Drawn Junction Transistor

The properties assigned to this unit are believed to be reasonable,
but a close check on many of them is very difficult. Base region thickness
was chosen as a reasonable value for current practice. The physical
structure is that of Fig. 2(a), with the bar cross-section a square 20
mils on a side. It should be noted that the assumptions made are con-
sistent; e.g., the grading of the collector junction is consistent with
the collector and base region resistivities.

The physical parameters of interest are:

V. Collector voltage, 4.5 volts
I. Emitter current, —1 ma
w Base thickness (not including depletion layers), 3.6 X 107 em or
1.41 mil
pv  Base resistivity, 1 ohm-cm
75 Electron lifetime in base, 10 u sec
p. Emitter resistivity, 0.01 ohm-cm
7. Hole lifetime in emitter, 0.45 u sec
p. Collector resistivity, 1.7 chm-cm
7. Hole lifetime in collector, 30 u sec
a Concentration gradient in junetions, 3 X 10" atoms/cm"
A Junction areas, 0.0025 em®
The parameters of this unit are then

_ a5 _ 107°
0o = 371 = 0026
2

1+ 2 w/v/Dyr
3

= 0.039 mhos

o = 0.992

=1t 0.008

wE

D nTh

.Bo'l—'[l - % } =1 — 0.0072 ~ 0.993
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Lo

at 25°C ag ~ [1 + =
2 one

] — 1 4 0.0003 ~ 1.0003

70°C a: ~ 1.03
25°C a,., = 'Yo.Boﬂf: = (0.992 X 0.993 X 1.0003 = 0.985
70°C a,, = 1.015

—4
Now 9% _ %m _ 6 X 10

_ —5
V.6V, X6 1.6 X 107 em/volt

1 dw
ce = T — ° Ln
g wV,&I cosh (w/Ly,)
ET ow 5
~ — - (e = 0.0 1. 10 .03¢
qwé‘ch 0.026 X 1.6 X 107 X 0.039

= 4.5 umhos
The parameters which determine frequency response are

D, 90

T (36 X 1092
C'p = 2400 ppfd/cm® for collector
('3 ~ 6500 ppfd/em® for emitter

I.Q|E
S

fo = = 2.45 mceps

so that
CT =06 ,Ll.u-fd

c

Cr, = 16 ppfd

The electron storage capacitances of the emitter and collector diffusion
admittances of this n-p-n transistor are:
0.039

o fee  _ _
Cor = Lhwe 1.5 X 245 X 27 X 10° 1690 pufd

Co = T2 = 0.2 ppfd
Lbwa
It is obvious that diffusion effects are most important at the emitter,
while depletion layer capacitance is important at the collector.
The ohmic base spreading resistance of this unit is given (probably
within a factor of two) by

’ pb 10

w = ?W = 278 Oth
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The low-frequencies values of the hybrid (“A”) parameters may be
calculated from the conductances, ete.. given above, but more direct
methods are available and are used. The expressions required for both
types of computation are given, however.

hoy &~ —@. ~ —0.985
bz =~ (Gec/Gee) + hoory =+ Hse

N]GT ow ~ 4
_q—w—Wc_l.lb'X 10

has =~ g_'co&gg_'__gacgce = gcc[]- - aeeanal

g, = hay = 3[2(1 —B) + (1 — )] j—"" — 0.11 pmho

ee

1 '
hy =~ g— + (1 - Elc.)?"b

~ 26 + (0.015)278 ~ 30.5 ohms

These parameter values are in the range commonly encountered in
drawn crystal units of good quality. It is obvious that this unit may be
unstable at high temperatures, since the current transmission factor
(alpha) is greater than unity at 70°C. The rise in alpha is the result of
the very large increase in the hole density in the collector which accom-
panies the temperature rise.

In terms of the conventional tee network of r,, s, r¢, and e, two points
are interesting. First, the collector resistance r. >~ 1/hsy ~ 9 megohms
may seem very high. Actually, the lower values so commonly encountered
are primarily the result of high leakage conductance, rather than a large
electronic conductance. Second, the tee network base resistance
Ts = hya/has =~ 1000 ohms is nearly four times the high frequency feed-
back base resistance of 278 ohms.

6.3 p-n-p Fused Junction Transistor

The physical structure assumed for this unit is that of Fig. 2(b).
The ring base contact is of particular importance. The material and
structure are chosen to facilitate comparison with a specific develop-
ment model for which a large amount of data is available. The emitter
diameter is 15 mils and the collector diameter 30 mils. The base contact
ring diameter is 40 mils.
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The physical parameters of interest are:

Ve Collector voltage, —4.5 volts

I. Emitter current, 1 ma

w; Wafer thickness, 3.5 mils

Wy Collector to surface thickness, 2.1 mils

i Collector to emitter thickness (not including depletion layers),
3.6 X 10 ¢m or 1.41 mil

ot Base resistivity, 1.5 ohm em

h Hole lifetime in base region, 20 u sec

pe, po  Emitter and Collector resistivities unknown but very low, prob-
ably 0.001 ohm em

7o 7 Hlectron lifetime in emitter and collector unknown but very low,
probably 0.1 u sec

A, Emitter area, 0.00114 ¢cm”

A, Collector area, 0.00456 cm”

The transmission parameters are then

gee = 0.039 mho
7o probably > 0.995
By = 0.993

*

ap =~ 1.0000
ace = 0.988

w _ xm 26 X 107 -
aV. = 3. " Txis 2.89 X 10 em/volt

Jee = 8.15 umhos
The parameters which determine frequency response are:

wa _ Dy _ 44 1.08 meps

o= 5, = mw!  7(3.6 X 109)?

C'r = 5,000 pufd/cm® for collector

Cr ~ 20,000 ppfd/cm® for emitter

so that
Cre = 22.8 pufd
Cre = 22.8 pufd
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The effective hole storage capacitances of the emitter and collector are:
(.. = 3840 upfd
C.. = 0.8 pufd

By the equations given in Section 3.0

r1 = 55 ohms
r's = 35 ohms
The low frequency values of the “h” parameters are
hay ~ —0.988
i =~ 2.09 X 107*
hee =~ 0.17 umho
hy =~ 26 + (0.012)55 ~ 26.7

These theoretical values are compared with observed values in Table I.
The major discrepancy in hgy is charged to surface recombination of in-
jected holes, which was ignored in the calculation. It should be noted
that hs becomes 0.45 X 107" mho if the caleulated value is corrected
by the ratio 0.032/.012, which is the ratio of the measured and caleu-
lated (1 — a)’s or (1 + hx)’s. The difference between computed and
measured hy; is the sum of a number of effects. First, the actual (1 — a)
is greater than the computed value. Next, the junction temperature was
probably greater than the assumed 25°C. Finally, the carrier injection
level is high enough to modify the emitter diode properties in this
direction.

The difference between calculated and observed current transmission
cutoff is greater than appears from the data, since the theoretical three
db response frequency is about 22 per cent higher than the “alpha

TasLe 1

Calculated Measured
hay — 0.988 —0.968
hoo 0.17 X 10-¢ mho 0.48 X 10-% mho
hi2 2.09 X 10— 1.85 X 10—
hn 26.7 ohm 33 ohm
Ce 22.8 ppfd 24.7 ppfd
Ja 1.08 meps 0.95 mceps
b1 55 ohm 55 ohm
Tp'a 35 ohm | 63 ohm
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cutoff” frequency calculated here. The difference is believed to be the
result of the fact that holes emitted around the emitter periphery have
much longer transit paths than do those emitted into the region directly
between the electrodes and consequently reduce significantly the cur-
rent cutoff frequency.

The serious diserepancy in 7,’» is probably the result of the 7'y cal-
culation being very pessimistic because of neglect of peripheral emission
effects and of w, and w; being somewhat smaller than the assumed values.
Again it can be seen that the equivalent tee base resistance ry, = hia/ha,
is 375 ohms, nearly seven times the high frequency resistance of 55 ohms,

5.4 Qualitative Comparison

As might be expected, the qualitative agreement between theory and
observation is better than the quantitative. For example, C., hs., and
hys vary approximately as (V)™ in fused junction units. Alpha cutoff
frequency increases as collector reverse bias is increased—a natural
result of the narrowing of the base region. The qualitative discrepancies
that are found are usually associated with large experimental deviations
from the assumptions of the analysis.

8.5  Review of Design Caleulations

Numerical analysis of both drawn junction and fused junction tran-
sistors has shown rather good agreement of theory and experiment.
It is necessary, however, to modify some of the results empirically
because of lack of full understanding of some effects, such as leakage
and surface recombination.

Qualitative agreement of measurements and theory is, of course,
much better than the quantitative correlation. For example, the de-
pendence of all of the parameters on emitter current and collector voltage
is almost exactly that expected from theory. Some of the dependence
on emitter currents involves high carrier injection level theory which
has been omitted from this study.

6.0 SUMMARY

6.1 Transmission Theory

Design theory of the small signal transmission parameters of junec-
tion transistors is relatively complete.

A one-dimensional analysis of minority carrier diffusion currents in
terms of short circuit admittances has been combined with a similar
analysis of depletion layer capacitances and an approximate three-
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dimensional analysis of ohmic base region spreading resistance. The
resulting equivalent circuit has characteristics in good agreement with
experimental observations. In particular, collector capacitance, ohmic
base region spreading resistance and the current transmission three db
cutoff frequency may be computed with fair accuracy. The low {re-
quency values of the common base hybrid parameters may also be cal-
culated, but neglect of surface recombination and surface leakage re-
sults in serious errors in the short circuit current transmission factor Ay
and the open circuit collector conductance ha, . The deviations of these
two parameters from calculated values are, however, both reasonable
and mutually consistent. The ohmic base layer spreading resistance,
which is the only base resistance of importance al high frequencies, is very
often much smaller than the low frequency base resistance appearing in
an equivalent tee network.

Qualitative agreement of theory and measurement is excellent. The
variation of all parameters with emitter current and collector voltage
is within a few per cent that predicted from theory.

6.2 State of the Art

Since this paper was deliberately limited in scope, it is pertinent
both to review its objectives and to point out significant omissions. The
principal objective sought was presentation of small signal transmission
design theory. No attempt was made to give a simple explanation of
the junction transistor, relating both its large signal and its transmis-
sion characteristics to simple physical assumptions. While the design
theory presented consolidates in one place some already published in-
formation, much remains to be done in assembling and integrating such
knowledge from its present widely scattered locations.

In addition there exists a more detailed understanding of junction
transistor characteristics than can be found in the literature. For ex-
ample, units are found occasionally with negative hiz. This is a result
of an easily modulated high resistance between base region and base
contact (high us). Publication of such information can reduce by a few
db the amount of head-scratching done by production engineers.

Other phenomena for which explanations have been developed are
surface recombination and high carrier injection level effects. Despite
this, much work remains to be done.
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APPENDIX A

1.0 GENERAL

This study is an extension of Shockley’s analysis of the junction tran-
sistor to include high-frequency effects and the voltage dependence of
base-layer thickness. Shockley’s paper* and the later paper by Shockley,
Sparks, and Tealf contain the following of interest here:

(a) analysis of the dc steady state of a junction transistor*;

(b) analysis of the low-frequency small-signal parameters r. , a, C.*f;

and

(¢) analysis of frequency dependence of the transport factor 8.

In addition to repeating the above, this study gives these new results:

(a) analysis of steady-state small-signal ac operation [dc biases pres-

ent]; and

(b) the small-signal ac short-circuit admittances Ye., Yee, Yo, and

Yee .
1.1 ASSUMPTIONS

Semiconductor.

The p-n-p type structure assumed is shown in Fig. 6. The emitter,
base, and collector regions may each be characterized by a resistivity
and a minority carrier diffusion length. The emitter, collector, and base
contacts have no effect on the currents which flow at the junctions.
Injected carriers pass through the base layer by diffusion and through

EMITTER BASE COLLECTOR

-—- Xm [*--

X —a

X=0 ! y=o0

i .
X = Wo+Wetwt
Fig. 6 — p-n-p junction transistor.

* W. Shockley, The Theory of p-n Junctionsin Semiconductors and p-n Junc-
tion Transistors, B.S.T.J., 28, p. 435.

t W. Shockley, M. Sparks, and G. K. Teal, The p-n Junetion Transistors, Phys.
Rev., 83, p. 151, July, 1951.
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the barrier layers* by drift. Base-layer thickness w depends on collector
potential V. through variation of the collector barrier thickness . .
Variations of emitter barrier thickness are unimportant. The junctions
are parallel.

Currents and Polenlials

The currents and potentials studied are those at the collector and
emitter barriers. Unless otherwise specified, ‘“potential” implies dif-
ference in majority carrier Fermi levels, i.e., externally applied potential,
rather than difference in electrostatic potential. The collector reverse
potential is assumed to be many multiples of kT/g(e.g. > 0.5 volts),
so that the classical p-n diode reverse conductance may be neglected.
At 0.5 volt, this is of the order of 107" mhos. It decreases in magnitude
one decade per sixty millivolts of bias potential.

Base Resistance

Majority carrier resistance in the base layer is not considered here.

Other Assumptions

Surface effects are excluded from consideration. In addition, several
mathematical approximations of little physical consequence appear in
the text as needed.

1.2 METHOD

The procedure employed is substantially that used by Shockley with
some additions. First, minority carrier concentrations on both sides of
each barrier are related to the barrier potentials.

The de minority carrier distribution in each of the three transistor
regions is then computed from these boundary conditions with the aid
of the continuity equation.

Next, small-signal ac perturbations of the barrier potentials and of
the minority carrier densities at the barriers are used in the same way
to find ac distributions of the minority carriers. The effects of voltage
dependence of base-layer thickness are found by means of a small-
signal ac perturbation of the position of the collector side of the base
layer. The resulting ac distribution of minority carriers is computed as
before. .

Finally, dec and ac currents at emitter and collector barriers are com-

* I.e., charge depletion layers.
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puted from the gradients of the minority carrier densities at the barriers.
In the ac analysis, the forward rotating time function "' is used. In
general, the first-order solution for small signals is obtained by assum-
ing that the disturbance associated with ™" is small, by neglecting its
powers and harmonies, and by using first-order expansions, e.g.,

wy wy . wy
_+_ewl wy fwt _—
et L ~ (1 + 5 e et

The ac magnitudes such as wi, pe, na , represent complex phasors of
the form ae’. A list of symbols is given in Section 1.5.

1.3 ANALYSIS

In the base layer at x = 0,

P = Pa + pae™t = puet’ T (1a)
at v = wy,

P = patpac™ = pe T (1b)
in which V= Vi + Vae™

-Vu = Vcl] + V::le‘-m
and Vo << Vypand V< Voo so that

aVeolkT b v .
C.

Peo = Pul Per = Peo T

VeolL
Peo 'Pneq co/

q
P ~ Peo ﬁ Vcl
Pu, Pe,, Ve, , and Vg are average values while po, pa, Vi, and Vi
are ac phasors. .
The continuity equation for holes for one-dimensional flow is:

‘ﬁ’_(p"_p _ 9 (2)
P ox? T ot

in which r is hole lifetime. A solution to equation (8-18) is:
P = Pa + ‘_.191'!!; + B(;:HA + (_learﬂ.-{-iwl + D[;arrfLJrim (3)
where L = +/Dr and s = (1 + iwr)'"™

Application of the boundary values of equation (la) and (1b) to
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equation (3) gives hole density in the base layer:

[(peos — Pa) — (Peo — po)e """ 2
2 sinh (wo/L)

_ r’pcﬂ - pn) - (pcﬂ - pn)BWO"L:IB_z;L
2%smh (wo/L)

pO(t:px) = pn +

B _ —swg/L . (4)
+ Pe1 _ Per€ ] GazIL+zw1
| 2 sinh (swo/L)

_pcl - puleBwDIL:l —gx/Ltiwt
| 2 sinh (swo/L)

Since up to this point w has been assumed constant [w = w], equation
(4) does not include effects of voltage dependence of base layer thick-
ness. To introduce these, a new set of boundary conditions is used:
atx = 0,

fwl ¢
. P = P + Dore (5a)
and at x = wp + w, e, ot _
P = P + Pare (5b)
in which w; < w, and is a phasor,
dw
w = V.
1 aVC 1

It can be seen that conditions are as before except that the collector
side of the base layer swings about position w, at angular frequency w.
A solution of equation (31) with conditions (5a) and (5b) is given by

in which po(t,z) is given by equation (4) and §(¢,x) is the perturbation

associated with w,e™".
If equations (5a) and (5b) are rewrittendn terms of f(t,x), they be-

come, using first order expansions:
pto) =0 (7a)
ﬁ(t,'l‘ﬂn + wle'-”t) = [(pel) - pn) esch (wﬂ/L)
W dwt (7b)

— (peo — pa) coth (wo/L)] e

Since H(t,x) is an ac solution of the continuity equation (2), it has
the form:
ﬁ(t,.li) — E6311L+imt + Fe—sr;‘L+iw( (8)
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Use of equations (7a) and (7b) leads to:

y _ sinh (sx/L) -
p(t,&} = m [(pgu - Pn) csch (’UJu/L) (9)

— (peo — pn) coth (wo/L)] % e

The complete solution for hole density in the base layer is:

, o [e = p) — (o — pn)e””“""} :
plt) = pu + 2 sinh (wo/L) ‘

_(pcl} - pu) - (pel) - pn)BwDILiIe_r’lL
2 sinh (wo/L)
__I_ —p"f - Pele_swnﬂl:l sx/L+iwt
| 2 sinh (swo/L)
B swol/L
Pet — Per€ —sz) L+iut
| 2 sinh (swo/L)]

W ¢ sinh (sx/L) I
+ T e b (swo/L) [(pen — pn) esch (wo/L)

— (peo — pn) coth (we/L)]

The hole-current density in the base layer is found from equation
(10) by the use of the equation for diffusion current

(10)

d
I, = —qDP£ (11)

which yields

_ Dp cosh (z/L)
Ip = q 'f ((Pcu - p’*) m

cosh [(x - wo) /L] +s M pret
sinh (wo/L) Pt Soh (swo/ L) ©

cosh [(sz — swy)/L] R W, o cosh (sx/L)

- (pel} - pn) *

— SPa sinh (swo/L) L’ sinh (swn/L)
[(peo — ) esch (wa/L) — (peo — pa) coth (wo/L)]

Hole-current densities at emitter and collector may be found by
substitution of * = 0 and & = w, respectively. The first two terms in
equation (12) give de current components* which may be attributed to

* With some labor, these terms may be converted to Shockley’s equation (5.6).
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collector and emitter potentials in that order, while the last three are
ac terms resulting from collector potential, emitter potential, and base
layer thickness variation respectively.

The hole-current densities may be related to the ac potentials by use
by use of the approximations given at the beginning of paragraph 1.3.

Pu ~ Peo ]GT Vsl pel Peco ]CT Vel

and the relation

Jw
W= =71,
1= gy, e
However, the average collector potential V. is negative and many times
kT/q so that p,o =~ 0 and pe; = 0. The ac emitter hole-current density
is therefore
L] D g
Tee™ = ng Ve T SPeo coth (swe/L)
1 ow
aV

(13a)

s esch (swo/L)[(per — pa) csch (wy/L)

— (geo — pn) coth (we/L)]e™"
If peo > Pa, equations (13a) and (13b) becomes very closely

_ ¢ s tanh (w,/L) sV ] ‘
Fper = [[”“’ kT tanh (swo/L) Va + I””“av L sinh (swo/L) (13b)

In equation (13b), f,. and [, are average emitter and collector
hole-current densities. The entire coefficients of V,; and V. in equation
(13b) are the input and the feedback short-circuit admittances associ-
ated with hole flow in the transistor.

Similarly, forward transfer and output short-circuit admittances as-
sociated with hole flow may be found from equation (12) by stubstitu-
tion of * = w and use of the approximation p1 =~ p1 — p., i.e., p1 >
p.. In calculating collector current, the sign of equation (12) must be
reversed, since equation (12) gives current flow in the a-direction while
collector current is assumed to flow in the negative z-direction. The
admittances are given in the summary at the end.

Next, there are admittances associated with electron flow in the
p-n-p transistor. Flow of electrons from base to emitter gives rise to an
input admittance term, while electrons flowing from collector to base
give rise to output and forward transfer admittance terms. An outline
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of the derivation of these terms follows. The terms are given in the
summary.
For electrons in the emitter:

atx = 0,
Ne = Neo + Nae™ = nye?’ ™
atr = — o,
n, = Ny

in which, again, V, = Vo + V et and first-order expansions are used.
@ = —®,n, = Ny, is chosen as a boundary condition in order to elimi-
nate effects of the emitter contact. Solution of the continuity equation
results in:

Noe(t,x) = M + (Moo — M) €75 + noe "7 (14)

in which the 7is s = (1 + iwr)"” now implies electron lifetime in the
emitter body. Electron diffusion current at the emitter is computed by
means of the equation corresponding to equation (11), giving

Le = 2% ((na = 1) + nse™ (15)
The ac admittance associated with the last term appears in the sum-
mary, Section 1.4.

The ac electron current from the collector is not a diffusion current,
but rather a drift current resulting from the hole current flowing in the
collector body. Since the ac electron current is directly proportional to
the ac hole current in the collector, the result is an effective multiplica-
tion of the output and forward transfer admittances associated with
hole current in the collector body.*

For electrons in the collector the boundary conditions are:

aty =0,
n = net M =0 (16a)

aty = =,
no=n, (16b)

The condition n = 0 at the edge of the barrier region results from V.

* Space-charge layer widening effects are neglected since they are usually very
small and are difficult to analyze.
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being negative and many times kT/g. The distribution of electrons in
the collector is governed by conditions (16a) and (16b) and the modified
continuity equation* developed by W. van Roosbroeck.
an __n—mny  plladn n
T T, + Dy a7 (17)
in which E, is the electric field which would be associated with the total
current if n =n,. Mo = (p, + bno)/(p, + n,) and Dy = (p, + n,)/
(po/Dn + ny/Dy). )
If n is assumed to be given by n(t.x) = no(y) + n (y)e'™' and F is
assumed to be

Ea(tﬁv) = ED + Eleim = PcIcl} + Pppreleiw‘

in which I, is average collector current and I, is the ac hole current, of
the collector, equation (17) may be reduced to two equations

_ (e pallo Ong | 3'no
0= ( Dor )+ Do, 3y + ayt (182)

,unE]_ any 1 + T ,U.nEU anl 6271,1
— ow - — — 18b
MoDs 3y v "toanay Tap U8 )
The solution of equation (18a) under condtiions (16a) and (16b) is
ng = ny(l — &%) (19)

where

e [T _ ealiy \? __1__
M= D, ’l/ (2DDM0) T Dr

Inspection of equation (19) shows that

an m f
_éau = —manye (20)
It is then apparent that n; must be of the form
n = nge"f(y) (21)
Substitution of equation (2) and equation (21) into (18b) leads to
a'f ko ) af TN pMatin€e 3
v r — — — :42
T (m" D) ay D’ T LD, (22)

A general solution of equation (22) is

Nptnoptntly

f(y)=—-a‘m+861 +(;32 (23)

*W. van Roosbroeck; private communication.
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where

_ 1 #nEo) )‘/ 1 wat Tw
rLre = §(MQ+#D[;]1{0 =+ |: ( 2+D0Mn)] _|_50

It may be shown that the boundary conditions on f(y) are:

aty =0, f=0; aty = », [=0.

Application of these values to equation (23) results in

npMmopn )
’tmﬂ’f 0

in which 7, is obtained using the negative square root.
The electron density in the collector is now given by

fly) = (1 — €] (24)

npmgu,,E'l [

no=my(l — &™) 4 =
]

1 — e e™! (25)

The electron current is given by

iwt Mndlyma
twM g

I = nyqD, |:ﬁ'm2€m2” + e (ma — mee™" — Tﬂﬂrﬂy)ew] - (26)

At the collector junction, the ac component reduces to

TG D npinara iy

I ne = -
! 1wMy

(27)
Now, since E, = pudpn, the collector multiplication factor

(Ipcl + Inc!.)/Ipcl

18

gD pentnors
1w,

o4 Ppe (28a)

+ Tne nmdrﬂ

ape twMo

(28b)

The effect of collector multiplication as given in equations (28a) and
(28h) is included in the general admittance expressions given later.

Finally, no mention has been made of the admittances associated
with barrier capacitances. Since the currents which charge these are
majority earrier currents, there are no input-output interactions except
those associated with majority carrier resistance of the base layer [an
effect not analyzed in this study]. These capacitances add directly to
input and output admittances, Shockley* gives methods for calculating
these capacitances.

* Loe. ecit., vol. 28, page 435.
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1.4 SUMMARY

In paragraph 1.3, derivations were given or outlined for each of the
four small-signal short-circuit admittances associated with the hole flow,
electron flow, and barrier capacitances in junction transistors. The terms
appear in that order in the expressions which follow.

Yee = [qan’% COth (SIIwD/Lp) + qn'pDnSm’/Lnn] g eqveufk]"

» kT (29)
+7:WOT6
— _ PaDpsp 4 aveolkT G_nchmz?‘z) .
Yoo = l:q I esch (s,,wg/Lu)] o7 (l + P (30)
dw Sp qpnDy o v uikr
ee = - 0 ! - 1)-
4 oV, I snb (soo/Ly) L, \° ) 31)
esch (wy/L,) + coth (wy/Ly)]
_ (9w Sp qpaDy 0 avewir _ 4y,
Yee = (avc L, tanh (s,wo/Ly) Ly [(e 1 )
esch (wy/Lp) + coth (wo/L,)] + z'wa) (1 + g’""Dﬂz)
a,,c?,wﬂfo

in which all symbols are defined in Section 1.5. It should be noted that
collector multiplication operates on the current to the barrier capacitance
since the latter current is a hole current in the collector body.

The term dw/dV, is the same for both p-n-p and n-p-n structures.
It is: for step junctions

dw Tm .

V. 2V, 3
and for graded junctions

ow Tom ' -

5.~ eV, (34)

V. in equations (33) and (34) means de electrostatic potential dif-
ference across the collector barrier.

Equations (29) through (32) may be manipulated into many forms.
One of these sets which may be employed as a starting point for the
approximate forms given in the body of this chapter is:

q s, tanh (we/L,) ] . ox
Yee = 771 7L | I T — Imi 5€ e .
Y e T |:Ip" tanh (s,wi/L, + Tncsie | + iwCr (35)
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. q s, tanh (wy/L,) [ a,.c:l
Yoo = =g Do ol (spn/T) L T o (86)
dw Sp
ce — n I o
T aV. L, sinh (s,w/Ly) ~™° (37)
—dw Sp . One |*
cc = I e —
y [avc T tanh (s;m/Ly) + mCT] [1 + am] (38)

The change in signs which oceurs in going from equations (31) and
(32) to equations (37) and (38) takes place because the current re-
placed by I,. had the opposite assigned positive sense.

1.5 SYMBOLS USED IN THE APPENDIX

C., Cr. = collector barrier capacitance.

'y = emitter barrier capacitance.

D, , D, = diffusion constants for electrons and holes

Do = (pp + 1)/ (pp/ D + 1p/Dy)

I, = ip = electric field associated with current at thermal equilibrium
carrier densities.

K\, Ey = ac and de components of E,

Tuey Tuoo y Tnet y Ine s Tnoo , Inn = total, average, and ac emitter and col-
lector electron currents

Tpey ooy Tpary Ipe, Tpeoy Ipa = total, average, and ac emitter and col-
lector hole currents

kT/q = thermal energy of carriers = 0.026 electron-volt

L, , L, = diffusion lengths for holes and electrons

my = — Z‘Sﬁ;u - 1/ (233}0 2 + Dia-r decay constant for average elec-
tron density in the collector

My = (py — bny)/(pp = ny)

n,, n, = thermal equilibrium electron densities in p and n regions

e, Ny = de and ac components of electron density at emitter junction

P, P, = thermal equilibrium hole densities in n and p regions

P, P, Pen, Pa = de and ac components of hole density at emitter
and collector junctions

¢ = electronic charge, 1.6 X 107" coulombs

r. = ac emitter resistance

_ 1 ) #AEO 1/ 1 F'nED 2 '{,w
Ty T2 = é ("’M + Doi‘[u) + I:é (m‘z + Do, + E

* The factor a* = (1 + ¢ o/opc) is current dependent. At small average collector
currents, it is (1 4+ one/20,:) and rises to (1 + onc/ope) at high current densities.
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s = (1 + tw7)

T = temperature in degrees Kelvin (absolute temperature)

Ve, Vo, Va, Ve, Vo, Va = total, average, and ac emitter and col-
lector potentials.

V. = average collector potential

w, we, w; = total, average, and ac variation of base-layer thickness

x = distance from emitter barrier

x, = thickness of collector barrier layer

y = distance from collector side of collector barrier layer

Yeo s Yea » Yeo » Yoo = Short-circuit ac admittances

a = current amplication factor

B8 = base-layer transport factor

p. = resistivity of collector region

ppe = resistivity for holes in collector region

ape , oz = conductivities for holes and electrons in collector region

7 = minority carrier lifetime

u, = eleetron mobility

pp = hole mobility

w = angular frequency in radians

ArrEnDIX B
BASE LAYER SPREADING RESISTANCE

Significance

The bulk resistance of the base layer or base layer spreading resistance
(r)') is important because base current passing through ry’ produces a
base contact to emitter junction negative feedback voltage #wrs’. Re-
duction of 7’ is an important objective in improvement of junction
units.

Types

Since feedback voltage to the emitter junction is produced by two
separately measurable base current components having very different
flow paths, two separately measurable base layer spreading resistances
(rs/y and r/s) may be defined.

The current (1-a)i. originates in the base layer between the emitter
and collector junctions and flows radially through the base layer to the
base contact producing a feedback voltage at the emitter; »', is defined
as the ratio of this feedback voltage to the current.

The collector capacitance current joCa. enters the base layer uni-
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formly over the entire area of the collector junction resulting in a feed-
back voltage at the emitter; ry'» is defined as the ratio of this feedback
voltage to this current.

Calculations

The resistances ry'y and ry's for the transistor of Fig. 2(b) may be com-
puted with the help of three formulas which give the feedback voltages
for the three geometrical problems involved in this transistor. Each
expression gives the voltage V developed at electrode C by a current I
entering through electrode A and leaving through electrode B. The
formulas are in terms of sheet resistance py/w (resistance per square in
ohms) and the radii involved.

A-C C
¥ a AT B3 “=["""18 B8 = B
B[ "~[°°71B N ————
¥ > n *a” A

- -

V= o7 L2 Ln(n/n)! Ve A Ve 1
(@) (b) (€)

Fig. 7 — Feedback voltage for three geometries.

The simplest situation and its formula are shown in Fig. 7(a). Elec-
trodes A and C are the same and expression gives the resistance of an
annular ring to radial current flow,

Fig. 7(b) also shows an annular ring, but the current I is introduced
uniformly over one of the flat surfaces, while the voltage V is measured
from outside edge to inside edge.

Fig. 7(c) shows current introduced uniformly over the surface of a
dise, while voltage V is the average voltage developed along the surface
of the disc. It should be clear that electrodes A and C do not conduect.
parallel to the disc surface (i.e., they are not equipotentials).

Example

The ry's for the transistor of Fig. 2(b) will be calculated.
A. 't — The current I = (1-a)i, 1s assumed to originate uniformly
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in the region between emitter and collector in Fig. 2(b). It flows radially
outward to the base contact.

V=1 [81; (/) + - (/) n 13/ + = (/) T (ra/rz)]i

= /1= [ g+ 2 410 (7)]
8rwn 2mws T Ta

B. /s — Inspection of Fig. 7 shows that the collector capacitance
current originating opposite the emitter junction (I)) has the same flow
path as the (1-a)i. current. The remainder of the collector current which
enters the base from the collector outside the emitter (I.) likewise flows
radially out to the base contact. The total feedback voltage developed
between emitter junction and base contact is

V = Imiy + I Ll (oo/w2) + L (av/a05) In (m)]
T 27
o 14 _ 1 T3 1 2|: 1 {T‘z}
i = v = o (o {2+ {2 [ 2
2
o+ - {3
WL T2

] 1
4w,

C. Numerical Results
For p, = 1.5 ohm-cm

w = 0.5 mil TQ/T1 = 2
Wy = 1.0 mil Tu/rg =2
wy; = 2.0 mil

'y = 147 ohms

= 96 ohms



