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The mechanical work and the speed of operation of lelephone relays are
determined in a large measure by the characteristics of the relay magnet.
The underlying magnetic principles and the resulting design relationships
for magnets are discussed in this article, which is in part a review of the
background material and in part a description of its use in developing
methods for magnet design and the analysis of magnet performance.

Basic energy considerations are shown to delermine the relations between
the work capacity and the magnelization characteristics, and analytical
expressions for the latter are given in terms of the dimensions and materials
of the magnet. These expressions are developed for the magnetic circuit ap-
provimation lo static field theory, which is shown to provide an adequale
representalion of the field relations controlling performance. Methods are
given for representing the magnetic circutl relations by means of a simple
equivalent circuit, Expressions are derived for the mechanical output of the
relay in paramelers of this simple equivalent circuit, and these expressions
used to determine optimum conditions for meeting specific design objectives.

INTRODUCTION

The complex switching equipment which handles the telephone traffic
in automatic central offices is built up of simple component elements, of
which the great majority are telephone relays. The large investment in
these relays, of which tens of millions are made each year, has led to
intensive effort to construct and use them as cheaply as possible, so that
they will perform their function at a minimum over-all cost to the tele-
phone system and thus to the subseriber. As the costs of use vary with
the efficiency and speed, maximum economy requires the solution of
technical problems in magnet design as well as the related problems of
mechanical design for economy in manufacture. As a result, the tech-
nology of magnet design is under constant study at Bell Telephone Labo-
ratories, directed to increased understanding of magnet performance
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and to its improvement. This article gives the background of this tech-
nology as it applies to the de telephone relay.

A telephone relay is an electromagnetic switch which actuates metallic
contacts in response to signals applied to its coil. Its characteristics as a
component of switching circuits are defined primarily by (1) the contact
assembly, (2) the coil resistance, (3) the current flow requirements for
operation, holding, and release, and (4) the operate and release times.
The design of the contact assembly determines the number and nature of
the contacts, the sequence of their operation, their current ecarrying
capacity, and their reliability and life.

Structurally, the design of the relay, including both the electromagnet
and the contact assembly, is governed not only by the performance
requirements but also by the manufacturing considerations which deter-
mine the relay’s initial cost, and by equipment considerations relating to
the way it is mounted, wired, adjusted, and maintained. The ultimate
objective is to perform a circuit function at a minimum over-all cost,
including the costs of installation, power consumption, maintenance and
replacement, as well as initial cost.

The design of the contact assembly determines a force-displacement
characteristic representing the mechanical work which must be done by
the electromagnet. The relations between this mechanical output and
the electrical input to the coil are determined by the magnetic design of
the relay, or specifically of its electromagnet. The electromagnetic design
is therefore subject to the performance requirements, to the design of
the contact assembly, and to the manufacturing and equipment con-
siderations applying to the whole relay.

Magnetic design thus requires the ability to determine the effect on
the performance of alternative choices of the configuration, dimensions,
and materials of the electromagnet, of alternative load characteristics
corresponding to variations in the design of the contact assembly, and of
alternatives with respect to the coil dimensions and characteristies. The
basic relations required for such prediction of performance are the mag-
netization relations, which express the field strength of the electromag-
net as a function of the ampere turns, and the armature position.

The present article describes the evaluation of magnetization rela-
tions, and their use in relating the mechanical output with the electrical
input to the coil. The time required for operation, which also depends
upon the magnetization relations, is discussed in a separate article.'
While much of the material given here has a broader application, the
discussion of its use will be confined to the case of the simple neutral
(non-polar) relay.
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To illustrate the objectives of magnetic design, reference may be
made to Fig. 1, which shows the load characteristic of the recently de-
veloped general purpose wire spring relay for a particular contact ar-
rangement. The figure is taken from an article® deseribing this relay,
which discusses the economic and other considerations which governed
its design. Included in the figure are curves showing the pull exerted by
this relay’s magnet for various values of coil ampere turns. These pull
curves determine the ampere turns required to operate a contact ar-
rangement having a specific load characteristic, such as that shown. By
means of the magnetization relations, these pull characteristics can be
related to the design of the electromagnet.

The notation used in this article conforms to the list that is given
on page 257.

1 THE COIL CONSTANT

The relay coil characteristics of interest in its use as a circuit com-
ponent are its resistance and the current flow for operation. Subject to
some qualifications as to available voltages and wire sizes, these may be
summarized in a statement of the steady state power IR supplied in
operation. As illustrated in Fig. 1, the coil quantity determined jointly
by the load and the magnetic design is the ampere turn value N7. The
power and the ampere turn value are related by the coil constant G¢ or
N*/R (which equals (NT)°/(I’R)). This quantity is the equivalent single
turn conductance of the coil, and is usually expressed in mhos. 1t is
determined by the coil dimensions, as can be shown as follows:

Let A be the area of a cross-section of the coil as cut by a plane through
the coil axis. Let m be the mean length of turn, the arithmetic mean of
the lengths of the inner and outer turns. Then the coil volume S equals
Am. If a is the cross-section of the wire, the number of turns N equals
eA/a, where ¢ is the copper efficiency, or fraction of the coil volume
occupied by conductor. Substituting S/m for 4, N equals eS/(am). The
wire length is Nm, and hence the resistance R equals pNm/a, where p
is the resistivity of the conductor. Hence N/R equals a/(mp), and the
coil constant is given by:

N* &S
Ge = 'I—a‘ . ;;1‘2 . (1)

The coil constant is thus independent of the wire size, except to the
minor extent that the copper efficiency ¢ decreases as the wire is made
finer. With this qualification, and assuming copper wire to be used, the
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coil constant is wholly determined by the coil dimensions and the type
of insulation used. Thus the power required for relay operation depends
upon (1) the load characteristic of the contact arrangement, (2) the
magnetic characteristics which relate the pull to the ampere turns, and
(3) the coil dimensions as defined by S/m®, which determines the coil
constant N°/R, and thus the relation between ampere turns and power

input.

The external dimensions of relays are largely determined by the coil
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size, or winding space provided. The choice of these dimensions reflects
an economic balance between the manufacturing costs of the magnet and
its coil, which increase with these dimensions, and the savings in power
cost resulting from increasing the coil constant.

2  MAGNETIZATION RELATIONS

The magnetization relations of an electromagnet define the steady
state flux linkages of the coil as a function of the two variables: mag-
netomotive force & (equal to 4w NT), and the gap x, which specifies the
armature position. They may be represented by a family of curves each
giving the average flux linked per turn plotted against NI for a particu-
lar value of x. In Fig. 2, the curves marked x; and @, represent two such
curves, where x, corresponds to a smaller gap than z; .

To determine how the magnetization relations depend upon the dimen-
sions and configuration of the electromagnet requires their interpretation
in terms of static field theory. Such interpretation is needed in deter-
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mining the design conditions for attaining a desired performance. For a
specific structure, however, the observed magnetization relations, apart
from any other interpretation, provide a record of the part of the elec-
trical energy input to the coil which is stored in the electromagnet. The
performance of the magnet with respect to the mechanical work which
this stored energy can do may be determined directly from the way in
which this energy varies with armature position. The experimental
determination of the flux ¢ for particular values of N/ and x involves a
measurement of the electrical quantity N¢ defined by the ecuation:

Ne = f : (E — iR) dL. @)

The electrical energy U stored in making this measurement is the time
integral of i(& — iR), or:

i=I Ne
U= f;=n (E — iR)i dt = ]I; 1d(Ng).

Hence a plot of N¢ versus I gives a measure of the stored energy U
represented by the area between the curve and the axis of Ne. This
conclusion is quite independent of any physical meaning attached to Ne
other than the definition of equation (2). Plotting ¢ versus N/, rather
than Ne versus I, is merely a change of scale, which does not affect the
value of the area measuring the stored energy U. It is convenient to
make this change of scale because the relation between ¢ and NT is
independent of the number of turns N, provided the location and di-
mensions of the coil are unchanged. The preceding expression for U may
therefore be written as:

U= f: Ni de. 3)

Thus for NI = NI in Fig. 2, U is measured by the area 0-1-5 for
¥ = a1, and by the area 0-3-7 for x = ;.

Magnetization curves have the general character shown in Fig. 2.
They are approximately linear for small values of ¢, but at higher values
bend over and approach a limiting value, ¢”. This limiting value is the
saturation flux, determined by the material and dimensions of the elec-
tromagnet, and designated throughout this paper by the double prime
superseript.

The ratio of the magnetomotive force F to the flux ¢ is the reluctance
®, as defined by the equation:

F = 4zNI = ®Ro. (4)
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Over the linear portion of a magnetization curve, ® is a function of
only, or a constant for a particular curve. In this case, integration of
equation (3) gives the following alternative expiessions for the field
energy U:

U=t _%e 2% (5)

Over the upper curved portions of a magnetization curve, & is a func-
tion of ¢ as well as of x, and equations (5) do not apply.

Decreasing Magnetizalion

In relay terminology, “operation,” following closure of the coil circuit,
is distinguished from ‘‘release,” which follows opening of the circuit.
The preceding discussion applies directly to the relations for increasing
magnetization, as in operation. In release, the field energy and the cur-
rent decrease together, giving a decrease in Ny measured by a voltage
time integral similar to the right-hand side of equation (2), but of op-
posite sign. The resulting decreasing magnetization curve is obtained by
subtracting the decrease in N from its initial value. The decreasing mag-
netization curve is higher than the magnetization curve, and the field
energy recovered electrically is correspondingly less than that stored in
magnetization; the difference corresponds to the loss of energy through
hysteresis in the magnetic material.

Mechanical Output

Referring to Fig. 2, let the current have the steady value I, with the
armature at rest at z; . If the current increases to I, while the armature
moves from x; t0 s , the flux ¢ varies with N7 along some curve such as
1-2 corresponding to the values of x and Ni concurrently attained. The
electrical energy drawn by the coil in this process (aside from the heating
loss) is given by the integral of ¢ d(Ng), or Ni de, taken along the curve
1-2. Part of this energy appears in the increase in the field energy from
U/, to U, as given by equation (3) for the points 1 and 2 respectively.
The balance represents the mechanical work done, the integral of Fdx
from z; to xs where F' is the pull. Hence:

B ¥2
f Fdx = f Nide — (Us — Uh). (6)
I €1

The first right-hand term is represented in Fig. 2 by the area 5-1-2-6
while U; and U, are represented respectively by the areas 0-1-5 and
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0-3-2-6. Thus the mechanical work, the left-hand term of equation (6),
is represented by 0-1-2-3-0, the area bounded by the two magnetiza-
tion curves and the path followed by ¢, x and N7 in the concurrent
change from I, at z; to I at xs.

If armature motion occurs at constant flux, the first right-hand term
in equation (6) is zero, and the mechanical work equals the change in
the field energy U. If ¢ = ¢; in Fig. 2 for example, the work done as the

armature moves from z; to xz is Uy — Uj, represented by the area
0-4-3-0. From equation (6), the pull F is then given by:
F = _u (¢ constant). (7
ax

If armature motion occurs at constant current, the first right-hand
term in equation (6) becomes the change in Nfp. If I = I, for example,
motion of the armature from x; to x; increases NI from N1, to Nies .
Hence the mechanical work done is the difference between Nigy — Uy,
represented by the area 0-3-8 and Nl — Ui, represented by the
area 0-1-8. The work done at constant current is therefore the change in
the quantity W defined by the equation:

W= [OM 0 d(NT),

which is represented by the area between the magnetization curve and
the NI axis. From equation (6), the pull F is given by:

oW
F = o (I constant). (8)

The pull F can therefore be determined either from equation (7) or from
equation (8), provided the magnetization curves are known. These equa-
tions may be applied graphically or numerically to compute the pull in
specific cases. They may also be used, as shown in Section 7, to obtain
expressions for the pull from expressions for the magnetization relations.
In addition, they afford the following graphical interpretation of the
dependence of the mechanical output upon the magnetization relations,
the current, and the armature travel.

If @ in Fig. 2 represents the unoperated position of the armature, and
. its operated position, the work that can be done at constant current
is Wy — Wy, which varies with the value of I applying. For small values
of I, for which both magnetization curves are linear, the work capacity
W, — W, varies approximately as (NI)’. At higher values of NI, the
two magnetization curves approach each other as they approach the



MAGNETIC DESIGN OF RELAYS 31

limiting saturation flux, and the rate of increase of W, — Wi becomes
progressively smaller. The saturation flux therefore puts a ceiling on the
mechanical work attainable.

If the armature travel is increased, increasing the unoperated gap
21, the corresponding magnetization curve is lowered, reducing I, with
a consequent increase in the work capacity. However large x; may be
made, there remains a leakage field, to which corresponds a limiting
magnetization curve. An extreme upper limit to the work capacity is
represented by the area between this limiting magnetization curve and
that for the operated position of the armature.

The magnetization curves thus suffice for the evaluation of both the
field energy and the mechanical output associated with armature motion,
and therefore completely define the static performance of the electro-
magnet. The problem of relating this performance to the design then
reduces to the problem of relating the magnetization characteristics to
the design.

3 THE MAGNETIC CIRCUIT CONCEPT

A rigorous determination of the magnetization relations from the di-
mensions and configuration of the electromagnet would require the solu-
tion of the static magnetic field equations. For the geometry obtaining
in actual structures, such solutions can at best be obtained only for
specific cases, and then only by tedious numerical or graphical methods.
Approximate solutions, however, may be obtained by a procedure in
which the actual distributed field is taken as confined to a limited number
of paths, which together form a network analogous to an electrical cir-
cuit. The extent to which this procedure may provide a valid approxima-
tion is indicated in the following brief review of the basic postulates of
static field theory. For the present purpose, these may be stated as
follows:

The energy of a static magnetic field is the volume integral of the
product of the magnitudes of the B and H vectors over the space con-
taining the field. These vectors coincide in direction at all points, and
are subject to the conditions: (1) that B can be represented by closed
continuous lines, (“lines of induction’), whose density measures the
magnitude of B, (2) that the ratio x of B to H at any point is determined
by the medium in which the point is located, (3) that the line integral
of H around a closed path is equal to 47 times the total current in all
cireuits linking this path. This integral is the magnetomotive force F;
it has the value 4xNI for a coil of N turns with current I flowing in
them.
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For a rigorous general treatment, these postulates must be expressed
in differential form (the field equations), and solutions obtained in which
they are satisfied at all points within the field. They may be applied
directly, however, in certain cases of simple symmetry, and this same
treatment, to some measure of approximation, may be used more gen-
erally. To do this, the lines of induction measuring B can be considered
as grouped into tubes of induction. Each such tube is, from the proper-
ties of B, continuous, and the integral of B over a cross section of the tube
is a constant quantity ¢, characterizing this tube. Over a length of tube
Af bounded at its ends by two surfaces over each of which H is constant
exists a difference in magnetic potential, AT, equal to the line integral

f Hd¢t. Then AT = AR where AR is the reluctance of this portion of the

tube, determined by its dimensions and the permeability u of the me-
dium. In particular, for a tube of uniform cross-section a over length £,
AR = {/(ua). More generally, if two equipotential surfaces can be identi-
fied, bounding a region of constant permeability (such as an air gap),
the solution of Laplace’s equation for the region bounded by these
surfaces permits the evaluation of the flux between them, and thus of
the reluctance Ad.

It follows that if the pattern of the field can be recognized, so that
the boundaries of some major tube of force can be determined, the
reluctance of its several sections can be evaluated, and their sum ZAR
or ®, is the ratio F/¢, where ¢ is the flux of the tube and & the magneto-
motive force of the coil linking it.

The possibility of recognizing the approximate pattern of the field
results from the high values of the permeability of magnetic materials
to that for air, ua. The ratio p/ps is in excess of 1000 under normal
conditions of operation. Hence the reluctances of air paths are large
compared with those through magnetic material, the tubes of induction
tend to follow a path through the iron, and the major changes in mag-
netic potential occur where they pass through air gaps. In an electro-
magnet such as that of Fig. 3(a), the major tube of induction follows a
path through the core and armature, and the potential drops balancing
the applied magnetomotive force & appear principally at the air gap
separating surface 1 from surface 2, and at the heel gap separating sur-
faces 3 and 4. There will be little potential difference between 4 and 5,
but the large potential difference between this region and surface 1 will
result in a leakage field between them.

Thus the total flux ¢ linking the coil can be considered as divided into
tubes of induction ¢4 and ¢, following the paths indicated in Fig. 3(a).
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@4 can be considered as subdivided in turn into ¢, and ¢e representing
respectively a leakage field from 2 to 1, and a field concentrated at the
air gap between these surfaces.

These tubes of induction are analogous to the currents in an electrical
network, and the applied magnetomotive force is analogous to the
applied voltage producing these currents. The reluctances between
equipotential surfaces are analogous to the resistances of the electrical
network, and the potential differences between these surfaces are analo-
gous to the voltage drops in the electrical resistances.

The field relationships involved may therefore be represented as in
Fig. 3(b), in which the diagram of a resistance network indicates how the
component reluctances determine the relation between the applied mag-
netomotive force 5 and the resultant flux ¢. The potential difference
between the points 1 and 5 at the ends of the coil is § less p®R¢ where
Gl¢ is the reluctance of the core. This net potential balances the drop
opc ®zc across the leakage path and the drop through the armature path,
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comprising the drop ¢ ®, through the iron part of this path in series
with that across the two parallel paths followed by ¢4 and ¢g .

Obviously, this pattern can be elaborated and made more exact by
more detailed consideration, particularly with respect to the leakage
field across the coil, which is not wholly confined to that between its
ends. In general, the field may be divided to any desired degree of refine-
ment into tubes of induction, which may then be treated as a network.
Thus, in principle, magnetic circuit representation may be used to
evaluate the magnetization relations to any desired degree of accuracy.

Determination of the magnetization relations is thus reduced to the
evaluation of the reluctances appearing in the magnetic circuit. These
include both the reluctances of the iron parts for the major tubes of in-
duction directed along the axes of these parts, and the reluctances of the
air gaps and leakage paths. To evaluate these reluctances there are
needed (1) values of the permeability of magnetic materials, as related
to the flux density within them, and (2) expressions for the reluctances
of gaps and leakage paths. These two topics are discussed in the sections
following. While much of the material in these two sections is familiar,
it is reviewed here with emphasis on the analytical formulation of the
relations involved.

4 MAGNETIZATION CHARACTERISTICS OF MATERIALS

Magnetic properties are expressed either in terms of the relation be-
tween the permeability p and the induction B, or of that between B and
the potential gradient H, from which the x— B relation is derived. The
experimental determination of this relation is most commonly made
with a uniformly wound ring sample, in which B and H are uniform
throughout.

For increasing magnetization, as in relay operation, the pertinent
B—H relation is that obtained with an initially demagnetized specimen,
shown as the solid line in the first quadrant in Fig, 4. This is the normal
magnetization curve. It is nearly coincident with the locus of the terminal
points (such as 1 and 2) of hysteresis loops obtained by cyclic magnetiza-
tion and demagnetization.

The normal magnetization curve for magnetic iron is shown in Fig. 5
together with the corresponding p— B curve. The permeability increases
from its initial value o to a maximum value p’ at a density B’ cor-
responding to the “knee” of the B—H curve. (The single prime super-
script is used throughout this paper to designate values of the various
magnetic constants at maximum permeability.) Thereafter u declines,
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and can be considered to approach zero as B approaches the saturation
density B”.

In the design and operation of ordinary electromagnets, the aspects
of the u— B relation of practical importance are (1) the order of magni-
tude of x through the central portion of the curve, which determines the
approximate magnitude of the (minor) contribution of the iron path to
the total reluctance, and (2) the value of B at which u becomes relatively
small (less, for example, than 1000). At or near this value of B, the mag-
netic path reluctance increases rapidly for small increments in B, limit-
ing the field strength and pull attainable. In the core, this limiting value
of B, together with the cross section a, limits the flux ¢(=aB) which
the core can supply; conversely, this value of B establishes the core cross-
section a required to attain a desired value of . The exact value of B
which is effectively limiting varies with the design conditions, but is
approximately measured by the density By at which u equals 1000.

Demagnetization Relations

For decreasing magnetization, as in relay release, the pertinent B—H
relation is the return portion of the major hysteresis loop, the loop start-
ing from a point on the normal curve near saturation, such as the loop
2-3—4 of Fig. 4. Nearly the same loop is obtained for any location of the
point 2 well beyond the knee of the curve. The distinguishing feature of
this relation is the existence of the remanence By at the point 3, where
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H = 0. To account for this there must be added to the magnetic postu-
lates cited above the assumption that there may be a movement of
electric charge within the material which supplies an effective mmf per
unit length measured by the coercive force H ¢, represented in Fig. 4 by
the distance from the origin to the point 4.

When the coil circuit is opened in relay release, the coercive force of
the core material results in a residual flux passing through the air gaps
in series with the iron path. A potential drop F must exist across these
gaps. In the absence of applied magnetomotive force, this must be bal-
anced by an equal and opposite drop through the core. There is thus an
imposed negative potential gradient —H per unit length of the core.
The remanence By, is therefore governed by the B—H relation in the
second quadrant, the curve 3—4 of Fig. 4. This is the demagnetization
relation, as illustrated separately in Fig. 6. The intercepts of this eurve
on the B and H axes are H¢ and By .

If ®g is the reluctance of the magnetic circuit external to the core, the
external drop F5 equals Rgp, where ¢ is the flux. Taking B and H as
uniform in the core, ¢ = Ba and F equals H{, where a and £ are the cross-
sectional area and length of the core. The values of B and H in the core
must therefore conform to the equation:

B ¢

H a@ . 9)
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Fig. 5 — p-B and B-H curves for magnetic iron.
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Asillustrated in Fig. 6, B and H are therefore determined by the inter-
section with the demagnetization curve of the line having a slope given
by the right-hand side of (9). The complete magnetic circuit has a
residual flux ¢ = Ba resulting from the coercive mmf, H ¢f, which equals
the sum of the potential drop H{(=®e) external to the core and the
drop (H.—H)( in the core.

Properties of Magnetic Materials

The properties of the magnetic materials commonly used for electro-
magnets are shown in Table I. This includes, in addition to the magnetic
properties, the working properties in manufacture, and the resistivity.
The latter determines the eddy current delay in otherwise similar struc-
tures, and is a controlling factor where fast release is desired.

For design purposes, allowance must be made for variations in the
material, which are relatively large in the case of magnetic properties.
Minimum and maximum values are therefore given in Table I. As indi-
cated by the footnote in this table, H. is subject not only to initial
variation, but to an increase with time: “aging.” The relatively large
magnitude of this change for magnetic iron is a serious disadvantage in
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TABLE I — Sorr MAGNETIC MATERIALS

Magnetization Demagnetization
M ] B o B H Rﬁsistiﬁ'ity
teri M 3 c i
aterta Hmax (gauss?) (gauss) | (oersteds) :-c.:ilms
Min. Max, Min, Max. | Min. Max. | Min. | Max.

Magnetic iron

Sheet................| 4,300* 12,000 | 15,500 | 16,200 | 10,500 | 15,000 | 0.5 1.4* 11

Rod........ 4,300* 8,000 | 15,500 | 16,200 | 10,500 | 12,000 | 0.5 1.4 11
Mild steel .. ... . 2,200 7,500 | 14,000 | 16,000 | 7,800 | 15,000 | 0.8 2.5 12
Cast iron............... (Nominal: 600) | (B” = 10,000) — — — — 25
1%, silicon iron........ 4,000 15,000 | 14,700 | 15,600 0,000 | 14,500 | 0.4 1.4 25
2149 silicon iron....... 4,000 12,000 | 14,000 | 15,000 8,000 | 12,000 | 0.4 1.4 40
49, silicon iron....... 5,000 12,000 | 13,500 | 15,000 8,000 | 12,000 | 0.3 1.1 60
H3 anneal iron

Sheet ..............00 7,000 15,000 | 15,500 | 16,500 | 14,000 | 15,000 | 0.5 | 0.9 11

Rod....... 4,600 8,000 | 15,600 | 16,500 | 12,000 | 14,000 | 0.7 1.0 11
45 permalloy . .. ..| 15,000 60,000 | 14,000 | 15,000 8,000 | 12,000 | 0.1 0.4 50
78 permalloy. .......... 50,000 | 250,000 | 10,000 | 10,400 | 5,000 | 7,500 | 0.02 | 0.1 16
Nickel.......... ......| (Nominal: 600) | (B* = 6,000) —_ —_ - — 8

|

* After aging, gaax for magnetic iron may be as low as 3000, and Hg as high as 2.5,
t Bas: Density for u = 1000. B”: Saturation density.

applications in which release performance is important. Aging also re-
duces the permeability. In materials other than magnetic iron, the aging
effect is relatively minor.

Because it is cheap and easily fabricated, magnetic iron has been the
most commonly used magnetic material in Bell System relays and
switching electromagnets. Other materials, particularly 45 permalloy,
have been used in special applications where the improvement in per-
formance, as in higher sensitivity or faster release, warranted the in-
creased cost. The superiority of the permalloys in these respects is offset
for heavy duty applications by the lower level of flux attainable with a
given core cross-section, as measured by B, .

The silicon steels are comparable with magnetic iron in cost, and
similar in magnetic properties, except for slightly smaller values of B, .
They are, however, superior in their relative freedom from aging, and
in their higher resistivity. These advantages are offset, in the case of the
4 per cent material, by its hardness and brittleness. All the silicon steels
are used in sheet form for the construction of transformers and electrical
machines. The 1 per cent and 214 per cent materials are available in rod
and bar form, and have working properties intermediate between those
of magnetic iron and 4 per cent silicon iron. Because of its advantages in
aging and resistivity, 1 per cent silicon iron has been used in preference
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to magnetic iron in the recently developed wire spring general purpose
relay.

Magnetic iron is a very low carbon steel of high purity. Commercial
mild steel, properly annealed, will serve as an adequate substitute where
the spread in properties shown in Table I can be tolerated.

In magnet design, casting offers the possibility of providing a more
complex one-piece configuration than can be obtained with punched
and formed parts. Casting is rarely used in current magnet construction
— an illustrative exception is the British Post Office stepping magnet
for their step-by-step switch. Grey cast iron has been a preferred ma-
terial for this type of construetion.

The properties of nickel are included because of its use as a magnetic
separator and hinge member.

Hyperbolic Approximation to Magnelization Curves

The variation of permeability with density makes it necessary to
provide some formulation of the u versus B relation in developing an
analytical treatment of magnetization relations. The B versus H relation
for decreasing magnetization, the loop 2-3—4 of Fig. 4, has a shape similar
to that of a rectangular hyperbola, asymptotic to the line representing
B”. This curve can therefore be represented approximately by the
equation:

B ‘uﬂ
F_B- 5 (He — H), (10)
in which p”, B”, and H. are constants.

This purely empirical relation is called the Froelich-Kennelly equation.
In general, it does not give a satisfactory fit to the whole loop, but pro-
vides a satisfactory approximation for engineering use to the portions of
the curve in either the first or second quadrants, using different values
for the constants in the two cases. In addition, it may be employed to
represent the upper portion of the normal, or increasing magnetization
eurve.

The expression for the permeability g, or B/(H¢ 4 H) corresponding
to (10) is:

1 1 He+ H

et T

(11)

Hence, to the extent the B—H curve conforms to equation (10), the
reciprocal of the permeability varies linearly with H. Alternately, the
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permeability may be expressed in terms of B, giving the equation:

” n
v (B — B)
gt =5, (12)
If this relation is applied to a part of a magnetic circuit, such as the
core of a relay, the reluctance ®. of this part may be written as {/(ua),
where { is the length and a is the cross-sectional area of the part. Then
from (10), G is given by:
"

Re = Rp 20—, (13)

@

N

where Gt¢ = {/(u”a), ¢ = Ba, the flux through the part, and ¢” is the
saturation value of ¢. _

For increasing magnetization, this expression is applicable only for
values of B, or ¢/a, beyond the knee of the magnetization curve, the
point of maximum permeability. Thus (13) is applicable for values of
B above B’| the density at which x has its maximum value u’. Writing
®Re for £/(x'a) and ¢’ for B'a, (13) may be written in the alternative

form:
” !

Me = ®e 0,2 (13A)
" — e

For values of B below B’ the permeability of initially demagnetized
material varies greatly with B, as shown in Fig. 5. In normal use, how-
ever, an electromagnet is rarely operated from a fully demagnetized
state. Fig. 7(a) shows the magnetization relations for an electromagnet
in repeated operation, and Fig. 7(b) shows the corresponding relations
for its core. The solid line corresponds to initial operation from a demag-
netized condition, the dotted line to decreasing magnetization in release,
and the dashed line to subsequent remagnetization. The latter corre-
sponds to higher permeability and a lower core reluctance than those for
initial magnetization. As a convenient approximation, linear magnetiza-
tion may be taken as a representative condition for B less than B’, in
which case the core reluctance is constant for ¢ less than ¢’. In this low
density region, then, the magnetic circuit constants may be considered
to be independent of the flux. This, of course, is never strictly true, but
it is a satisfactory approximation for most ordinary electromagnets.

Hyperbolic Approvimation to Decreasing Magnetization Curves

As the hyperbolic approximation is a purely empirical relation, it may
be applied to the ¢ — & relation for an electromagnet as well as to that
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Fig. 7 — Repeated magnetization of an electromagnet and its core.

of a core or other part. It is convenient to use it in this way for the
decreasing magnetization relation, as this is of interest only for a single
value of the gap reluctance, that for the operated position.

The decreasing magnetization relations for an electromagnet and for
its core are shown in Figs. 7(a) and 7(b) respectively. For decreasing
magnetization, a residual flux po remains when F is reduced to zero,
determined by the same equilibrium conditions as apply to permanent
magnets. The curve for the magnet, Fig. 7(a), must pass through ¢o
and be asymptotic to the saturation flux ¢”.

This relation between ¢ and § may be represented by an equation of
the same form as equation (10), with B and B” replaced by ¢ and ¢”,
with H and H . replaced by & and F., and the constant p” replaced by
1/®”. Using the condition that ¢ = @0 for § = 0 to eliminate ¢, the
equation may be written in the form

F @ Yo (14)

(R”‘»‘J” (p” — ¢o ‘P” — %o .

If the length ¢ and cross-section @ of the core are known, together with
the magnetic constants of the core material and the reluctance G of the
return path (external to the core), the constant terms in (14) may be
evaluted. ¢” is equal to aB”, where B” is the saturation density of the
core material. As previously noted, the values of By in Table I may he
used as effective values of B”. ¢» may be evaluated as the permanent
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magnet flux supplied by the core to an external path of reluctance @,
using equation (9) and the demagnetization curve for the core material.
®” may be determined from the initial slope ®; = dF/de at F = 0. By
differentiation of equation (14), this initial slope is given by the equa-

tion:
” 2
®Ri = ( _® ) ®”. (15)
Y — @o

®; may be evaluated as the sum of the core reluctance and the external
reluctance ®. In determining the core reluctance, p should be taken as
the incremental permeability, or the slope of the demagnetization curve
at B = po/a. With ®; thus evaluated, ®” is given by equation (15).

5 MAGNETIC RELUCTANCES AND CONDUCTANCES

As shown in Section 3, determination of the magnetization or ¢ — &
relations is equivalent to determining the reluctance &, or /¢, and this
in turn reduces to the determination of the component reluctances of
the magnetic cireuit. Some of the more useful expressions for the evalua-
tion of these component reluctances are given in this section. Where
parallel paths appear, the computations involve the reciprocals of re-
luctances. It is convenient to refer to the reciprocal of a reluctance as a
magnetie conductance, or permeance.

Toroid

The magnetic field of a toroidal coil is shown in Fig. 8. Provided the
medium within the coil is homogeneous, and the section diameter small
compared with the toroid’s diameter, symmetry requires the field to
have the simple character shown, As & = Hf and B = puH,

q=="="2=2, (17)

which applies whether the path is in iron or air.

If the toroid is of iron, and the coil is concentrated over part of the
length, some of the field appears outside the toroid. This effect is second-
ary, and (17) still applies to a close approximation. If a cut is made and
an air gap introduced, the total reluctance is greatly increased. but the
field within the toroid retains the same character except near the gap.
The reluctance of the iron path, now in series with the air gap reluctance,
is given by (17). This expression is therefore of general use in determining
the reluctance of iron parts of length £ and uniform cross-section a.
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Air Gap Between Parallel Planes

For magnetic paths in which the flux is uniform, it was shown above
that the reluctance is given by (17). This applies to the case of an air
gap between parallel planes of area A, as shown in Fig. 9, where the
length of the path is the separation x. The reluctance of such a gap may
therefore be written as:

M =

NE

In this, as in subsequent expressions for air gap reluctance, the multi-
plier 1/ua , which is the reciprocal of the permeability of air, is omitted
for convenience. In CGS units, g, = 1.

Special Gap Shapes

The simple relation just given provides a basis for the calculation of
more complex shapes. For example, the reluctance of the wedge shaped
gap of Fig. 10 may be found by assuming tubes of flux in parallel through-
out the gap. Then the permeance of an elementary path is A® = bAr/rf
and the total permeance of the gap is the sum of these elementary paths,
or:

(p:l_’[r”fﬁ"zéln@
@ Jey 7 0 T]_.

Tig. 8 — Field of a uniformly wound toroidal core.
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The reluctance, as given in the figure, is the reciprocal of this.

For the gap of Fig. 11, it is more convenient to estimate reluctances,
summing the elementary series contributions to the entire gap. For this
case:

where

T2

_1 a1
bﬂ ri r bﬂ ?‘1’

®

as noted in the figure.

=X
| A
WHERE A = AREA OF ONE POLE FACE
IF THE TWO POLE FACE

AREAS ARE UNEQUAL,
USE THE SMALLER VALUE

ol x e

Fig. 9 — Reluctance between parallel plane surfaces.

Effective Pole Face Area of an Electromagnet

As illustrated in Figs. 9, 10, and 11, an individual air gap has a re-
luctance represented approximately by an expression of the form:

X

G‘l=z,

where 2 is the separation measured at the centroid of the area A. Arma-
ture motion is usually rotary, and a convenient point for the measure-
ment of armature position may be at some distance from the axis other
than that of the centroid. If x is so measured, then the separation at the
centroid is kz, where k is the ratio of the lever arms, and hence the re-
luetance ® is kx/A, equivalent to that of a gap of separation x and pole
face area A/k. This area A /k is called the effective pole face area referred
to the point at which x is measured.

In general, an armature has at least two gaps, as illustrated in Fig. 12.
The expression for the armature reluctance must include the terms for
both gaps which can conveniently be combined as follows. Let x be the
armature motion measured at some distance ¢ from the axis of rotation,
as indicated in the figure. Let k2 be the corresponding separation at the
centroid of a;, and k. the separation at the centroid of a,. Then the
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reluctance of the combination is:

® = I(&-I--’B)
ay a2

It follows that the reluctance of the combined gap is equivalent to
that of a simple gap with an effective pole face area given by:

1 ’n'] Ir\'ﬂ
o= 18
A a + a2 (18)
a
Exact: & = —
a
1+ —
2ry
bin
2
2ry
Approximate: & = s

Crrors of approximation:
. 1
Less than 1 per cent if a < 5!'0
1
and/or r < '}Ta

Less than 10 per cent if a < rg

4
0 . — v\
wd/or z < 57 \))/

Tra

n —

Exact ® n

uxacet: = —
be

Where b = length parallel to axis
xI

Approximate: |} = b

Frrors of approximation:

Less than 1 per cent if ra < Ldry

Less than 10 per cent if ra < 3rr
Fig. 11 — Reluetance of a eylindrieal gap.
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Leakage Reluctances

An accurate estimate of the reluctance between magnetic members
requires a detailed knowledge of the flux paths. Since these are only
known accurately in cases for which solutions of the field equations are
available, approximations are obtained by assuming geometrical paths
such as straight lines, arcs of circles, ellipses, and so forth. From these
assumed paths the reluctance is calculated by means of the expression
{/ua. The choice of suitable approximations depends largely upon a
knowledge of the flux paths in certain simple cases which can be analyzed
rigorously, and upon the experimental exploration of more complicated
fields.

The method is satisfactory provided the separation between the mag-
netic members is small. It has been used to derive the relations given in
Figs. 10 and 11. A further application of this method gives the reluctance
between the side surfaces of coaxial cylinders, as shown in Fig. 13. This
is useful in estimating the leakage reluctance shunting an air gap.

‘Where the separation between magnetic members is large, it is difficult
to estimate the configuration of the flux paths. It is then necessary to
employ the relations applying to the most nearly similar configuration
for which a rigorous solution is known. Two such solutions are applicable
to a number of problems. The first is the case of two infinitely long,
parallel, equipotential, circular eylinders, shown in Fig. 14. The second
is the case of two equipotential spheres of equal size, shown in Fig. 15.

Fig. 12 — Effective pole face area referred to gap x at (.
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Fig. 13 — Reluctance between side surfaces of end-on coaxial cylinders.
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Fig. 14 — Reluctance between parallel eylinders.

Tor other configurations which bear a reasonable resemblance to the
above cases, the leakage reluctances can be estimated satisfactorily by
judicious modifications of the expressions for the simple cases.

For example, consider the case of two parallel rectangular bars. They
are roughly equivalent to two parallel circular cylinders provided the
minimum separation is the same in both cases, and provided the perime-
ter of each cylinder is equal to the perimeter of the corresponding bar.
Thus, to estimate the leakage reluctance between the rectangular bars,
the radius of each equivalent cylinder is taken as 1/2w times the perime-
ter of the corresponding bar, and the center-to-center distance between
the equivalent cylinders is taken as the minimum separation between
the two bars plus the two equivalent radii.

Leakage between the legs of many magnet forms may be estimated by
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the approximation just described. Consider the idealized form shown in
Fig. 16, where the magnetic path consists mainly of two parallel cylinders
connected at one end, the armature and working gap being at the oppo-
site end. The leakage flux in parallel with the main gap flux is determined
by the reluctance of the path between these cylinders. For that portion
of the two cylinders appearing outside the coil and therefore at approxi-
mately constant potential, the reluctance is found from the relations
given in Fig. 14. For the leakage reluctance over the length enclosed by
the coil, the drop in potential along the core results in one-third the
previous reluctance, as is shown in Section 6. The variation in per-
meance per unit length for such cases may be found in Fig. 17.

Leakage also occurs between the end sections of many magnet forms,
and may be estimated by a procedure similar to those above, assuming
the end surfaces to be equivalent to two hemispheres having the same
diameter d as the eylinders. The quantity C.d in Fig. 17 is one half the
permeance between corresponding spheres, as determined from the re-
lations of Fig. 15. From this the net leakage permeance of leg and end

2

1 —_
D
Approximate: R =—— when D > 6r
211"'
§ ! ! hen D >
= =5, when r
0 2nr s
where S = surface area of one sphere.

Latter approximation may be used to estimate leakage reluctance between
back surfaces of pole pieces.

Tig. 15 — Reluctance hetween spherieal surfaces,
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Fig. 16 — Distribution of the field of an electromagnet.
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surfaces may be found as

@_91—"+clrn+02

where values of ', and C, are given in curve form, and the equivalent
value of d is as shown in Fig. 17. When the structure has two return
paths, the reluctance is assumed to be one-half the value given by this
last equation.

External Reluctance of a Bar Magnet

The relations of Figs. 13 through 17 suffice for the evaluation of leak-
age in most ordinary electromagnets. In special structures, particularly
in polar relays, cases occur where the return path is predominantly an
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Fig. 17 — Effective reluctance between parallel bars joined at one end.
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air path. A common case is that of a permanent magnet magnetized as
a separate part prior to assembly in a polar structure. In such cases, the
reluctance of the return path can be estimated as that of the external
field of a bar magnet.

The reluctance of a bar magnet is closely represented by the reluctance
of the same magnet in the form of a ring, in series with a reluctance
representing all the flux return paths. Values for this reluctance may be
assigned by measurements of magnetomotive force to produce a given
flux in a ring sample and in a bar. The difference in magnetomotive force
gives a measure of the reluctance of the air path. It has been found by

4.0
L = LENGTH OF MAGNET |
301" 4 = cross-SECTIONAL "
AREA
FOR RECTANGULAR //
20k CROS5-SECTION -
' h = THICKNESS /;
= =

IR W = WIDTH /¢6§

.5 ///1/4
%/ 11
Za
10 5
0.9 CIRCULAR-,
0.8 wih =1l
S
0.7 g-;//
0.6 10-»
0'51 .5 2 3 4a 5 6 7 8910 15 20 30 40
t/Va

Fig. 18 — Effective leakage reluctance of a bar magnet.

Thompson and Moss® that the reluctance per unit length of bar depends
on the shape of the bar eross-section, and is a function of the magnet
dimensions £/+/a, as indicated in Fig. 18. The reluctance so shown
includes all flux lines emanating from the bar, and so may be thought
of equally as leakage or effective reluctance.

Cases such as the bar magnet are difficult to estimate because of the
variable flux density along the length of magnetic material. Calculations
have been found possible only for the case of an ellipsoid, which is rarely
met in practice.

Reluctance of a Solenoid

Another special case is that of the air field of a coil, which has the
character shown in Fig. 19. This type of field obtains in the initial flux
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decay of an electromagnet when the core is saturated. A similar condition
applies to the leakage field of enclosed reed relays where the magnetic
material constitutes only a small part of the inside cross-section of the
coil. In such cases the reluctance of interest is that characterizing the
complete magnetic circuit of an air core solenoid.

A number of simple relationships for various coil configurations follow
from the identities between reluctance and inductance. Inductance is
defined as the ratio of flux linkages to applied current:

7 - Ne inu?\fzw
T 4aNI’
from which:
P
7]

)

showing the inverse relationship between & and the single-turn induc-
tance L/N°®. Inductance for most of the usual coil configurations has
been studied by Rosa and Grover’ who give relations from which reluc-
tance may be estimated. Most such expressions are quite involved;
among the simpler is that for the case where b and ¢ in Fig. 19 are small
compared to a, given by:

L = 0.2317a + 0.44b 4 0.39¢
a:!

TFig. 19 — Magnetie field of a solenoid.
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and Maxwell’s approximation for coil of rectangular section:

1

a(log % - 2)

where £ = geometric mean distance of coil cross-section.

The examples described in the present section cover those procedures
which are used most frequently in estimating leakage reluctances. For a
more extended treatment of this subject, reference may be made to S.
Evershed® and H. C. Roters.*

R =

6 MAGNETIC CIRCUIT EVALUATION

In the discussion of the magnetic circuit concept in Section 3, it was
noted that the accuracy of the representation varies with the extent to
which the network of tubes of induction is sub-divided to correspond to
the distributed nature of the actual field. The effect of sub-division upon
the accuracy is greater in the high density region, where the reluctance
of the iron parts is variable and inecreasing, than in the low density
region, where the iron reluctance is small and approximately constant.
Hence the choice of an adequate network is largely contingent upon the
location of the iron parts having the highest flux density. Incipient
saturation affects the reluctance of these parts, and thus the pattern of
the field, while parts of lower density remain of low and approximately
constant reluctance.

In ordinary electromagnets the core is the part of highest density, in
which saturation limits the attainable field. It is good design practice to
limit the core section to as small a value as is consistent with satisfactory
performance, as this results in o minimum inside coil diameter. This is
advantageous with respect to the coil constant, as shown by equation
(1).

In the special case of high speed relays, it is advantageous to minimize
the mass of the armature and hence its cross-section. In such relays arma-
ture saturation may control, or oceur concurrently with core saturation.
Saturation elsewhere than in the core or armature is of interest only in
the diagnosis of faulty design, since the return members should have a
section adequate to carry the maximum field at densities well below
saturation.

Thus in most electromagnets, saturation occurs in the core, and in-
cipient saturation affects its reluctance and the pattern of the associated
field. The magnetomotive force varies along the length of the coil, and
the core is therefore subject to variations along its length in magnetic
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Fig. 20 — Transmission line analogy to the ficld of an electromagnet.

potential, in flux density, and (at high densities) in reluctance per unit
length. To treat it as a single circuit element, as in the discussion of Fig.
3, is thus a highly simplified approximation. An understanding of the
extent to which this approximation is valid may be gained by considering
a more rigorous analysis, in which, as indicated in Fig. 20, the core and
return path are treated as analogous to a transmission line with dis-
tributed constants.

Transmission Line Analogy

In Fig. 20(a), the core is shown as one side of the line, and the return
path as the other side. The length of the line is taken as the length of
the winding, which is assumed to be distributed uniformly. It is assumed
that the line is terminated at its ends by lumped reluctances, ®; and ®, .
The characteristics of the line and the applied magnetomotive force are
expressed in terms of the following quantities:

f = mmf difference between the two sides of the line,

4 = reluctance per unit length of line,

p = leakage permeance per unit length of line,

h = impressed mmf per unit length of line.

Instead of trying to represent the entire magnetic circuit by a simple
network of a few lumped reluctances, it is assumed only that an infinitesi-
mal length (dy) of the magnetic line can be represented by the “T”
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network shown in Fig. 20(b). The complete magnetic circuit, then, con-
sists of an infinite number of these elementary networks connected
end-to-end and terminated in lumped reluctances at the extreme ends.
Note that this approximation to the magnetic circuit explicitly recog-
nizes the distributed nature of the leakage flux.

Consider now the several quantities which enter into the approxima-
tion. Each of the terminating reluctances (®; and ®) includes two com-
ponent reluctances in parallel. The first component is simply the leakage
reluctance across the end of the line. The second component is the sum
of the reluctances of the magnetic members and series air gaps which
complete the circuit from one side of the line to the other. For any single
value of the working gap, ®; and @, may be taken as constants.

The quantity p, which is the leakage permeance per unit length be-
tween the two sides of the line, depends upon the geometry of the struc-
ture, and may be calculated by the methods of Section 5. Provided the
configuration of the magnetic line is uniform throughout its length, p is
taken as a constant. The assumption that p is constant is equivalent to
assuming that all leakage paths between the two sides of the transmission
line lie in planes that are perpendicular to the core. This condition is
not satisfied near the ends of the core, but correction for the end effects
may be made in evaluating the terminal reluctances, ®; and ®; .

The quantity %, the series reluctance per unit length of line, involves
magnetic material whose permeability varies with flux density. It is a
variable whose magnitude depends upon the applied magnetomotive
force, upon the terminating reluctances, and upon position along the
line, since it is a function of ¢. In the low density region, however, its
value is substantially independent of ¢. Application of the magnetic
circuit relations results in the following equations:

U p— (204)

dy

de

- ur (20B)
whence:

&’ _ s

aF p(h — Ze). (21)

Subject to the validity of the original assumptions, the solution of equa-
tion (21) describes the way in which the flux ¢ varies with y, the distance
along the line.
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At low densities, where 4 is constant, (21) may be solved to give a
picture of the flux distribution in the magnet. The solution is obtained
in terms of hyperbolic functions. The resulting expression is somewhat
cumbersome, but reduces to a much simpler form in the special case
where 2 is small compared with h. Neglecting Z¢, equation (20A) reduces
to:

Ty o f=hy
dy
In this case then, the magnetomotive force varies linearly along the core,
as was assumed in the discussion of Fig. 17 in Section 5.
Tor f = hy, equation (20B) becomes:

de
= — h ,
dy phy
whence:
hy*
¢ = g0 — p—gi, (22)

where ¢, is flux at ¥ = 0 (one end), and ph is a constant for a given
magnet structure. Thus, for this approximate case, the core flux falls
off along its length approximately as the square of the distance from one
end. The second term in (22) represents the leakage flux. For the whole
core, for which y = £, the leakage flux is given by p hf*/2, or by p {5/2.
The average flux linked per turn, however, is the integral

lf‘phyz
Z di
ih 2 Y,

corresponding to a leakage reluctance of pf/3. Hence the factor 3 is
used to evaluate the average flux linked per turn in Fig. 17.

From this consideration of the more rigorous transmission line treat-
ment, it is apparent that %¢ must be small compared with & for the lumped
core and leakage reluctance approximation to be valid. If 2¢/h is small,
the potential drop in the core, Gce, is small compared to the applied
magnetomotive force ¥ In most ordinary electromagnets, the ratio
Ge/F is small in the low density region. For sensitive relays with long
cores of small cross-section, this is not the case, and the lumped constant
treatment is correspondingly limited in accuracy, even at low densities.

At high densities, however, the core reluctance increases even in
ordinary electromagnets. To use the transmission line analogy at high
densities, it is necessary to express Zg in (20A) in terms of the Froehlich-
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Kennelly relation described in Section 4. A solution to the resulting
equations can be obtained in series form, but this solution is too complex
for convenient use in engineering estimates. From this formulation of
the problem, however, it is apparent that the use of lumped values of
core and leakage reluctances at high densities can only be a rough ap-
proximation, as the reluctance per unit length must vary along the core,
and the pattern of the leakage field and hence the leakage reluctance are
no longer constant. However, in representing the core reluctance as
increasing from its low density value and approaching infinity as¢ — ¢”,
the lumped approximation correctly represents the limiting conditions.
It therefore provides a rough approximation to the intermediate values.

Series-Parallel Magnetic Circuil

Subject to the limitations discussed above, the magnetic circuit of most
ordinary electromagnets can be represented in the form shown in Tig. 21.
The core reluctance @, is in series with two parallel paths: a leakage path
of reluctance @, , and an armature path of reluctance R + /4. . The
subseript 2 is used with the constants of this particular circuit to dis-
tinguish them from those of the simpler approximation to be discussed
below. The magnetic eircuit of Fig. 3 reduces to that of Fig. 21 if the
reluctance @, of the former is ignored, or considered as part of the
reluctance Ggs.

The cireuit reluctance @, or §/¢, can be derived from the circuit by
the procedure applying to resistances in an eleetrical circuit, and is given

by:
(RLz((Plu:' + Al)
® = ®e + ——— 20,

T
Ry + (e + T

(23)

The evaluation of the constants of this eircuit may be deseribed with

X
Ao Az
AN AN
,,,GI .
\_/
ng F=amNI
R >
A

Fig. 21 — Series parallel magnetic circuit — the usual design analogy.
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reference to the two structures shown schematically in Fig. 22, where
Fig. 22(a) represents the familiar “‘end-on” armature type of construc-
tion, and Fig. 22(b) represents the “flat type” relay of Bell System use.
The dashed lines indicate the path along which the length of the parts is
measured, while the lined areas are those of the main, heel, and side
gaps.

The core reluctance, ®c¢ , is determined from equation (17), taking the
length as between the points 1 and 2 in both figures. The permeability
is taken at the nominal maximum value throughout all iron parts.

The closed gap reluctance, Ry , is the sum of the following:

A. The iron reluctance, determined from equation (17) taking the
lengths of the several parts as measured around the path 2-3-4-5-6-1.
In each term the cross-sectional area a is that of the part through which
the flux passes. In Fig. 22(b) of course, the two side sections are added
to give the total section.

B. The contact gap reluctances computed as z/a; and x/a., taking
2 as for an air gap of 0.005 cm. The reluctance of the joint at 1 in Fig.
22(a) is computed in the same way, and included in the sum.

C. The “stop pin’’ air gap reluctance, computed as 2/4., where 4, is
the effective pole face area as determined below, and z is the separation
at the measuring point for the stop pin opening.

aE | ped e m
' Aaya———-vA3) - - ey -
@ F i A i 5;%/:
o ey AX
ot o 18 7
i ~i_b )
C\;‘ o 4t :‘ :{
4P s
i a1 |
T~ b M |
b
! |
| N~ ! | i
o e @@~ ® o
(8) END-ON ARMATURE TYPE (b) ELAT TYPE

Fig. 22 — Magnetic circuit components of typical relay structures.
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The effective pole face area, A, , is determined by equation (18), follow-
ing the procedure described in the discussion of Fig. 12.

The leakage reluctance, Gys , is determined in the case of Fig. 22(a) by
the procedure discussed in Section 5 and indicated in Fig. 17. In using
this, £; is the length 1-2, while {, is the length 2-3 in Fig. 22(b) and
{» = 01in Fig. 22(a). The reluctance terms Cf> and C.d correspond to the
armature leakage reluctance ®rs of Fig. 3, here taken as in parallel with
the core leakage reluctance in determining Gi. .

It should be noted that this procedure provides fo1 two flux paths
across each gap: the flux through the reluctance x/A., varying linearly
with gap, and the parallel leakage flux through a reluctance calculated
as though the armature were absent. This representation allows for the
effect of fringing, taking the total field across the gap as the sum of these
two fields. It carries the implication that experimentally the two fields
cannot be separated by search coil measurements.

For the magnetic circuit of Fig. 21, the low density reluctance is given
by equation (23). The reluctance terms are calculated for maximum
permeability u’, corresponding to density B’, and hence for a total core
flux ¢’ = B'a. As discussed in Section 4, these values are approximately
applicable through the low density region, or for ¢ less than ¢'. For ¢
greater than ¢’, ®¢ is taken as given by equation (13). Thus in the high
density region, the total reluctance may be written as:

G{=mg+@tx,

where,
T
fﬁr((ﬂo + Z)
(ﬂz = T ]
@0 + ®p + Z
and,
w!’
”
Re = Re 7 (p:

in which,

and ¢” = B”a, where ( and a are the length and cross-section of the
core, respectively. The values of By in Table I may be taken as esti-
mates of the effective value of the saturation density B”.
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Equivalent Magnetic Circuit

Over the low density region, in which the magnetic circuit reluctances
are substantially independent of the flux, the expressions for the reluc-
tance can be simplified by a procedure analogous to that used in deriving
electrical network equivalents. Provided the gap reluctance varies
linearly with the gap, magnetic circuits such as those of Figs. 3 and 21
can be replaced by an equivalent circuit of the simple form shown in

AN

e
T @ F=47T NI
-
()
N

soLl

Fig. 23 — Equivalent magnetic circuit.

Fig. 23. For this simple parallel circuit, the total reluctance is given by:

cﬁu+mb+§

The simpler subscripts of these egquivalent values of the magnetic
circuit constants are used to distinguish them from the design values,
applying to the magnetic circuit taken as representing the actual struc-
ture. In the usual case the design values apply to the two mesh circuit
of Fig. 21, for which the additional subscript 2 is used. When a three mesh
cireuit is required to represent the structure, the design values are dis-
tinguished by the subscript 3, as in the constants of Fig. 3.

In the usual case in which the design values apply to the circuit of
Fig. 21, expressions for the equivalent values may be obtained by com-
parison of the reluctance given by (23) with that given by (24). The for-
mer equation may be written in the form.

AsRis
AsBy + AsRre + x’

(R=mc+(ﬂf_,2_'

while (24) may be written.
ARL

=@ — .
a v fl(Rl] + A(Pu_, + €T
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By comparison, these two expressions are identical for all values of z,
provided the following conditions are satisfied:

R, = Re + (Rm,
.-1012 = 4‘12@12,
"1(@10 -+ CRL) = A'.’((RI}? + Giz.z)-

Upon collecting terms, the relations between design and equivalent
circuits are given by:

Ry = Re + Rpa,
A = A,/p (25)
®o = PRez + PRe,
where:
P =1+ Re/Rua.

Thus the magnetization relations in the low density region can be
represented by the reluctance given by (24), corresponding to the simple
parallel circuit of Fig. 23, provided the constants are evaluated from
those of the design circuit by means of equations (25). The evaluation
of the pull and of the field energy in the low density region can therefore
be conducted in terms of the simpler relations applying to the equivalent
cireuit.

As these simpler relations suffice to define the performance, they may
be readily evaluated experimentally, using the procedures described in
a companion article.” While these equivalent constants provide a simple
and convenient means for the deseription and analysis of performance,
they are related to the dimensions of the structure only through the
conditions of equivalence given by equations (25).

Special Magnetic Circuits

The reluctance of most ordinary electromagnets can be expressed in
terms of the series parallel magnetic circuit of Fig. 21, as in the two cases
of Fig. 22 discussed above. Differences in configuration may affect the
detailed procedure for estimating the constants, but the same circuit
schematic applies. There are, however, other magnetic structures re-
quiring different magnetic circuits for their representation. For purposes
of illustration, a summary discussion of three such cases is given here,

For armature saturation, or cases where the flux density in the armature
exceeds that of the core, as in some high speed relays, the magnetic cir-
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cuit must be taken as that of Fig. 3. In this case it is the armature flux
¢4, rather than the total flux ¢, which approaches a saturation value
limiting the mechanical output. In the low density region, where the
reluctances are constant, the conditions of equivalence given by equa-
tions (25) may be used to evaluate a simple parallel equivalent to the
armature path reluctance, reducing the circuit to the form of Fig. 21,
and this may in turn be reduced to an equivalent circuit of the form of
Fig. 23. In the high density region, however, it is the armature rather
than the core reluctance which must be expressed in terms of the Froe-
lich-Kennelly approximation.

For reed relays,’ the structural schematic is as shown in Fig. 24. In
some cases, the external shield may be omitted. The magnetic circuit
involves an air path through the coil in parallel with a path through the
reeds. With a new interpretation of the terms, the circuit of Fig. 3 may
be taken as applying, with ®¢ taken as zero, and ®.¢ representing the air
leakage field. With some correction for the effect of the shield, this may
be estimated by means of the solenoid reluctance expressions of Section
5. The controlling path is that through the reeds, represented by @, for
the saturating section of maximum density in series with the parallel
paths between the reeds: the useful path at the gap and the leakage field.
The latter may be estimated from the relations of Fig. 13.

For polar relays, the network contains both the permanent magnet
magnetomotive force ¥, and the coil magnetomotive force F¢ . A typical
case is shown in Fig. 25. The constants applying can be evaluated by the
procedures described in Section 5, and the somewhat complex circuit
equations resulting can be written by the application of Kirchoff’s laws
in a manner wholly analogous to that for the corresponding electrical
ecircuit.
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Tig. 24 — Magnetic field of a reed relay.
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7 PULL EQUATIONS
Pull in Terms of Gap Flux

With the magnetization relations known, the pull can be determined
from equations (7) or (8). Over the low density range, in which the
magnetic circuit constants are independent of the flux, the field energy
U is given by (5). Substitution of this in (7) gives the following expression
for the pull #:

2
¢ d®R
F=—- 26
8w dx (26)

In terms of the equivalent cireuit constants of Fig. 23, the reluctance
® is given by equation (24). Substituting this expression in (26) gives
the equation:

(RL 2 @2

G + Qi + 5 Srd

By comparison with (24), it can be seen that the bracketed term is the
ratio ®/(®Re + x/A), which equals the ratio of the gap flux to the total
flux ¢. Hence the preceding expression may be written in the form:

5

o= 8‘:’ S (27)

By a parallel treatment it can be similarly shown that the application of
equation (26) to the magnetic circuits of Fig. 3 and 21 gives expressions
identical with (27) except that A is replaced by A, in the former case
and by A, in the latter. Equation (27) is the familiar expression for

b+hx b-hx

M

i

I

Fig. 25 — Magnetic circuit of a polar relay.
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magnetic pull on two parallel planes with a field of uniform density ¢e
hetween them. It can be directly derived from the fact that the gap
energy is Feq/(87), with § = ape/As. The change in this energy for a
differential change dx of the gap equals F' dx, so that F is given by equa-
tion (27). Derived in this way, it is apparent that (27) depends only on
the field in the gap, and is quite independent of the density in the mag-
netic material.

Pull in Terms of Applied mmf

In the low density region, where 6t is substantially a function of x
only and the magnetization curves are linear, W = U, and hence the
expression for F given by equation (8) becomes:

F = 22(NT) (l) (28)

dr \®
This expression for the pull in the linear region is known as the equation
of Perrot and Picou.” As NT = Re/(4r), it is identical with (26).
For the magnetic circuit of Fig. 23, substitution in (28) of the ex-
pression for ® given by (24) gives the following expression for the pull:
2r(NT)*

= T

N 2
A([Rn + :;I) (29)

In the low density region, the reluctance can always be expressed in
terms of the equivalent values of Fig. 25. Using the equivalent values of
closed gap reluctance ®, and of pole face area A, the pull is given by
equation (29). This expression is therefore of general application in the
low density region, and is the most convenient equation to use for this
purpose.

High Density Pull

It was shown above that equation (27) can be derived directly from
the expression for the field energy associated with the gap. This expres-
sion is quite independent of the reluctance in the rest of the magnetic
circuit, and is therefore equally applicable in the low and high density
regions. This essentially physical argument shows that (26) and (27)
are applicable through the full range of magnetization,

The same result can be obtained from equation (7) by substituting in
it the expression for U given by (3), and substituting Ge/(4r) for N1.
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There is thus obtained:
@
r=21%4.
ox 0 4
For saturation confined to the core, as in the series-parallel circuit of
Fig. 21, ® = ¢ + ®g . On substituting this expression for & in the pre-

ceding equation, ®e is independent of z and ®g is independent of ¢, so
that the expression becomes:

_ 'pg (I(RE
87 dv ’
or, for the series parallel circuit of Fig. 21

(Rop)?
3.
SwAz((Roz + R + —x-)
A,

= (30)

Evidently this same expression should apply equally to the equivalent
cireuit of Fig. 23. That this is the case can be shown by substitution of
the equivalence conditions of equations (25), giving an expression for the
pull identical with (30) except that the magnetic circuit constants ®Rqq ,
Mz , and A, are replaced by their equivalent values &, ®; , and A.

Thus when saturation occurs in the core, as in most ordinary electro-
magnets, (30) gives the pull through the full range of magnetization,
and the expression is invariant to a change from the design constants of
Fig. 21 to the equivalent constants of Fig. 23. If ¢ is taken as ¢", the
saturation flux, (30) gives the upper limit to the attainable pull. It is
also useful, as shown in the companion article’ on relay speed, in esti-
mating the pull effective in rapid operation, when ¢ may be nearly con-
stant during the latter stage of armature motion.

In estimating the steady state pull characteristics, equation (29) is
applicable throughout the low density range. In the high density range,
the pull may be determined from (27), or, provided saturation occurs in
the core, from (30). In cases of armature saturation, the pull must be
determined from (27), the expression of most general application.

8 SENSITIVITY AND WORK CAPACITY
Ampere Turn Sensitivity

Aside from any margin for rapid operation, the pull of the electro-
magnet must exceed the static mechanical load at all values of gap .
As illustrated in Fig. 1, this may be studied graphically by comparing
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the load curve with the family of pull curves for various values of N1.
The just operate ampere turn value is that for the pull curve which just
exceeds the load curve at all points. For design purposes, estimated pull
and load characteristics must be used in this comparison, and conditions
determined for minimizing the ampere turns required to operate a speci-
fied load.

The work V done against the load is represented by the area under the
load curve. Its maximum possible value is equal to the work W done by
the magnet, represented by the area under the pull curve. Within the
region of substantially linear magnetization, the pull is given by (29),
which may be written in the form:

—_ Fa
" arar o
where:
_ 2x(NI)?
Fy= A(R: s (32)

and © = z/(A®,), or the ratio of the gap reluctance x/A to the closed
gap reluctance ®y .

The work W done by the magnet in the travel from an initial gap a;
to x = 0 is the integral of F' dx, or of ARy F du. From (31), this integral
is given by:

W= " Wau, (33)

14w
where u; = 2/(A®,) and W = AGeF, . For a large initial gap (w
large), W approaches W .., which therefore measures the upper limit
to the output for this ampere turn value; the total area under the pull
curve. In general, the difference between the force displacement charac-
teristics of the load and pull curves permits only a fraction of W to
be used to operate the load. The potential output of the magnet, how-
ever, depends solely upon Wy, . From (32), in which A®.F, equals
W max , the ampere turn sensitivity, or potential output for a given ampere
turn value, is given by:

I'Vnmx _ 21|'

D o (34)

Thus the ampere turn sensitivity depends solely upon the closed gap
reluctance @, throughout the region of linear magnetization.
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Sensttivity for Specific Loads

The part of W that can be realized depends upon the shape of the
load curve. It also depends upon the travel through which the load must
be moved. In principle, the latter may be adjusted to any desired value
by the choice of a lever arm determining the ratio of the travel at the
point of load actuation to the travel at the point where z has been
measured in determining the magnetic circuit constants. The use of a
lever arm linkage, of course, changes the force required, but the work V'
and the shape of the load characteristic remain unchanged.

In Fig. 26 is shown the pull curve relation of equation (31), together
with two simple load curves: a constant load and one varying linearly
with travel. In the first case, let F, be the constant load required, and
z; the required travel. The pull curve to operate this load must have
F = F,at & = 2. Hence, from (31), F1/Fy = 1/(1 4+ w)* The work
Ve done against the load is Fy x;, and the ratio of Ve to Wiax is
therefore Fy @1/ (A®RoF), or wF1/F, . Hence the part of W realized
against a constant load is given by:

Ve _ Uy
-[anx B (1 + “1)2 '

The ratio Ve/Wmae is shown plotted against w; in Fig. 27. Its maxi-
mum value is at w; = 1, where the travel ; = A®,. Maximum sensi-
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Fig. 26 — Relations between load and pull curves,
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Fig. 27 — Relation between mechanical output and armature travel.

tivity is attained if the lever arm is chosen to satisfy this condition, and
in this case Ve = Whax/4.

For the case of a linear load, varying from F. at & = 0 to zero at
T = o, the load is given by:

F=‘Fz(1—'1i),
Ua

where u, = 2./(A®,). For the pull curve to be tangent to this load curve,
the values of both F and dF/dz given by this last equation and by (31)
must be equal at the point of tangency, x: . These two conditions give
two expressions for the ratio F./F,. Equating these, there is obtained
the following equation for the point of tangency:

Uy = 2u2 —1
3
The work done against the load is Foz./2, and the ratio of this to W
is therefore Fars/(2A®.F,). Substituting the expression for Fi/F, ob-
tained as described, and the expression for w, given by (36), there is ob-
tained the following expression for the fraction of Wy, realized against
a linear load:

(36)

VL _ (3w, + 1)?
Wae 4w + 1)

(37)
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The ratio V/W .. is shown plotted against the point of tangency
in Fig. 27. Its maximum value is at w; = 1, when V, = W,,.,/2. For
this optimum condition, us = 2, so that the total travel, x., equals
24®,, while the point of tangency, x;, is at half that travel. For this
linear load case, under the optimum condition, the maximum work that
can be usefully applied is, then, Vi = Wiae/2.

Actual load curves seldom conform to either of the simple cases of Fig.
26, and more commonly have the irregular character illustrated in Fig. 1.
Most of them, however, show a point of closest approach to the pull
curve either at the junction of two segments, as in Fig. 28(a), or at a
point of tangency to a linear segment, as in Fig. 28(b). In the former
case, the coordinates of the junction point may be taken as F and 1,
as indicated, and the relations for a constant load for which Ve = Fix,
applied. In the other case, the tangent segment may be extended, as
indicated, to intersect the axes at F» and @, , and the relations for a linear
load for which V, = Far./2 applied.

Quite generally, therefore, the work V done against the load curve is
proportional to Wi , and the proportionality constant is some function
of w1 = x/(A®,), where x; is the point of closest approach of the load
and pull curves. Writing f(u,)/(2w) for the ratio V/Wna , it follows from
equation (34) that the ampere turn sensitivity, V/(NT )* is given by:

)4 f(ul)
—— =, 38
(NI)? ®Ro (38)
where f(u;) is a maximum for w;, = 1, and is similar to the curves of

Fig. 27. For the particular load conditions represented by constant load
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(V¢) and linear load (V';) characteristics, the highest values of useful work
were shown to be m(NI)*/(2®,), and #(NT)*/®, , respectively.

These relations establish the important design requirement that the
point of closest approach of the load and pull curves should be at u, = 1,
or where the gap reluctance x:/4 equals the closed gap reluctance ®, .
To the extent permitted by space requirements and manufacturing con-
siderations, this may be met by a proper choice of lever arm ratio or of
pole face area. In the latter case ®, is not a wholly independent parame-
ter but includes a term varying with A, so that allowance must be made
for the change in @, in changing A. The curves of Fig. 27 show that
Vo/Wmax and V i/ Wia, decrease slowly for values of u;, between 1 and 2.
The ampere turn sensitivity is therefore close to its maximum value if
u, lies in this range.

These relations are particularly useful in preliminary design estimates,
as they permit the ampere turn requirement to be estimated for a known
load merely from estimates of @, and A. For this purpose it is only
necessary to determine V/Wn.. by the procedure outlined above. With
V known, this determines Wpna., which equals A®RF,. Thus Fy can be
evaluated, and NI determined from equation (32).

Core Cross-Section

These relations are formally applicable only in the range of linear mag-
netization. For the estimates to be valid, however, it is only necessary
that this condition be satisfied at the point of closest approach of load
and pull curves, as an approach to saturation at smaller gaps will reduce
the pull in a region where, in most cases, it is well in excess of the load
curve.

For linear magnetization to obtain at the point of closest approach
(u = w), the core flux should not materially exceed ¢’, or aB’, where B’
is the density for maximum permeability and a is the core cross-section.
The flux is equal to 4wNI1/®(u,), and the required value of a is therefore
given by:

g = NI
B'a(u)

Here the values of NI and w; applying are those determined as de-
scribed above, and ®(u,) is given by equation (24) for z = AR, . To
determine the core section a needed therefore requires an estimate of
@y , as well as of ®p and A.

If the expression for NI given by (38) is substituted in (39), it is
apparent that a varies as the square root of V@o/f(u:) and inversely as

(39)
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@ (11). The latter is approximately proportional to &y , so the core section
a varies approximately as 1/4/@, , and hence increases with increasing
ampere turn sensitivity as well as with increasing load. For values of
near unity, where f(u;) is nearly constant, ¢ decreases as u; increases.

Power Sensilivity

The power sensitivity is the ratio of the work V" done against the load
to the steady state power I'R. From equations (1) and (38), this is given
by:

v
Yo Gef(w) /o,
(40)
eSS f(w)
Copm? R

where e/p is a constant determined by the coil construction, S is the coil
volume, and m the mean length of turn. Depending on the coil depth.
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the latter reflects the inside coil dimensions, which vary with the required
core section a. The variation of the latter with u, discussed above has a
minor effect on the power sensitivity, partially offsetting the effect of
the term f(u,), so that V/(NI )* is nearly independent of u, in the range
1 é Uy é 2.

Ignoring these secondary variations, equation (40) shows that the
steady state power required to operate a given load varies directly as the
closed gap reluctance ®,, and inversely as S/m*, where S is the coil
volume and m the mean length of turn. Fig. 29 shows the relationship
between the work that can be done, and the steady state power that
must be supplied to the coil at this time. Since, in ordinary practice, use
cannot be made of the entire area under the force-deflection curve, the
“constant-load work,” V¢ is often used in comparing magnet designs.
The maximum value for this term, as determined for a number of
Western Electric relays, is shown in the figure. According to equation
(40) the ratio of V¢ to I’R should here have the value

Ve _ xGe

IR 2@’
since for constant-load output f(w) = /2, when the optimum work con-
dition has been chosen.

Work Capacity

In applications where maximum sensitivity is not required, higher
output may be obtained by operating the electromagnet through much
of its travel in the non-linear region. The controlling factor is the flux
developed at the point of closest approach of the load and pull curves,
so the attainable output is controlled by the pull curve for constant
flux, as given by equation (30). In what follows the flux will be taken
as the saturation flux ¢”, corresponding to the upper limit of attainable
output. The same relations may be used, however, to estimate the out-
put attainable with any value of flux approaching ¢” in magnitude. For
¢ = ¢”, (30) may be written in the form:

F Ci

F___C 41
0 (Co+ u)? (41)
where u = z/(A®R,), CL = (®Ro + ®.)/Ro, and Fy is given by:
p (Cp — 1)%"
Fo = gract (42)

Equation (41) is of the same form as equation (31), with u replaced
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by u/C., and Fy by Fy . Integration therefore gives an expression for
the work W similar to equation (33), with wu; replaced by u,/C; and
Wax , 0F ARF, , replaced by W , or CzA®F;. There is thus ob-
tained:

Uy

W=CL+H1

Wsnt. (43)

As (43) is of the same form as (33), with u replaced by w,/C. , the
relations between the load and pull curves are the same in the two cases.
Thus the ratios Veg/Wee and V./W.. may be obtained from (35)
and (37), or from Fig. 27, by using u,/C', to replace u. Maximum output
is thus obtained when ,/C, = 1, and the gap reluctance x;/4 at the
point of closest approach equals €. Thus the optimum leverage for
maximum output differs from that for maximum sensitivity by the
factor C'p .

9 DISCUSSION
Applications

The applications of the magnetization relations considered in this
article are confined to the static characteristics: the sensitivity and work
capacity attainable when no specific timing requirements are imposed.
As the same relations control both the electrical and mechanical response
of an electromagnet under dynamic as well as under static conditions,
the material outlined here has further applications in other aspects of
magnet performance, as illustrated in the companion articles appearing
in this issue of the Journxarn.'"

The sensitivity and work capacity discussed above relate essentially
to the operate characteristics. The other static characteristics of relay
performance are those for release, and for marginal performance. The
release characteristics are primarily dependent upon the operated load
in relation to the pull at the closed gap. The rising pull characteristic as
the gap is closed tends to give an operated pull well in excess of the
operated load, giving a release ampere turn value small compared with
the operate value. The coercive force tends to further decrease the re-
lease value, and imposes the need for stop pins to assure release. A high
ratio of release to operate can be attained by providing a rising load
characteristic to match the pull, by using high stop pins (thus increasing
M), or by using a core or armature section that saturates in the latter
part of the travel. A detailed discussion of the provisions for marginal
operation is outside the scope of the present article, but obviously in-
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cases minor compared with that of the gaps and joints. The latter are
equivalent to an air gap of 0.005 cm (2 mil-in) over the area of the joint,
giving a marked advantage to one-piece construction of core and return
members. The heel and main gaps necessarily introduce reluctances of
similar magnitudes, further increased at the main gap by the height of
the stop pins required to reduce the residual flux to the release level. It
is therefore advaniageous to use large areas for both heel and main gaps.
When a small value of ®, is thus obtained, providing high sensitivity, its
value is the more sensitive to variations in fit and alignment at the heel
and main gaps, and high sensitivity therefore requires close tolerances
on the dimensions controlling the fit of the armature to the pole pieces.
Heavy section magnets tend to high sensitivity, partly because of the
reduced reluctance of the magnetic members, but principally because
heavy sections facilitate the provision of large areas at the gaps and
joints.

As shown above, the effective pole face area is the reciprocal of the
coefficient of x in the expression for the variable reluctance term. It
therefore depends upon both the heel and main gaps, though the con-
tribution from the heel gap is small when the armature is hinged there.
For optimum sensitivity, or optimum work capacity, there are optimum
values of the gap reluctance x;/A as shown above, which can be obtained
either by a choice of leverage to the load or by a choice of pole face area.
It is preferable to attain these optima by varying the leverage, using as
large a pole face area as possible, in order to make ®, small.

10 SUMMARY

The material given in this article provides a basis for relay design
through the relationships between mechanical output and electrical
input. From the indicated relations, one may find the mechanical work
from a given magnet design, or find the magnetic design needed to
provide a required mechanical output. Relationships for gaining opti-
mum performance are also given.

The first step was to show that the mechanical work depends upon the
field energy of the magnet, which is a consequence of the magnetomotive
force provided. The magnetomotive force in turn is furnished by the
electrical circuit, being determined jointly by the number of turns in the
coil and the circuit resistance. The electrical output and the magnetic
input were thus equated as
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where G = N*/R, and is shown to be dependent on the coil dimensions
and the conductivity of the wire in the winding,.

The magnetic field energy is deseribed by “magnetic flux" which,
averaged for the entire magnet, is related to magnetomotive force
through

F = o,

where @& is an expression accounting for the dimensions and materials of
the magnet and its air gaps, called “magnetic reluctance.” The validity
of this magnetic circuit concept is discussed at some length, leading to
the proof that for many cases a very simplified “equivalent two-mesh
cireuit” may be used to represent the more complicated actual cases.
As a result, performance may be expressed in terms of the equivalent
values: ®, , “closed gap reluctance”; &, , “leakage reluctance”; and 4,
“pole face area.” Values for these terms may be estimated for cases of
initial design (magnet synthesis), or be measured so as to characterize
completed models (magnet analysis). Evaluation of reluctances of vari-
ous magnetic circuit components is deseribed, with numerous relations
given for gaps and for magnetic materials, including an approximate re-
lation covering the non-linear behavior of ferrous materials.

In terms of the magnetic circuit variables, force and work may then
be expressed as

a

T 1
8rA®: (1 + w)’ ’

03

_F u

" Gy T’

where © = x/A®,, the ratio of air gap to the product A®, . It is thus
found that greatest magnet output for force systems common in relays
is obtained when the critical load is picked up at a gap x, = A®,, which
may be accomplished by choice of lever arm. The maximum work that
may thus be considered useful, V. , depends somewhat on the particu-
lar load characteristie, and for the typical constant-load case, V¢, is
related to ampere turns, and to power input as follows:

Ve/(NIY = n/2®,,
Ve/IP'R = wle/2®, .

v

Gireatest useful magnet output is thus seen to depend directly on G,
the “coil constant,” and inversely on ®q, the equivalent closed gap re-
luctance.
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Additional cases are given permitting design relations to be extended

into the saturated range for the iron.
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