Topics in Guided-Wave Propagation
Through Gyromagnetic Media

Part I — The Completely Filled Cylindrical Guide
By H. SUHL and L. R. WALKER

(Manuscript received January 26, 1954)

The characteristic equation for the propagation constants of waves in a
filled circular guide of arbitrary radius is written in terms of magnetizing
field and a carrier density, which are shown essentially to delermine the
dielectric and permeability lensors for a gas discharge plasma and for a
fervite. The complex structure of the spectrum of propagation constants and
its dependence upon radius and the two parameters are analyzed by a semi-
graphical method, supplemented by exact formulae in special regions. Thus
the course of individual modes may be charted with fair accuracy.

1. INTRODUCTION

Any material medium which propagates electromagnetic disturbances
possesses a local electric or magnetic structure and it is just the motion of
the electric or magnetic carriers under the fields of the disturbance that
determines how the propagation takes place. If a dc magnetic field be
applied to the medium one may expect the local response to be altered
and, consequently, to find changes in the character of the propagation.
Gyromagnetic media are those for which such changes are sufficiently
large to be experimentally significant. For plane waves and for optical
frequencies the experimental effects and their explanation have been
familiar for a great many years. The non-reciprocal rotation of the plane
of polarization of light travelling parallel or antiparallel to an applied de
magnetic field, which is known as the Faraday effect, is such a phenom-
enon. So also is the fact that the medium becomes doubly refracting for
arbitrary directions of propagation.

Interest in gyromagnetic media at longer wavelengths first arose in
connection with radio propagation in the ionosphere. The ionosphere is
essentially an ionic cloud and the earth supplies a magnetic field, which,
for the charge densities involved, is sufficient to produce a large effect
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upon propagation. Here, as in the earlier optical cases, the disturbances
considered are essentially plane waves. In recent years, with the ex-
tensive development of microwave techniques, two gyromagnetic media
have been investigated using guided waves. One of these is the gas dis-
charge plasma, an ionic medium like the ionosphere, in which, however,
the charge density may be varied over wide ranges in a controllable
manner. The magnitude of the effects observed in such ionic media are
governed by the relation of the applied frequency to the cyclotron fre-
quency of the ions in the de magnetic field. Goldstein and his associates!
have studied the propagation of waves in a cylindrical waveguide within
which a discharge is supported and to which a longitudinal magnetic
field is applied. Among many effects which they have observed is a
large Faraday rotation.

The other medium being actively investigated is the low-loss ferro-
magnetic medium, as exemplified by the ferrites. In this case the pe-
culiarities of the medium have their origin in the precession of the
magnetization of the ferrite about the applied field. This precession
takes place with a frequency dependent upon the applied field strength
and large changes in the nature of the propagation oceur when the fre-
quency of the r.f. applied field approaches this. Polder? worked out the
effective properties of such a medium for plane waves and Hogan? has
made various experimental studies of the propagation in cylindrical
guides containing ferrite. Here, again, Faraday rotation and other
non-reciprocal effects have heen observed.

In this paper a variety of topics associated with the theory of guided
waves in gyromagnetic media is considered, with the main emphasis laid
on the ferrites. The exposition does not attempt to be systematic. Very
few problems in this field admit of a thorough analytic treatment and,
frequently, the more closely allied they are to the practical uses of ferrites
in microwave devices the more fragmentary is the analysis. On the other
hand since the problems can always be formulated it is always possible
in specific cases to resort to a purely numerical solution. The problems
considered here all arise in the effort to analyze the operation of various
devices and different idealizations are utilized in particular cases.

In Part I the general properties of gyromagnetic media are discussed
and the connection between the phenomenological constants of the
medium and the underlying molecular model is derived for the ferrite
and for the plasma. The assumptions necessary to render the ferrite
problem tractable are discussed at some length. Maxwell’s equations are
written down for a general gyromagnetic medium and some of the salient
features of their solution are noted. The propagation of circularly po-
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larized waves in circularly cylindrical guide filled with ferrite or plasma
is then considered. The characteristic equation connecting frequency
and propagation constant is first derived. For the purpose of obtaining
results which can be compared with experiment, a specific molecular
model is chosen for the ferrite. In this way the ferrite itself is specified by
a single parameter, its saturation magnetization, and its state by an-
other, namely the applied field. The ohject of the calculation, then, is
to find, for a given ferrite and a given guide radius, the mode spectrum
of the wave guide and the variation of propagation constant with mag-
netic field. This is done by a semi-graphical method supplemented by
exact analytic formulae in the neighborhood of certain eritical points,
series expansions in certain regions and some numerical computations
in others. A sketch of a similar procedure applicable to the plasma is
given.

It should be pointed out that the filled eylindrical waveguide is not a
topie of the highest importance from the technical standpoint. It is for
this reason that no effort is made here to obtain a comprehensive body
of exact numerical information about the modes. One wishes, on the
other hand, to exploit the simplifying features of the problem (as con-
trasted with the more useful case of a eylinder of ferrite not filling the
guide) so that the discussion may be exhaustive, in the sense that the
complete mode spectrum is exhibited.

In Part II we deal with cases of transverse magnetization. By that
term we mean the following: the microwave fields propagate in a direc-
tion normal to the de magnetization and they do not vary along the
magnetization direction. They may then be separated into two inde-
pendent sets of field components, of which only one explicitly depends
on the de magnetizing field. For these two fields wave impedances are
defined which can be used for matching purposes. A few simple examples
are then given. One special case, that of the ‘““non-reciprocal helix” utiliz-
ing ferrite, is of importance in traveling-wave tube work and is discussed
at length.” The slow-wave propagation along both a cylindrical and a
“plane” helix are treated; magnetic loss is analyzed in some detail for
the plane case, and general rules are given for its approximate deter-
mination in the cylindrical case.

In Part IIT perturbation theory and some miscellaneous topics are
taken up. Suitable perturbation methods are developed for cases in
which the wave guide fields are drastically modified over small volumes
(as oceurs if thin pencils or thin dises are inserted) and also for situations
in which the local properties of the medium are but slightly disturbed
over finite volumes. Among the miscellaneous topics dicusssed is the



582 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1954

propagation between infinite parallel planes filled with ferrite in a longi-
tudinal magnetic field. The effect upon Faraday rotation of multiple
reflections is considered.

2. THE PHYSICAL PROPERTIES

The propagation of electromagnetic waves in a medium is governed
by Maxwell’s equations which connect the space variations of £ and H,
the electric and magnetic intensities with the time variations of D and B,
the electric displacement and magnetic induction. To characterize the
particular medium relations may be given of the form D = || ¢ || £ and
B = ||n|| Hwhere|| ¢|| and || u || are the dielectric and permeability ten-
sors. For disturbances whose amplitude is in some appropriate sense
small, the elements of these tensors will be independent of rf ampli-
tude, but will depend upon the de state of the medium, upon the fre-
quency of the signal and in unfavorable cases upon the wavelength of
the latter. With the assumptions made in this paper the dependence
upon wavelength will not arise.

The form of || € || and || g || may be known experimentally or it may be
deduced from some molecular model of the medium. If the equations of
motion of the parts of the medium are known under applied electric and
magnetic fields, the displacement and magnetic induction resulting from
this motion may be found explicitly. In isotropic media and in the ab-
sence of applied dc fields, each component of the displacement or of
induction depends in the same way upon the associated component of
E or H. The tensors then become diagonal with equal elements. The ap-
plication of a de magnetic field, say in the z-direction, causes ions to circle
about this field or magnetic dipoles to precess about it. It follows that a
1f electric field in the ionic case or magnetic field in the ferrite, normal to
the de magnetic field, will produce a component of motion at right angles
to itself and in time quadrature with it. From symmetry and from the
equations of motion in a magnetic field the tensors may be expected to
be now of the form

¢ —jgb 0
Jb a 0 (1
0 0 ¢

where a is an even function of magnetic field and b an odd function. ¢, in
general, will be independent of the magnetic field.

That a and b at a given frequency and for a given sample of the medium
are not independent but are related through the magnetizing dc field, H,
is a fact of which we need not take cognizance when solving Maxwell’s
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equations subject to the appropriate boundary conditions. Their solution
will determine the propagation constant 8 of a wave as a function of a
and b, no matter what their interrelation. On the other hand, in a given
experiment 3 is generally determined as a function of one parameter
only: the magnetizing field H, . Comparison of the family of calculated
results 8 = B(a, b), with the results 8 = B(H,), found experimentally
will, of course, determine a and b as functions of H, .

If, however, we have a prior knowledge of @ and b in terms of Hy,
either through postulating the correct dynamical model for the medium,
or through independent experiments, we can utilize the functional form
of @ and b in our analysis of 8, and thus arrive directly at 8 as a function
of Hy. The distinction between the two methods is by no means aca-
demic; early introduction of such a functional form of @ and b into the
waveguide problem actually simplifies the analysis. Aside from this prag-
matic consideration the latter method seems to us more appropriate for
another reason: it is hardly the task of analysis of technical devices to
check on the physical theories that give a and b as functions of H, ; such
checks are made by experiments specifically designed to avoid the ana-
lytic complexities attending the solutions for most of the technically
important structures.

Accordingly we adopt the more direct approach of expressing a and b
in terms of H, (and, of course, in terms of the magnetic or electric carrier
density of a given sample) throughout these papers, even in those few
cases in which 8 can be expressed analytically as a function of a and b.

2.1 Ferrites

Most ferrites used in microwave applications are fully saturated in de
magnetic fields that are small compared with the dc field with which they
are biased in operation. We shall therefore always postulate a fully
saturated sample. Accordingly the magnetization vector M at a point in
the sample will always be of constant magnitude, although its orienta-
tion will change in the ac field.

One equation of motion for M that takes this into account is

W S X Ha = 2% X Y X ] @)
dt | M|
where H s is a total effective magnetic field seen by the spins that make
up M, tis the time and v is the gyromagnetic ratio appropriate to elec-
tron spins, whose g-factor is close to 2. The expression on the right hand
side of (2) is in the nature of a torque; the force on M is always at right
angles to M, thus leaving its magnitude unchanged. The first term on
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the right of (2) is quite well substantiated by quantum mechanical con-
siderations. It is a vector normal to M and to the force Hr and is re-
sponsible for the precession. The second term is also a vector normal to
M, but is in the plane of M and H in a sense such as to reduce the angle of
the precession. It thus represents a damping. Not much is known about
the precise mechanism of the damping, so that its phenomenological
representation by the second term of (2) is still in doubt.

H g, the total field acting on the electron spins, is made up of terms
not all of which are of electromagnetic origin. It consists of the de field
H, within the sample, the ac field H, the anisotropy field, and the field
ascribed to the quantum mechanical exchange forces between spins.

H, in the sample must be calculated from the applied de field Hex: by
a purely magnetostatic calculation, which, in the case of sufficiently
simple shapes, can be carried out with the help of the appropriate de-
magnetizing factors. Throughout this paper it is assumed that this
problem has been solved, so that Hy is given. Furthermore it is assumed
that Hex and Hy are uniform. Boundary effects due to non-uniformities
of Hy are neglected.

The microwave field H in the sample is one of the unknowns of the
problem of propagation, and will appear in the solution of Maxwell’s
equations subject to the appropriate boundary conditions.

The anisotropy field, a property of a single crystal of ferrite, arises
from the fact that through the medium of spin-orbit interaction, the
electron spins can “see” the orbital wave-functions. Since these have the
symmetry properties of the crystal, it is to be expected that the aniso-
tropy field will be a vector function of 3/, with the symmetry properties
of the erystal. The samples of ferrite used in practice contain a great
many small crystals randomly oriented, so that the net effect of the
anisotropy field on microwave propagation must be obtained by means
of an averaging procedure. The integrations involved are laborious and
have not been carried out so far. We shall therefore neglect anisotropy
altogether. Since anisotropy fields are usually of the order of a few
hundred gauss, this will put our results in error below frequencies of
about 3,000 me/sec. (Corresponding to a precession frequency of yH, =
3,000 mc/sec., Hy is about 1,100 gauss.)

The field between two spins ascribable to exchange forces will be zero
when the two are parallel, and thus arises out of differences of spin ori-
entation (that is, differences of /) from place to place. In fact, analysis
shows that this magnetic field is proportional to V*M for cubic crystals.
Thus equation (2) really involves position coordinates as well as time.
Hence the ac part m of M at a point will depend not only on the ac field

.
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H at that point, but on values of H throughout the volume of the sample.
Therefore B, which is woll + m, will likewise be a functional of H over
the whole sample. Fortunately it turns out that the spatial variation of
H in a microwave structure is so much slower than that characteristic of
the “spin waves” to which VM gives rise that this effect is quite negli-
gible at microwave frequencies. Only in the most immediate vicinity of
gyromagnetic resonance could such effects become significant.

Thus, we shall regard Hr simply as the sum of the de and ac magnetic
fields, Hy + H, and correspondingly M as the sum of the de magnetiza-
tion (directed along Hy, in a saturated sample when anisotropy is neg-
lected) plus an ac part m. Equation (2) must now be solved for m in
terms of H. It is a non-linear equation, whose solution m will depend on
H non-linearly, as will B. Even if m could be determined in this way,
Maxwell’s equations would become non-linear, and hope of their solu-
tion remote. It is therefore necessary, and in the great majority of ap-
plications also quite sufficient, to assume that the ac quantities in (2)
are so small that their products can be neglected and only linear terms
taken into account. The terms m and H may now be assumed to vary
as exp jwt.

Under these circumstances, (2) becomes

%” = y(lm X Hol + [My X H)

- % ([Mo X [m X Holl + [Mo X [My X HID,

and is easily solved for m in terms of H, and of the de quantities Hy , M,
which we shall assume to point in the z-direction. Each of the components
mz, My is a linear function of both H, and H, and when they are sub-
stituted in the components of the equation B = pwH + m, lead to ex-
pressions of the form (1) for B in terms of H:

B, = uH_ — jxH,,
B, = jkH. + uH,, and 3)
B. = uH..

It is convenient to introduce two auxiliary quantities

w How
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and in terms of these one obtains the relations first derived by Polder:

o(1 + o) + jasgn p

an=1+p02(1+a2)—1+2jaa'sgn'p’ and
- oy (4)
mw X1 +a?) — 1 + 2jacsgn p’
where the function
sgnp = +1 p>0
= —1 p <0

o is the ratio of the natural precession frequency 51— |v | Ho to the
m

. . . 1 .
signal frequency. p is the ratio of a frequency 5 | v | Mo/po, associated

with the saturation magnetization My, to the signal frequency. Note
that ¢ and p always have similar signs: if Hyis reversed, so is the satura-
tion magnetization. Equations (4) are true only for a fully saturated
sample. Therefore they hold good only for values of ¢ greater than the
very small value corresponding to the amount of Hy required to saturate
the sample. In practice that value of Hy is generally so small that this
restriction is trivial. In the text a number of formulae will appear
which apply “near ¢ = 0”’. These are to be understood as applying near
the very small value of ¢ that corresponds to saturation.

Equation (4) has an interesting implication with regard to the loss
parameter a. If a« were zero, we would have

:0=1—1362, and

(5)
kK _ P
g 1 —=d’

and these equations describe the loss-free case. If in equations (5), o is
replaced by (¢ + je sgn p), the resulting expressions check (4) to order a.
For small a, it follows that any propagation problem need be considered
for the loss-free case (5) only.* The first order change due to loss in any
formula so obtained can be deduced by differentiation of the formula

* A form of the damping term in Equation (2), no less justified experimentally
aM
than the one used above, is — Rl M X —

i o
permeabilities are exactly functions of the variable, ¢ + ja sgn p.

. When this expression is used the
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with respect to ¢, and multiplication by ja sgn p. Of course this procedure
is invalid close to resonance (¢ = 1), when terms in o’ play an important
part. Equations (5), which will hereafter be called the Polder equations,
are plotted in Fig. 1. The quantity
= f _ 4
,OH—;— 1 — poe — ¢

is shown in Fig. 1(c). It occurs in the waveguide theory, and also in the
theory of other microwave circuits considered later on. The ratio p/u, =
p/u: will be denoted by vz . At a fixed p, £/po decreases from unity at
o = 0, through zeroat ¢ = —p/2 + v/p*/4 + 1 to — w ate = 1 — 0,
and then from + « at ¢ = 1 4 0 steadily down to unity at ¢ = . «/uo
increases from p at ¢ = 0 to 4« at ¢ = 1 — 0, and then again from
—wate =1+ 0tozeroat e = =.

It has already been mentioned that the anisotropy fields are of the
order of a few hundred gauss. For most ferrites the saturation magnetiza-
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tion is about 1,000 gauss. It will therefore be consistent with the neglect
of anisotropy to assume that the applied frequency is such that p is less
than unity and this will be done hereafter.

2.2 Ion clouds or plasmas

Since these are considered in much less detail in these papers, their
physical properties are stated only briefly here.

Instead of a tensor relationship between B and, H we now have one
between the displacement vector D and the electric field £. If the mag-
netizing field is along the z axis, we have

D, = ¢E; — jnky,

= jnE. 4 €E,, and (6)
D, = ek, .

If the medium consists of equal densities B of positive ions and elec-

trons, and if collisions and thermal ve]omtles are neglected, e and 5 can
be caleulated for weak ac disturbances Ee™” from the equation of motion

S
|

= 2 Be™' + v X H],
m

where v is the velocity vector of the electron and ¥ = euo/m, in the usual
notation. When this equation is solved and the abbreviations
= [ v | Hy; g =

3 qa=—3 wWp =

2
w wp | _ Re
0 w mep

are introduced, one obtains, from the fact that the total current is
jwell + Ro, the heavy ions being assumed stationary,

(L),

2
UZQ_U 1’ and (7)

€ = ECl(l - 92),

n = €

where ¢ is the dielectric constant of vacuum. The waveguide theory will

involve the parameters

_ _ 1 _ a_2q2

S R U D
‘id

m

, and

m

(8)

13

m
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These results apply to stationary plasmas only. If the plasma were
an electron stream moving along the wave-propagation direction, for
example, the dielectric constants would depend on wavelength also, and
the propagation problem would be much more involved.

The variations of € and 5 with o are shown in Fig. 2. ¢/ for a given ¢*
starts at ¢ = 0, ¢ = ¢ (1 — ¢°), decreases through zero at ¢ = /1 — ¢
to —w at ¢ = 1 — 0, starts again from +« at ¢ = 1 + 0, and de-
creasesto gat ¢ = ».n = 0 when o = 0, decreasesto — = ate =1 — 0
and then decreases from + = at 1 4 O to zeroat o = =.

We note that similar formulae apply to the electron-gas in semicon-
ductors at temperatures sufficiently low and frequencies sufficiently high
so that damping is not important. However, the formulae have to be
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generalized in some of those cases to take into account the existence of
groups of electrons with different “effective masses” m.

3. THE SOLUTION OF MAXWELL'S EQUATIONS

Maxwell’s equations will now be solved in a cylindrical waveguide
filled with a hypothetical medium which contains the ferrite and the
plasma as a special case. It will be supposed therefore that both its per-
meability and dielectric constant are tensors of the form previously
considered.

3.1 Field components

The following notation will be found convenient. The projection of a
vector A upon the plane normal to the z-axis will be written A4, . If the
components of 4, are a, 8 then an associated vector having components
(8, —a) is devoted by 4/*. A similar notation is used for differential
operators. Thus, if V denotes (9/dz, 8/dy), V* denotes (3/dy, — 9/dx)T.
Denoting scalar products by a dot, the following identities are evident

AFA* = A Ay (AX)* = —A; A A&F =05
AyB* = —A* By,
and
A,-B/* = z-component of [4 X B].
Also if k is a unit vector along the positive z-axis, k X 4 = —4.*
Similar relations hold for differential operators. If one denotes the star-
ring operation by the symbol P then clearly

1 1

P+a=1+a=(““P)’

PP=—-1; P =-P;

where a is a number.

Maxwell’s equations may now be written, for that case in which the
dependence of any component upon ¢ and z is of the form ¢’ in the
form:

V*H. + jBH* = juel: + wnE/,
Y% 'Ht* = jmszz )

V*E. + jBE*
V-_E;* = _jwﬂth:

where use is made of equations (3) and (6).

(9)

I

—jopH,: — wcH *, and

t The operator V* is called “flux”’ by Schelkunofi. Strictly, one should write
¥ and ¥V *, rather than ¥V and V*, but this is needlessly cumbersome.
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It is desirable to remove scale factors as far as possible. A unit of
length given by

1 1

B[) B w\/ﬂzfz
will be used to measure lengths. This unit is A\¢/27, where )¢ is the wave-
length in an unbounded, unmagnetized medium. It will be assumed that
8 is in future measured in units of B¢ . Finally all magnetic fields will
be multiplied by 4/u./e. to give them the dimensions of electric fields.
Using the definitions of the »’s and p’s given in Section 2, Maxwell’s equa-
tions may be put into the form:

V*H. + jBH* = ve(JE, + peE*), (10a)
V-H* = jE,, (10b)
V*Ez -+ JﬁEt* = ""”H(th + PHE.',*), (100)

and

V-E* = —iH,. (10d)
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E. and H, may now be eliminated yielding two simultaneous second
order equations for E, and H.. These, in turn, may be combined to
produce two independent second order equations each of which is satisfied
by an appropriate linear combination of ., and H.. These equations
may be solved and E. and H. expressed as linear combinations of the
solutions. The transverse fields are then written in terms of E. and H,
and, finally, the boundary conditions are applied leaving a transcendental
equation in 8.

Operating on (10a) and (10¢) withV - and taking account of (10b),
(10d), one finds that

8V -H* = ve(jV-E. + josH.) = —BE., and
BV -E* = —vu(jV-H, + jpuk:) = BH,

Operating on (10a) and (10¢) withV*-, usingV*.-V* =V* and so on,
one obtains, using (10b) and (10d),

vzﬂ; + ]ﬁVHt = Vg(’_I:[; + ng'E;), and
VE. + j8V -Ey = —va(E: + puV -H)).
Now, elimination of V-E, and ¥V -H, between (11) and (12) yields

(11)

(12)

2
vaHa + Ve (1 - PE2 - ylsv )Hz = jrg(PE + PH)Ea: and

(13)

VEVH

2
VEE, -Jr Ve (1 - P‘H2 - IB )Ez = _J..B(PE + PH)I{za

equations which demonstrate that pure TE or TM fields no longer exist,
as the result of the presence of p’s. H. or K. might now be eliminated
between these equations giving a single equation in V* and (V®)?, but it
is more convenient to find those linear combinations of £. and H. which
satisfy a first order equation in V*. Writing such a linear combination as

¢ = E. + jAH., (14)

and adding jA times the first of equations (13) to the second, it is found
that this is an equation in y alone of the form

VY + XY =0, (15)
provided that A is a root of the quadratic

2 2
) Vi (1 - PE2 - ]}4-'8}:{> — Vi (1 - PH2 - %)
- £ oA —1=0.
A Blpe + pu) (16)
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The value of x° is then given by

2

Xi2 = vg (1 — p5 — ) — Blpe + pr)dat, (17a)

VEVH

or

f32

VEVH

X1,22 = vy (1 - 952 — ) + Blps + pu)Ars, (17b)

where A; and A, are the roots of (16) and x.*, xs" are the corresponding x°.
The labelling of the roots is not important, but consistency must be
maintained. From (14) K. and H. must satisfy

Ez +jA-1H2 = \l’l:

and
Ez + jA2Hz = ‘1(/2
so that
A — Ans
i S T (18a)
and
_ i
H. =7 M A (18b)

Solutions of (15) may now be sought in eylindrical coordinates. To
satisfy the boundary conditions in circular guide it will be necessary to
assume the solutions to vary as ¢’"’, where 6 is the polar angle and n is
any integer, positive, negative or zero. Equation (15) then becomes

19 (T a-pl.e(r)) N (XL; _ :f) Yualr) = 0,

ror ar

if r is the radius. Solutions which are regular within the guide will have
the form of constant multiples of J,(x1.2r), where J, is the nt" order
Bessel function. The solutions of (15) are, then,

Y12 = :11,2Jn(X1.2r)‘3jn9: (19)

where the A’s are constants. . and H. can be found now from (18), but
further equations must be found to express E, and H, . Using P to denote
the starring operation, (10a) and (10¢) may be re-written as

(jVPP - PEVE)_Et + JﬁE: = —VAHZ,
and
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—3jBE, + (jvuP — pwve)Hi= VE.,
which yield
{[vEVH(l + pEPH) - .32] - j”HVE(PH + PB)P}_E:
= _jIBVEg — vy(jP - PH)VH”
and
{[vava(l + pron) — 61 — jvavs(on + px)PVH,
= ve(jP — pr)VE. — jBVH,

The term in parentheses may be removed by using the rule for inverting
such expressions in P which was given earlier. This process gives

2
QF, = I:(]. + pepr — vf_v;;) + jlpx + PE)P] (20a)
[— JBVE. — va(jP — px)V H.,
and
QH, = |(1+ _F ] P
iy = PEPH — + J(PH + PE) (20b)
[VE(jP - PB)VE: - j.Bsz]r
where
.32 2
Q = vpry |:<1 + prpr — ry—;) — (pz + PH)E]:
E

— [ B (4 o) (1 + o) ][ B (- e - pﬁ)]'

VeVa VeVH

It may be noted that for plane waves in the unbounded medium along
the z axis, which have E, = H. = 0, @ must vanish and that the propaga-
tion constants for such plane waves are evidently given by

B = vera(l £ pr) (1 %= px). (21)
The values of E, and H. given by (18) may now be substituted in (20)
and the operator P removed. This gives, finally,

2N

(A1 — A)QE, = j[(l + pepr — £ (BA2 — pavy) + valpn + px)] Vi

VEVH

g (22a)
- |:()3A2 - PHVH)(PE + PH) + vy (1 + PEPH — " )] V*\h

EVH

minus the same expression with suffixes 1 and 2 interchanged.
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2

va") (Awvgpr — B) — veAs(ps + PH)] Vi
(22b)

(A — A2)QH, = [(1 + pepr —

2

-7 |:vEA2 (1 + prpu — i) — (pe + pr)(Awwepe — ﬁ):l V*

VEVH
minus the same expression with suffixes 1 and 2 interchanged.

Equations (22a) and (22b) may be written in a variety of equivalent
forms by making use of the relations between A; and A» . The manipula-
tions which have been used in deriving (22a) and (22b) assume the use
of rectangular coordinates, but the results are valid in polar coordinates

. a 1 ..
if E;means (E,, Iy) and V means ( 'y 566\ . That thisis the case may
be seen from the consideration that the rotation, —8, which carries the

vector (E., E,) into the vector (E,, E;) also transforms (i , —aw) into

dr " 9y
9 13) .
ar’r o8]’

3.2 The characteristic equalion

The boundary conditions of the problem are that K, = 0 and E; = 0
at r = ro, the radius of the guide. FE. is given by [see (18)].

(Ae — ADE: = [Aad T o(xar) — MAod o(xar)] €™, (23)
and vanishes at r = r if
_ J n(Xaro) . _ Jn(x170)
A, = Ve A = A

Hence the relations hold:
Y0 = = Ju(xo,170) T n(x1,07) ™.
Agy
From (22a) it follows that
LY, ind 2
(Ay — A)QE, = M |:'— ?{(1 + papr — v—ﬁ—) (BA2 — prve)

Ag EVH

+ VH(PH + PE)}Jn(Xl?') + {(.31\2 - PHVH)(PB + PH)

2
“+ vu (1 + pepu — 5—)} X1»]n'(X1P'):|
VEVH

* In Appendix III the field components in polar coordinates are written out
fully for the ferrite and plasma cases with some changes in notation which are
introduced in Sections 4.11 and 4.2.
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minus the same expression with the suffixes interchanged. Hence

(A1 - A\?-)QEs("o)

| . Jnfl 2
_ Jularo)Ja(xero)e™ |:(A1 — Ax)nu (p—”ﬁ + pe(1l — Pﬂz))
VeVH

To

2 ’ (24)

g X1rod n (X170)

+ {ﬁ(ﬂﬂ' + PH) — Awy (1 — PH2 — = }4___

iy Ju(xar0)

2 - !

- {IB(PE + PH) — Aovy (l — pgl‘" — '6_>} wl):l ,
Vivu J n (x210)

where use has been made of the relation A;As = —1. Therefore the

characteristic equation for §° is obtained by equating the term in square
brackets to zero. Because of the quadratic relation satisfied by A and
the relation between A and x, it is possible to write the characteristic
equation in a great variety of ways. It will be convenient to introduce a
funetion

xd (2)
Fola) = F_,(z) = =m0 25
@) = F_dls) = 55 (25)
Using the F-function and replacing the A’s by x’s the characteristic
equation may be written:*

2 _ 2 F'Hl'-:"2 _ 2 :] 1 _ 22
ﬂVH(Xz X1 ) [VE'VH + PE(l PH) .3—_(93 ¥ P”) = K; Fn(Xﬂ'o)

(26)
- j(_i Fo(xaro)-

The asymmetry of this equation between py , ¥4 and pz, ve arises from
the fact that the boundary conditions involve electric field components

alone.

It may be noted that if the basic solution had been taken to vary as
cos nf or sin nf, the expression for Fy would have been a linear combina-
tion of sin n@ and cos né that could not have vanished at the walls for

all 6.
In passing we remark that for a guide of arbitrary cross-section, the

* The characteristic equations given in Reference 4 were specializations to the
ferrite and plasma cases of the form in square brackets. They have also been de-
rived by Kales® and Gamo®. These authors have given expressions for some, though
not all, of the varieties of cut-off point derived in this paper and classified them
as TE or TM according to the field configuration at cut-off. By contrast, they are
classified here by their association with quasi-TE or quasi-TM limit modes which
reduce to the usual TE and TM modes in the unmagnetized medium.
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boundary value problem may be put into the form, of which (26) is a
special case,

v2f1 + X12f1 =0,
and
v2f2 + X22f2 = 0,

2 2 2 2 5
-&jﬁ_&¢ﬂ=ﬁﬁgzﬁpﬂ __z]%
J (Az aN Ay ON Blps + PH) — + PE(]- PH ) 35’

where /3N and d/aS are normal and tangential derivatives at the guide
surface, where, in addition, f; = fs.

4. DISCUSSION OF THE PROPAGATION CONSTANTS

At this point we specialize the characteristic equation (26) to one or
other of the two media.

4.1. The ferrite (pg = 0, vg = 1)
4.11. After some rearrangement the characteristic equation becomes
1 [ Fa(aro) } 1 [F,.(ero) }
Jali s —n|=—= —n|, 27
xi* l: M x2* Ao @7
where A2y = 8 A;2 and the A satisfy

2

(1 - VH) (1 - é‘) + VHP32
2

)\[.2 - il )\1,2 - ]32 = 0 (28)
PH
The x’s are given by
62
)(1_22 = (1 - —) —pah12 . (29)
Vy
From Polder’s equations for pz and »5 , (28) may be written
Mo = [p+ ol — B)Me — 8 =0, (30)
or
e = —f, (31a)
M =p+ ol — 8,
=P+ a4+ oM. (31b)

If 8* be eliminated between equations (28) and (29), x1..° may be ex-
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pressed solely in terms of A; 2, px and »g in the form
\ 1 — Aot
X2 = 5
1

1 -z M1
Pr

Again using Polder’s formulae, this becomes

s 1=

B 1 — D’)\],z'

X1,2 (32)

With these expressions for the x, the characteristic equation takes the
form

G()\l y O, To) = G()\z y Oy 'fn), (33)

where

GQ,mm)==%E§§[%Fan 1“*2)—14. (34)

Equations (31b) and (33) may now be considered for a fixed ¢ and p
as determining associated pairs of values for A; and X:. Such a pair in
turn determines 8° = —M\s. Since 8° must be positive for propagation
A1, A2 must have opposite signs. The convention will be adopted that A\
is positive and A is negative. Equation (31b) will hereafter be called the
Polder relation and Equation (33) the G-equation.

An important fact of which frequent use will be made is that the
transformation

R1—>"‘?\2, )\2"‘*"'_)\1, g — —o0, pP——D

leaves the Polder relation and g° unchanged and converts n to —n in the
G-equation. It follows that it is necessary to consider positive n only,
provided we allow the pair o, p to take on negative as well as positive
values. This corresponds to the physical fact that a right-circular wave
in a backward-directed magnetizing field behaves like a left-circular
wave in a forward field.

The discussion in this paper is confined to the first azimuthal mode
number n = =1. Accordingly the symbol F will replace F; in what
follows.

Before commencing the graphical analysis of the G function it is ad-
vantageous to consider briefly the function F(z) = xJy/(x)/J1(x), which
we require for real and for purely imaginary x. By logarithmic differentia-
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Fig. 3 — The functionF(:c)=I l(x).
Ji(z)

tion of the infinite product for J.(x), F(z) is found to be given by

w0 xz
Flz) =1—2 ; =t
where the j,’s are the zeros of .J,(x).

Thus, F(z) is real if 2° is, which is always the case here. For positive z,
F(x) is an always decreasing function of z, which has an infinite number
of first order zeros and poles. The zeros are those of Jy/(z) and will be
denoted by u, . The poles are the zeros of J1(x). It may be recalled from
the properties of Bessel functions that for large n these zeros and poles
are essentially equally spaced with a separation /2. When x is a pure
imaginary, equal to jy, F(x) becomes yI.'(y)/I:(y). This is a steadily in-
creasing function of y, always positive, and behaving like y — 14 for
large y. The function F is shown in Fig. 3. Further formulae pertaining
to I are given in Appendix I. The inverse function F~'(x), which is also
of some importance, is a multivalued function of z, whose behavior is
readily understood from the figure for F(z). We are now ready to proceed
with the graphical analysis of the G-equation.

In a rectangular coordinate system with X as abscissa and ¢ as ordinate,
a contour map is sketched of the function
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1—a[1,( . /T=N\_
G_l—RZ[XF(?" 1—07\) 1}

for all values of A, ¢ from — = to + =, r; being kept fixed. This can
be done as accurately as desired by first drawing the contours x* =
2
i——% = constant (Fig. 4), along each of which @ simply behaves like
- .
A/X\ 4+ B and is easily evaluated with the help of a table of F. However,

2.5
0 L S|z |2 -1 o L
2 6 16 | +o0\-00 2 5
®
2.0 1
17
16
1.5
2
1.0
=1
+00
0.5 Py~
a
0
- 0.5 [z 00
+00
-1
_LD‘
2
15
17
1§,
(
-2.0fF
z 2
6 h 0 -1\ -oo\eoo \Zuz| i [5 |1 0
-2.5 12 ! |5 [2 |
-2.0 -1.5 -1.0 -0.5 ) 0.5 1.0 1.5 2.0

Fig. 4 — Curves of constant x* = 3 in the ¢ — X plane.

- 0.
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many features of the G-contours are already determined by the position
of the contours ¢ = =, and G = 0, across which @ changes sign (from
4+ o to F o or from 0 to F0). Because of their special role in the
subsequent analysis it is desirable to introduce a scheme for their enum-
eration. The infinity and zero curves in the right-hand half-plane will be
denoted by I and 0, respectively, those in the left-hand half-plane by I’
and 0’. All but two of the I-curves arise from the poles j, of F. Their
equations are

1 —

= 72 2 I — s e
1_0_R_Jﬂ/r0 n 112)

Each of these curves has two branches, one in the half-plane X > 0, one
in A < 0 and these are called I, , I,” respectively. All I, curves pass
through A\ = 1, ¢ = 1,all [,/ curves pass through A = —1, ¢ = —1. The
lines A = 0, A = —1 are also infinity curves to be denoted by 1., I
respectively (As A — +1, G tends to a finite value).

Zero curves of G are given by

1—7\2)_‘
F(?‘a T — o —?\,

or in a more readily computable form by

1 7’1 =)

o= NFOOE (35)
The branches of F'(\) may be labelled according to the scheme: “0”
for —ew < [F'N]* < ji; “17 for ji* < [F'(\)* < j» and so on. The
nth branch of F'(\) gives rise to an 0, curve for A > 0 and to an 0,’
curve for negative \. All 0,/ curves pass through A = —1,¢ = —1;all
save one of the 0, curves pass through A = 1, ¢ = 1. The exceptional one,
seen to be 0, , is associated with the “0” branch of F— '(\) on which
F7'(1) = 0. For fixed o, G tends to zero as A — =, hence the vertical
lines A = === are also zero curves, to be denoted by 0, and 0, respec-
tively.

In a sense the two branches of #A = 1 are also zero curves, to be called
0, and 0.”. 0. and 0, are zero curves only when viewed from “one side.”
In the right half-plane, for A < 1 as oA — 1 — 0 and for X > 1 as
oA — 1 + 0, the argument of F tends to infinity and remains real.
Therefore G passes through all values an indefinite number of times and
oA = 1 is a limit line of all contours, G = constant. For » < 1 as
oA — 1 4+ 0 and for A > 1 as oA — 1 — 0, the argument of F is
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funetion of arc tan o/, vy is about 2.

1
180

. P 1 —
imaginary and F tends to infinity. However I / 1= o tends to zero

so that @ tends to zero.

To complete the picture of the G-function given by the form and posi-
tion of the 0 and I curves it is necessary to see how it behaves at large
distances from the origin. This is indicated in Fig. 5 and also by Fig. 6.
The latter shows the value of G at large distances as a function of direc-
tion. In general, along the line ¢ = ¢\ + d (c finite), G will tend to —¢
for all d. For ¢ = 7,°/j." (which is the slope of the asymptotes to the I,
curves), @ again tends to a constant. Now, however, the constant depends
upon d and assumes all values from — % to 4 = as a function of d. In
the first quadrant the sign of variation of the limiting value of G with
direction ¢ is opposite to that of its variation with d near ¢ = ro°/j."
Consequently local maxima and minima arise as a function of direction
between successive I ,-curves. This suggests the existence of saddle points,
which may be verified directly. In the third quadrant, the dependence of
G upon ¢ and d does not give such maxima and minima, and indeed no
saddle points are found there. Finally it is necessary to consider the be-
havior of G as ¢ tends to infinity, while X remains finite, corresponding to
(1/¢) — 0. If X remains fixed, then for A > —1, @ — Fw as ¢ — L+ o}
and for A\ < —1,G — £ = as ¢ — == 2. As A — 0, the curves of constant

5

2
(7 are asymptotic to Ae = (1 — :J ) — BA\, where B goes from — « to

+ « with G. Interleaved with these families of curves are the curves
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2
G = == oo, which are Ao = (1 . ;—02) + 0(\*). More detailed information

n

on these matters will be found in Appendix II.

From the G-diagram it would be possible to determine pairs of A-values
with opposite signs, which, for a definite o-value satisfy the characteristic
equation, but, for a given p such pairs would not necessarily satisfy the
Polder relation (31b). It is necessary to have a procedure which takes
account of the latter systematically. Such a method may be based upon
the fact that if, for ¢ and p positive, the Polder relation is solved for A\
in terms of A; it can be thought of as a rather simple mapping of the
whole As-quadrant upon a part of the A-quadrant (A; > 0). Similarly for
¢ and P negative there is an analogous mapping of the \-quadrant onto
the A»-quadrant.

Considering first the case ¢, p > 0, the Polder relation may be written
in the forms

- 9 - 1

A\ = ctp—N_1 + ot p—1/0 _ T(Na). (36)
1 — ok o 1 — oA

From (36) it may be seen that the curves A\. = const. transform into a

bundle of hyperbolae passing through the intersection of ¢ = 1/A; and

¢ = M — p; that is, through Ay, ¢y, where

‘Tu=—1‘3/2+/|/%2+1; )\10=P/2+1/%2+1-

These hyperbolae have the vertical asymptotes A,y = —1/)Ay, and intersect
¢ =0at\ = p — A . For a fixed positive ¢ less than gy, A\, decreases
from 1/¢ to ¢ + p as A increases from — = to 0, but when ¢ is greater
than ¢q, A; increases from 1/¢ to ¢ 4+ p under the same circumstances.
Thus the whole As-quadrant is transformed upon that part of the As-
quadrant which lies between the hyperbola A = 1/¢ and the straight
line \; = ¢ + p. It follows that points in the A-quadrant which are, for
a given p, excluded from this region, cannot be the site of acceptable so-
lutions of the G-equation.

Since as has already been stated, the Polder relation is unchanged
by the substitution Ay = —Xs, As — —A\;, ¢ — —og, and p to —p, it
follows that for ¢ and p negative a similar mapping of the \;-quadrant
upon part of the A--quadrant takes place. The transforms of the lines
M = const. and so forth may easily be found by using these substitutions
in the formulae already given.

Reference to Fig. 1(a) and (b) will show that 4o are the values of & at
which u reverses sign. Therefore we may expect oy to play a special role
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in the propagation theory, as also does ¢ = 1. The following scheme
exists: for 0 < ¢ < oy, « and u are both positive; for oo < ¢ < 1,x <0
and p < 0, for ¢ > 1, k is negative and p positive. If ¢ is changed to
—o, g goes into p, and « into —«.

The procedure which will now be used to discuss the solution of the
characteristic equation, observing the Polder relations, begins by writing
the equation, for ¢, p positive, in the form

G(Rl y 0y T'u) = G(T()\l), a, ?'u)

We are already in possession of a contour map of the left hand side
of this equation in the quadrant ¢ > 0, A > 0, and of the function
G@(As, o, 7o) in the quadrant A < 0, ¢ > 0. The latter surface has now to
be transformed into one in the A\;-quadrant by the relation

A=TMN) = (e +p — M)/(1— oN)

(or equally well, Ay = T(X\:). This may be effected by considering the
transformation of curves G(\s, o, 7y) = constant, onto the M-quadrant.
For the I’ curves whose analytical expression in terms of o and Az is very
simple, the corresponding explicit expression of the transformed curve
in A; and ¢ is simple. Contours other than I’ are most easily transformed
by replotting G(\: , @, 7o) = const. in the hyperbola-mesh formed by the
lines 7'(\.). However, information about particular points and about
asymptotic behavior of these transformed curves is available in analytic
form and is stated in Appendix II. The two surfaces so obtained will in-
tersect in various curves, along whose projections on the A\ — ¢ plane both
Polder relation and G-equation are satisfied. For each such projection M
is a function of ¢, As is then known in terms of ¢ and p, and finally g =
— Az is known. In most cases the general course of these curves can be
found without resort to much numerical analysis. Each of the curves is
associated with a definite mode and it follows that the classification of
the modes can be carried out fairly easily. The approximate location of
the solution curves relies upon the fact that if the position of the infinity
curves of both surfaces is known, continuity considerations will fre-
quently assure the existence of an intersection within certain regions.
Moreover, the neighborhood of certain special points on these solution
curves can be investigated analytically. These are points at which one
or both of the G-functions may be approximated by a simpler expression;
included among these is the point at infinity.

Tt is clear that for ¢ and p negative the whole procedure outlined above
may be carried out in a similar way, with the ¢ > 0, > 0 quadrant now
being transformed on to the ¢ < 0, x < 0 quadrant.
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It is possible to translate such solution curves into §° — ¢ curves in a
direct graphical manner if a mesh of constant 8° lines is drawn in the
first quadrant. From (30) these are given by

N = [p ol = BN~ B =0,
or
1 — A2

» =1-4.
[ 2
The contour, 8 = b, is just the contour x* = 1 — b* displaced along the
a-axis by an amount, —p/(1 — b°). The contours of constant 3 all pass
through the point ¢ = oy, A = ¢ + p and are shown in Fig. 7. Their

1.5 \":o &.o 20 10 /0.5 o.
1.3 \\ \\\ \\ /// 7
12 /|
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A1/ \ B

() 0.25 0.5 1.0 ak
0 1

05 06 07 08 09 10 14 .2 1.3 14 1.5 1.6 1.7 1.8 1.9 20

Fig. 7 — Contours of constant g2 = —;—EM_R—U for p = 0.5.
- 0.

[B2(\, o, p) = B2 (=X, —0, —p)]
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course in the third quadrant is immediately found by reflection in the
origin.

When p = 0 the magnetization of the ferrite vanishes and it is clear
that we should then obtain just the modes of a guide filled with isotropic
material (u = p: ; k = 0). Superficially it might appear that, sined the
equations (31b) and (33) depend upon o, even for p = 0, this result
might not be attained. We now show that #* is indeed independent of ¢
for p = 0. It may first be noted that in this case if ¢ 5 1, the Polder re-
lation (31b) transforms

I—AIE. 1—A22 U'—'?\g

d Ay int .
1#¢,)\,mt01 _ﬂzan 11n01 p———

The G-equation reads

1— o1 1/1—7\22) }

- LT —1

1 — A2 [AzF(“ 1 = ok,
1= o[l =k (o 1—1\22)_
—1~>\22[a—>\2F<’“ 1 — ok 1]'

Since A # A2 we must have
T— a2\ _
F(T°1/ T_—U)\) =0 or o,

2 .
1 - Al_g _ Un or In
1 - 0'7\1,2 ro? 7o’ )

or

Thus A\;,» are roots of

2 2
aﬂ—a“_;x+(ig—1)=o,
7o

or else of

In the first case

and in the second

.—XIR2=|62=1—‘71_
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Thus, when ¢ 5 1, the g values, for p = 0, are evidently independent
of o and are just those of an isotropic medium. When ¢ = 1(u = x = =),
p = 0, § is indeterminate and for p small, there is a small region near
¢ = 1, of width ~p, in which §* differs appreciably from the isotropic
value. The convergence of an expansion of 8°in powers of p[(61) and (62)]
shows a marked dependence on o.

4.12. The scheme of analysis described above will now be illustrated
in detail by a discussion for a radius ry between w; and j; , which, if the
ferrite were unmagnetized, would propagate the TEj;-mode alone.

Figs. 8(c¢) and 8(d) show the division of the A — & plane into regions of
positive and negative G(A, ¢) by the various I and 0 curves. A few con-
tours of constant G are plotted to indicate the behavior of the function
in more detail. That part of the A — ¢ plane which is excluded by the

3

-1

-3

-4

Fig. 8(e) — See Fig. 8.
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0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
Ay

Tig. 9 — Geometrical exploration of the solution curves. The permitted areas
of the A — & plane are divided by the 0, I, (0)r , (I)r curves into regions in which
G\, o) and G(T'(\), o) have like or unlike signs. Shaded regions are those of unlike
signs. Solution eurves (shown schematically by dotted lines) must lie in regions
of like signs. Only the first few O and I curves are shown. Fig. 9(a) and (b), ro ~
3.0; Fig. 9(c) and (d), ro ~ 5.0; Fig. 9(e) and (f), w2 < ro <j2 5 Fig. 0(g), ro < uy .
| p | < 1, throughout. The horizontal dashed line marks el =100].

Polder relation is indicated, for p = 1%, by shading. For other p-values
the straight portion of the boundary of the excluded region is simply
translated along the A-axis.

In Fig. 9(a) the allowed region of the first quadrant is shown again,
together with the transforms (I.)r, (0')r, and (Is)r of the only
eritical curves I/, 0/ and I occeurring in the second quadrant for the
present radius. Regions in which G(\,, o) and G(T(\), o) have opposite
sign are shaded ; the common signs in the remaining parts of the quadrant
are as indicated. (In this diagram p is taken to be 3g).

From the disposition of the surfaces G(\;, o) in the region between 0,

2,2
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Fig. 9(b) and (c) — See Fig. 9.
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and I, and of thesurface G(T(\), o) between (0,,/)r and (I5') » it isevident
that along any contour such as G(\; , o) = K, G(T(\), ) will take on all
positive values from 0 to = and, in particular, K. Since this is true for
any K, it follows that the region between 0y, I1, (I5')r contains a solu-
tion curve. Two points on this curve are immediately obvious: the inter-
sections of (I4')r, I and the point (1, 1) on (0,/)r, O . The first is the
intersection of the curves

P E 1 — 2%
144’ 70° 1 — or’

A=1+

At the point (1, 1), Xz is — =, A is unity and 3" is therefore infinite.
Armed with this knowledge we now investigate analytically the behavior
of 8 near ¢ = 0 directly from the original G-equation and Polder rela-
tions. Writing\ = 1 + ceand ¢ = 1 4 ¢ (1 — M) /(1 — o)) is to zero

-2.2
Ot
[ — S~
(Cooj7

(O 0)1-\

Fig. 9(d) — See Fig. 9.
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Fig. 9(e) and (f) — See Fig. 9.
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order just 2¢/1 + ¢. Thus, G(\y, o) to zero order is

Lt+c|nf. 2c _
2 [F (” 1+ 0) 1] '
But we have, in this case, G(\s) = 0, so that

2
2c z1

1+c¢ r2’

where z is the smallest non-zero root of F(z) = 1. From the Polder
relation, the leading term of N» is —p/(1 + ¢)¢, and consequently the

leading term of §° is
2
Z1
p _"P (1 2702)

(l—l—c)e— cg—1

This analysis is readily extended to the next order term, which is stated
in Section (4.17).
From analogous considerations concerning the variation of one G-

Fig. 9(g) — See Fig. 9.
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function through all possible values of the other in the region bounded by
I, (Ig")r, (0/)r we deduce that the solution curve just discussed con-
tinues into that region and persists as ¢ — . For, the asymptote of

2
0/)rise = ;ig A, and between it and A = 1, which is the asymptote of
1

(Ig')r, G(T(\), o) takes on all values between 0 and — « ; in particular,
the limited range of values assumed by G(\;, ¢) in this region. The be-
havior of the solution curve for large ¢ may be deduced by using the
asymptotic formulae for curves G(\;, ¢) = ¢ and G(T'(\) ¢) = g which
are given in the appendix. These are

¢ = —g?\l—gF(\/rn_—g),

and
2
r
Tn2 Qulz 1-—1%
= — M - 211 -~ !
o u121 P+ (+?‘02)1—u13

It is clear that g at a point of intersection is given by —r*/u,” plus terms
of order 1/\; ; substituting this value in the second equation gives the
solution curve correctly to order 1/A; in the form.

2
g = w? A — .
When the solution curve has such a linear asymptote it is convenient
to calculate 8° from the formula

g =1+ g - 2 + terms of order higher than 1/«

which is readily obtained from (30). In the present case

To

g = (1 — 1%) (1 + g) + higher terms in 1/0. (38)

As ¢ — =, 8° tends to the value appropriate to the TE;;-mode in an
isotropic medium (u — p. = pp, x — 0 as ¢ — «). Thereby the whole
solution curve is classified as specifying part of a TEy-limit mode.

The remaining section of the TEy-limit mode in the upper half-plane
is again found in the region between (0,)r and (Ip')r for ¢ < ¢¢. Any
line ¢ = constant < ey cuts these two curves at two values of A;. As A,
varies between these values, G(T'(\1), o) varies from 0 to — e} it is, thus,
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Fig. 10(a) — B2 versus p for small values of ¢ — the TEj-limit mode.

clearly equal to the finite (negative) G(\:, o) somewhere between. This
situation persists up to ¢ = ¢¢ — 0 and a solution curve therefore exists
between ¢ = 0 and ¢ = oo . It meets ¢ = 0 for A; satisfying

L re VT — 1] = 2 L v -1,

1 — A2 1 — A2
and M4 A= (39)

These equations have been solved numerically; the corresponding g
= —\A:is shown in Fig. 10(a). For r, between u, and 7, a value derived
for 8 from the first three terms of an expansion of 8° in powers of p,
equation (61), turns out to be in very good agreement with the numerical
caleulation up to p = 1, for ¢ = 0 and presumably is good for small 4.

At o, (the point at which x becomes negative), the solution curve is
“cutoff”. However, the corresponding g° is not zero. As ¢y is approached
from below G(\;, o) — 0 and so G(X:, ¢) tends to zero. Thus, X\, tends to
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Fig. 10(b) — B versus p for small values of ¢ — the TM;,-limit mode.

the negative root Ay (unique for the present radius) of
1 — Al
r 2 ) =\
d (To /‘/1 — UoM) Az

The associated 8 is —Azho = —2—2" and is shown in Fig. 11(a). The way
0

in which 8* approaches this value as ¢ — o, can be found and is one of
the more subtle examples of behavior of a mode near a special point.
Writing ¢ = o9 — 8¢, Ay = A — &\, We observe that, since oo + p

-1 0, the Polder relation in the form

do

fully determines g%-l ; any variation due to 8 vanishesat ¢ = oo . 8A2 can

be determined from the G-equation. Near oA = 1 — 0 (A > 1),G(\1, o) is

given by
_TE) 1 — o\
M |/ M-—17

which near oo, Mo may be written
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The perturbed G()\; o) which (since G(Az, o) = 0) is %g o\ + 0(60)
20

equals the preceeding expression and gives

— To
o = —
A2 oo o
Accordingly, 68° = —M\u 6\2 + 0(ds), a result which shows that g

tends to its terminal value along the vertical. Tt is clear analytically and
graphically that this mode persists as p — 0, and must be identified with
the only isotropic mode for this radius, namely TE;; . No other branches
exist below ¢ = g9, since G(\;, ¢) and G(T(\1), o) have opposite signs
except in the region just considered.

The two solution curves considered so far are not the only ones; in
fact the infinity of sheets of the surface G(A;, ¢) in the region bounded
by I, 0.and (I,')r , Fig. 9(a), intersect the transformed sheets G(T'(\1)e)
in infinitely many more curves. In the blank areas of that region the
G-functions have equal sign, and all these areas must be carriers of solu-
tion curves, since in every one of them every single contour G(\1, o) = ¢

0.6
fq = 5.75

0.4 i

A1 N
/ \
/ \
]
Ny | \

Y, \

-0 -08 -06 -04 -02 0 02 04 06 08 10
p

Tig. 10(c) — B? versus p for small values of ¢ — the TE;s-limit mode.
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crosses all contours of G(T(\1), o), in particular G(T'(Ay), o) = g¢. All
the additional solution eurves arising in this way start at ¢ = 1, Ay = 1;
the n'* of them threads its way from one blank region to another, first
through the intersection of I,.; with (/z)r, then through the intersec-
tion of 0, with (0,")7, and finally comes to an end at the intersection of
I, with (I,/)z . At the end point (¢ = 1,\; = 1), A and, therefore, 5 are
infinite, (just as for the TE, solution curve). At the end point (7.,
(I.)7), A, and, therefore, 8° are zero. The ¢ and \; values corresponding
to the latter are obtained from the equations

1— M\t g,

I — o 7’

A = 0, + D. (40)

It is possible to derive the slope 88°/60 of the §°—a curves at these cut-
off points. Near cut-off, the infinity I, of G(A;, o) is matched by the
infinity 7," of G(A\z, o). The G-equation therefore degenerates to

Jn 1.
1 - Alz oz kln jﬂ2 ’
1 — oM "

1
)\_L‘F(I‘o) =

To

Writing ¢ = ¢, — 2A2, &t = A — YAz, expansion of the right hand
side of this equation to order 1/X. furnishes one relation between v and y;
the Polder equation furnishes another. The two can be solved for x, and
s0, since to first order

682 = —)\ln?‘Q = ?\lno- — = )\l't*sg

88°/6c may be found. It is found that for convenience in computation,

the results of this caleulation are best presented parametrically. Equa-

tions (46-8) represent equations (40) and 88°/6c in this way. Fig. 12

(a) and (b) show the result of some computations. Near ¢ = 1, g =

o, these added solution curves behave rather like the TEy; curve. The
1

c— 1

. . . 2 . .
leading term in the expansion of g° in powers of is now

zn+12
1-%5)
P ( 7o

c— 1

for the solution curve ending at I, — (I./)r . Here.z,4; is the (n 4+ 1)
root of F(z) = 1, not counting 0.

It will turn out later that the infinity of solution curves just discussed
represents an incipient form of the whole mode spectrum; the reservoir
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from which higher modes are drawn as the guide radius is increased.
That the propagation of modes which for larger guide radii correspond
to higher TM and TE modes is possible for limited ranges of ¢ might
be ascribed to the larger u-values in those ranges, which cause the wave
to see an effectively larger guide. This explanation is convincing only
when ¢ > 1. When oy < ¢ <1, u is negative, and the propagation must
then be the result of an interplay between u and «. In passing we remark
that we are here dealing with the propagation analog of so-called “shape
resonances,”’ which physicists sometimes encounter in resonance experi-
ments on small spheres of ferrite in cavities.

We now turn to a discussion of the solution curves for ¢ < 0 which
lie in the third quadrant. Fig. 9(b) shows the partition of the region
allowed by the Polder relation (again for p = 3g) into positive and
negative regions by the various I', 0/, (I)r and (0)r curves. Regions in
which G(A2, o) and G(T(\2), o) have opposite signs are shaded. For
¢ < — oo, the question whether a given region of like signs is the site
of a solution curve may, with one exception, be answered by the same
type of geometrical argument as used for ¢ > 0. The singular area is
that part of the region bounded by I" and 0, in which the G-functions
are both positive. Here both G(\2, ¢) and G(T'(\2), o) are zero on 0, ;
G(A\z, o) goes to « on I/, whereas G(T()\:), o) is finite throughout the
region. No intersection can be predicted, then, by the earlier argument.
It can indeed be shown (for all ») that there is no such intersection. For,
in the case p = 0, the solution curves are I, or 0,’ curves as demon-
strated in Section (4.11). The region under consideration contains no
such curves, and hence no solution curves. Thus, for p = 0, since G(\2, o)
goes to infinity on I, the surface G(T'(\2), o) must lie entirely below
the surface G(\2, ). Consider now, for fixed ¢ and increasing p, a point
on the G(T(\2), o) surface whose height remains unchanged. For such a
point T'(A2, p, o) remains fixed and from the Polder relation this means
an increasingly negative \». Since it can be shown that G(\., o) goes
monotonically from 0 to = as A: becomes more negative, it follows that
G(T(\2), ) continues to be helow G(A, , o) for all p.

All other regions of common sign do carry solution curves. That
corresponding to the TEj-limit mode begins at ¢ = —1, h» = —1,
passes through the intersection of (0)r and 0y’ and persists for indefi-
nitely large ¢. The asymptotic formula (38), for g at large ¢ also holds
as ¢ — — o, if the signs of both ¢ and p are taken to be negative. The
behavior of 8° near ¢ = —1 may be found by the same means used at

1 .
¢ = 1. The resulting expression* is to order 1 essentially the same

* See Section 4.17 for a more exact formula.
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as the earlier (37) except that the smallest root of F(z) = —1 replaces
that of F(z) = 1. The remaining solution curves confined to the region
bounded by 04/, 0., (/4)r portray the incipient modes already encoun-
tered in the first quadrant. Their behavior near ¢ = —1 also follows
(58), associated with the higher roots of F(2) = —1. Their end points,
the intersections of I,/ with (I4)r, are still given by the parametric
representation (46-8), due regard being paid to the signs of ¢, and p.

The remaining branch of the TE-limit mode, lying above ¢ = —ay
is found in the triangle between (I 4)r, ¢ = 0 and [ . Its end points are
given by (39) with p negative and by the intersection of /," with (1,.)r
whichis ¢ = —(1 4+ p), A2 = —1, Ay = 0. Thus the cut-off in contrast
to the analogous branch for ¢ > 0, is given by # = 0, ¢ = —(1 + p).
(When p < —1, the branch does not exist at all.) We note that a left-
circular plane wave is cut off at exactly the same value of o as the TE-
mode is in this particular case (see, however, the following sections).
The slope at cut-off is determined by expanding the G functions near
their infinities at I, and I’ and utilizing the Polder relation. The slope
is found to be

dg* F(ro)

do ~ p(L = F(m)’ (1)

A further solution curve lies in the region between 0, and (0p)r for
¢ > —ao. It has no analogue in a guide with isotropic material and
will be discussed later.

In the discussion of the mode spectrum for radii between u; and 7;
three distinct types of cut-off point have already been encountered. When
larger radii are treated it is found that no other types arise.* In Section
4.17 formulas relevant to the three types are given. An examination
of the field components in the neighborhood of the cut-off points is of
some interest. Cut-off points of type one (intersections of I, and (I")r
or I/ and (I,)s), at which 8° = 0, have E. = 0 and the field is of a
pure TE-type. The medium behaves transversely as though it had a
permeability, g — «*/u. Although the field is purely TE at cut-off the
mode terminating at such a point may in the limit of vanishing magne-
tization be either a TE- or a TM-mode. This impartiality extends to cut-
off points of the other types. Cut-off points of type 1L [(0,)r — O, or
(0,)r — 0.] occur at ¢ = =ay, where p = 0 and here B does not van-
ish. In such cases one of the x’s is finite and the corresponding contri-
butions to the field pattern quite normal. The other, however, tends

* There is an exception to this statement. This is the type designated in Sec-
tion 4.17 as 2y which cuts off an isolated mode having no TE or TM analogue.
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to an infinite imaginary value and the associated fields are confined
very closely to the guide walls. The wall currents are very large and
essentially longitudinal. Type III cut-off points [/ — (/.)s] at which
u = —«have 8° = 0, but the fields are not of a purely TE- or TM-
type. They #®consist essentially of a rotating, transverse, H, which is
uniform over the guide. The components H., E; and E, are smaller
by one order of ¢ — oo and F., two orders smaller.

It should be stressed again that, in general, the modes are never of
pure TE or TM type. Nevertheless, for the sake of brevity, we shall
refer to them as such; calling them TE-modes or TM-modes according
to their limit as the magnetization is removed.

4.13. We now consider the behavior of the modes as a function of
radius. The reader will be aided by Figs. 8(a) to (e) and 9(a) to (g). In
preparation for this it is necessary to examine the movement of the
I., 1., and 0, , 0, curves when r, is varied. It will be recalled that the
equation for the I, curves and their reflections, /., in the origin, is

1 — 2 B jn2
L — a7t
The contours x(A, ¢) = €, where x* = (1 — A\*)/(1 — o) have already
been plotted in Fig. 4. The 1., {,' curves are among these, and, clearly,
for a fixed n, the associated x* decreases as 7o increases. The course of a
given pair (f, , I,’) may then be seen directly from Fig. 4. The qualita-
tive behavior of the pair changes radically only when r; passes through
the value j, . Before it does so, I, lies, for A between 0 and 1, above ¢ = A
and tends to ¢ = =« as \ tends to zero. Aty = j,, the I, and [,/ curves
merge into the lines ¢ = A and A = 0. Beyond j, , I, lies below ¢ = A
for A between 0 and 1 and goes to — = as X approaches zero. The I,’-
curve remains, throughout the reflection of I, in the origin. As ry — =,
I, tends to the line A = 1, I,/ to A = —1. No I, curves ever enter the
region A > 1, ¢ < 0;no [, curves enter A\ < —1, ¢ > 0. It is also im-
portant to relate the I, , I, curves to the boundaries of the Polder
regions. I, curves cut the Polder boundary ¢ = X — p, of the first quad-
rant in at most one point. As r; increases from 0 to j,, this point moves
from ¢ = a9 to ¢ = =. Thereafter, no intersection occurs at fixed p until
ro equals j,/4/1 — p?% it here reappears at ¢ = 0 and moves steadily to
¢ = 1 — p as r increases indefinitely. The only intersection with the
other Polder boundary ¢ = 1/Aisat A = 1, ¢ = 1, regardless of 7, .
The 0, , 0,” curves are given by

o ! [1 e _1_7_&}
A N )
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if the nt* branch of F'(\) is used. Thus, as ro increases, the successive
curves either all pass through a fixed point (which can only be A = +1,

= +1,n > 0) or move steadily up or down without further intersec-
tion. An 0, curve starts from ¢\ = 1 at r, = 0 and falls for A < 1, rises
for A > 1, as 7, increases. For large A, since ¢ ~ j.'/re’ (\ * 2),n > 0,
the 0, and I, curves move together with a constant separation. 0 is
singular, since it does not pass through A, ¢ = 1 and falls steadily for all
\; it tends to ¢ = 0 forlarge A. The 0, curvesrise from oA = 1 atn = 0
for —1 < A, fall for A < —1. They run parallel to I, for —\ very
large. For small A there is an expansion

1"(]2 1 2 2
- (1 B u_?2> N wAul — 1) +00)
holding for 0, and for 0,’. This indicates that for ry < u,, 0. goes to

4+« and 0,/ to — « for small A, but at o = Up41, 0, and 0,/ merge
momentarily at

A =0,

21"02
7 Untr*(Una? — 1) Ak

For larger 7 , 0, goes to —  and 0,’ to + . Since the union of 0, and
0,’ takes place at a negative o, it is clear that 0, curves, unlike I, curves,
may cross the line ¢ = 0 twice. Intersections of the 0, , 0, curves with
the Polder boundary are difficult to examine explicitly and this may lead
to some obscure situations for 0 < |A| < 1. However, for ¢ > o,
since 0, and I, have a fixed separation for large | A |, this pair escape
intersection with the boundary at the same value of 7, namely j,.
Similarly 0, and I, escape together at ro = juj1for ¢ < —ay.

‘We shall now examine the effect of varying r, upon the sequence of
modes when ¢ > ¢, . When 7 is less than u;, a case in which the iso-
tropic medium would not propagate, no part of 0y lies in the upper
half plane and there is then no (0,")r curve. The solution curve which in
the previous discussion of Section 4.12 was assigned to TEy , after
passing the intersection [I; — (I)7] can no longer escape to infinity and
terminates on [I; — (I4)4]. Thus, the TE;; mode at this radius has
become an incipient mode with cut-off and other properties given by the
formulae a.lready quoted for such modes. As 7, approaches u; from
below, the 8° — & curve is double valued between oeutorr and some larger
value. This is borne out by the fact that dg */de becomes positive at
cut-off, and by the observation that the solution curve bulges towards
large ¢ between I, — (I5')r and its terminus. The part of the g -
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2
curve along which 3—i < 0, will tend smoothly towards the 8° — & curve
for 7y just greater than w; . The course of the TEy; solution curve remains
qualitatively unchanged for all 7, > u; .

When 7 passes through %, , and the TEy; solution curves escapes dis-
continuously to infinity, the solution curves below it disengage from
their former end points I.41 — (I4)r and instead end at the point
I, — (I.)r. When ry exceeds j, , the curves I, and 0, escape intersection
with ¢ = A — p simultaneously, for ¢ > ¢y, and the curve (I}')r makes
its first appearance. From the asymptotic formulae (App. II) the latter
runs to infinity between I; and 0, , and now the solution curve which
ended for vy < ry < jyat Iy — (I.4)r is carried to infinity between I,
and (I,)r . The asymptotic expression for 8° versus o, given in formula
(56) indicates that 3* tends to the isotropic value for the TM; mode.
No further qualitative changes will take place in behavior of this mode
as 1o increases.

As 7y increases through u. (the value at which the isotropic medium
supports the TE;» mode), the (0,)7 curve makes its appearance, an
event accompanied by the escape of the uppermost incipient solution
curve (the one ending at (74)7 — I2) to infinity. The escape takes place
in the same way as that of the TEy, solution curve as ry passed through
u; . The newly escaped curve, of course, represents the TEj.-limit mode.
The end points of the remaining incipient solution curves also jump
discontinuously to their next higher neighbors as they did at 7, = ;.
The course of events as rq is increased further should now be abundantly
clear, and is summarized in Table I on page 642.

‘We now turn to the region 0 < ¢ < oo and consider first the situation
0 < 79 < wy . It is clear that in the area bounded by 0_, 0y, (74")r and
(I’ 5)r both @ functions are negative. There is nosimple geometrical argu-
ment which determines the existence of a solution curve in this region.
It is therefore necessary to use a type of analytic argument, which is use-
ful in a number of other cases, although fully discussed only in the pre-
sent instance.

We show that the least value attained by G(;, ¢) in the admissible
region for p = 0 (which contains all regions admissible for other p-values)
is greater than the maximum value of G(Az2, ¢) in the range —1 < X
< 0, ¢ > 0. Consider the variation of G(\, ¢) as the point A, = 1,
o = 1 is approached along a line of constant x° in the admissible region
for p = 0 (see Fig. 4). We have the relation

60 = L, |1 row - 1]
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For x* negative, F(rox) is positive and thus, as A approaches unity from
above G decreases. Again for x° positive and ry < uy, F(rox) is positive
and thus, as A approaches unity from below, G also decreases. Thus for
any x°, G(\, o) takes on its least value at ¢ = 1, A =1 and this value is

L Feo0 — 1.
X

The minimum value of this limit in this region is F'(r;) — 1 and is greater
than —1. In the region —1 < Ay < 0, ¢ > 0, %" is between 0 and 1, and
the x* curves run from ¢ = 0 to ¢ = «. G will clearly decrease as ¢
increases from zero on any one of these curves. Thus G attains its maxi-
mum on ¢ = 0, where its value is

_ 1 F(?’n‘\/l—kg) ]
1_)\2[ oy + 1

Since F(ron/1 — A?) is positive for ny < uy and [N | < 1, Gisclearly less
than —1. In passing we note that for ro = w, both G functions may
attain the value —1.

As 1o passes through w; , the (0y)r curve appears in the region under
discussion and together with (75")z delimits the region carrying the TEy-
solution curve already discussed at length. No qualitative changes oceur
in that curve as ro is increased indefinitely. When 7 exceeds ji, the
(I)r curve appears between (0s')r and (I4')r. Between (I.)r and
(I')r the G functions have a region of common sign, yet no solution
curve arises there for a given p until ro reaches ji/+/1 — p*.* From then
on, the I, curve cuts (I.')r, see Fig. 9(c), and a solution curve exists
between (I')r and I, . It is cut off at the intersection (7 1 )r — I; there,

8 = 0 and o, iﬁg are given by the same parametric formulae (46-8)
a

applying to the cut-off of incipient modes, the parameter ¢ being nega-
tive. The curve begins at ¢ = 0, where it satisfies the usual equation,
which for this radius has two solutions. The solution with the smaller
A, belonging to the present curve, tends to the isotropic TMy-limit as
p — 0. At a fixed ry , sufficiently below us, this mode does not exist at

* There are some exceptions to this statement. When 4.82 < 7o < uz = 5.33 and
p exceeds V1 — ji*/re?, a double-valued g2 — o curve exists between two positive
o values. For values of r, still closer to s further regions of common sign may
arise as a result of the interplay of the (0,")7 and (l1')r curves. We have not
examined these regions closely. Such dubious regions are confined to the immedi-
ate neighborhoods below the u, .
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Ik
> 1 —=.
P /‘/ ro*

If 7, is greater than us , the (0')7 curve has appeared. A new region of
like signs of the G’s arises between it and (I))r, see Fig. 9(e), and con-
tains a solution curve. Thisends at oy , A and begins at ¢ = 0 at a value
of A\, pertaining to the TMy-mode. Thus, it is clear that as r, passed
s, the end-point of the TMiy curve jumped discontinuously from
(I4)y — I, to a0, Ay . This jump is anticipated as ry approaches uz; the
8" — & curve first bulges beyond (7,")r — I; towards its later course and
returns to that point with positive slope. As ry increases further no change
oceurs in the qualitative behavior of the mode. It may be noted that
above us; the mode exists for all p.

Beyond ry = us, at least part of the area between 7, and (/.')r is an
admissible region and does in fact contain the TE. solution curve. It
begins at ¢ = 0 and A; given by that solution of eqn. (39) which is, in
the limit p = 0, the TEy solution. It is cut off with g* = 0 at (I1.')s
— I, the end point relinquished by the TMy-solution curve. As 7y
passes ja, the TE;; solution retains its cut-off point, but, beyond ro = us,
it will transfer this point disecontinuously to oo , Aw . Thereafter its course
remains essentially unaltered. Tables I, IT and III show the progression
of cut-off points of the various modes.

It may be recalled that in the analysis of w3 < ry < ji, the modes in
o < —ao followed essentially the same course as in ¢ > e . This is also
true of their progress with changing radius and of the escape process.
The singular character of the (0y)r curve and the presence of Iy lead to
some local changes in the progress of the modes but have no effect on
their more salient features in this particular range of o. The scheme of
progression of the end points is shown in Table I.

In contrast with the state of affairs in the region just discussed, the

all when

mode structure in the area between ¢ = 0 and o = — ¢y is very mark-
edly affected by the presence of (0y)r and I

When r, < uy, a solution curve exists between ¢ = —1 — p, and
o = —ap . It starts with 8° = 0 at the intersection of (I )7 and (f,") with

a slope given by (41). For sufficiently small ro, 8 tends to infinity as
¢ — a9, since the solution curve approaches the line 0. or (0,)r . Its
shape is then given by (52), see Section 4.17. As 7y increases, Oy falls
steadily. Eventually, for sufficiently large p, its minimum falls below

* See footnote on page 628,
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— oo . (0p) 7 now has two branches for ¢ > —oo, which pass through the
point ¢ = —ay, A2 = L making there a finite angle with each other.
g

0
(0)r is completed by a loop in ¢ < —ay, Fig. 9(g), which does not
affect the incipient modes appreciably. The mode in question now has
two branches. The first starts as before and ends at ¢ = — oo, where the
associated 8 is given by 8,2 = A./oo and A, is the smaller root of

F (ro 1/ g) = Na. (42)

It resumes at ¢ = —ap and 8° = B° = \/oy, where s is the larger
root of the above equation, progresses to smaller | ¢ |-values and then
back to ¢ = —ay where §° tends to infinity again in accordance with
(52). Beyond ry = u; , where 0, rises steadily from ¢ = — « toe = 0 with
increasing A, one branch of (0y)r in —oy < ¢ < 0 disappears and only
the second branch of the mode remains. Neither branch has an analogue,
in ordinary waveguides; as p — 0 each lies in a smaller and smaller
neighborhood of ¢ = 1, and finally vanishes into ¢ = 1, Ay = —1.

For r, between u;, and j;, there is a single solution curve starting at
¢ = 0 and ending with 8° = 0 at (I,)r — I’ . This may be identified
in the limit p = 0, with the TEy;-limit mode, and has already been fully
discussed for u; < m < 71. No change in the formula for its cut-off point
oceurs up to ro = us . A useful spot-point (I," — (I1)r) along its course
can be found when

y. 2
0<p<1-— 1/ _
ot
and is given by (60).

In the range ji < m < ua, a further solution curve (corresponding to

the TMy,-limit mode) can arise, provided

Ji
;c;'</|/1—u22

The radius at which it will then first appear is

— N
1} \/1 — PE-
It begins on ¢ = 0, according to (39) and is cut off, with 8 = 0, at

)r — Iy
As 7y passes uz , the cut-off point of the TE, solution curve moves dis-
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Fig. 13 — Approximate course of modes in the 82 — o plane for various p values
and at two values of ry . Fig. 13(a), above, ro = 2.75, TE;-limit modes; —1 <o < 1.
Fig. 13(b), r¢ = 2.75, TE;-limit mode and incipient TM;,-limit mode, ¢ > 1. Fig.
13(e), ro = 2.75, TE;-limit mode, ¢ < —1. Fig. 13(d), (e) and (f), ro = 5.75, TE-
limit and TE,z-limit modes; Fig. 13(d), —1 < ¢ < 1; Fig. 13(e), ¢ > 1; Fig. 13(f),
¢ < —1. Fig. 13(g), 13(h) and 13(i), ro = 5.75, TM;;-limit modes; Fig. 13(g);
—1 < ¢ < 1; Fig. 13(h), ¢ > 1; Fig. 13(i), ¢ < 1. It should be noted that a scale

linear in 5 is used for convenience when | o | > oy .

. 1 .
continuously to ¢ = —ag, A2 = —— and, simultaneously, the cut-off
oo

point of the TMy, curve occupies the position relinquished by the for-
mer. The TM;; mode now exists for all p. A new solution curve (TE;s)
appears in the region bounded by 0/, (01)r and I, if p is not too large,
terminating at (I.)r» — Iy, the point left by the TM, terminus. (If p
exceeds /1 — j,2/ug? this curve will not exist at all.)

Figs. 13(a) to (i) and 14 show the approximate course of the 8 — «
curves for the TE;; mode at r, = 2.75 and for the TE,, , TM;, and TE,,
modes at 7o = 5.75. The incipient TMy mode at 7, = 2.75 is shown
for positive ¢, p only. They were computed by the methods outlined
above.

4.14. Guides of large radius. It is of some interest because of the high
dielectric constant of ferrites to examine the behavior of the modes as
the radius, 7, is allowed to become very large. The two sides of the
G-equation will remain determinate for unlimited r, provided

r /‘/——l _7)\715(01')' /‘/l_?\'“"l)
! 1 — on ! 1 — ohs
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remains finite, while

r 1/7] iy (01‘7' 1/41 — ME)
V1= 'V 1i—on

becomes infinite imaginary. Examining the solutions obtained under
these conditions it is possible to find expansions for g in inverse powers
of 7,". These are as follows:

forp >0, >1lorp <0, —00<e<0

5‘2=1+—’PH(1+ ?’/2)“”—", (43a)
g — 1 o — 1/ r?
where the x, are the successive roots greater than zero of F(x,) = 1

and the modes are associated with the x, by the scheme: TE,, — =,
TM; — aa, TE; s — x5, ete:

forp >0,0 <o <agrorp <0,0 < —1

P14 P _ WL)J_
=1+ - (1+6+1r02, (43b)
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with F(y,) = —1 and TE;; — 51 ; TMu — ya; TEw — ys, ete.

forp > 0,00 <o <landp <0, -1 <¢ < — a0,

there are no solutions.

These formulae are valid for any p which is not itself sosmall as to be of
order 1/ry’. If they are applied to modes varying as e™, where n = =41
and e, p are positive, they indicate the following results: for ¢ > 1,

n = :tI,,Bz—»l-l—aﬁl;for o9 < ¢ < 1, no n = =1 modes; for

0<o<oo,n==41,—1 —l—ﬁ. These, in turn, may be classified
in the following way. Fore > 1,n = —1,andfor0 <o < ap,n = +1
which correspond to g and x both positive, the propagation constant
tends to the value for a plane wave whose direction of circular polariza-
tion coincides with that of the wave guide pattern. For oy < ¢ < 1,
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where u is negative, n = =£1, no modes exist for large enough guide.
For0 < ¢ <op,n = —lande > 1,n = +1, the propagation constant
tends to that for a plane wave whose polarization is in the opposite
sense to that of the field pattern and here p is positive, but « is negative.
An examination of the field pattern in this last case shows that most of
the field energy is indeed associated with a circular polarization opposite
to that of the pattern as a whole.

The discussion of the preceding sections shows that the complete
structure of the mode spectrum for a guide filled with lossless ferrite is
very complex. It is also clear that for some combinations of guide size
and magnetic parameters the course of an individual mode in the g* — o
plane may be quite involved. In particular, two values of 8 associated
with the same mode often occur at a given o. The extent to which the
complexity of the spectrum will be observed in practice will depend
principally upon the loss of the real ferrite and upon the guide radius.
The effect of loss near ¢ = 1, where the incipient modes are crowded
will be to cause simultaneous excitation of many of these and conse-
quently a confused z dependence of the guide excitation. For values of
7o just below 7, , the point of escape of the TE modes, the latter exist
over considerable ranges of ¢, see Fig. 12(a), and would probably be
observable. The TE modes near u, also persist over a wide range, but
are double-valued. Concerning such double-valued waves it may be ob-
served that from the results of the subsequent treatment of losses, it is

2

d o
clear that if d—ﬁ;—' > 0, it is necessary to put the source of power at the

opposite end of the guide.

4.15. Losses, Faraday rotation and merit figure. So far the analysis has
been concerned with the loss-free medium. It is of some interest to
determine the attenuation constant (the imaginary part of ) that
arises when losses are taken into account. As long as these are small,
this can be done rather easily; in fact, sufficiently far from resonance
(¢ = 1), for each formula giving 8°, we can establish one giving the
attenuation constant.

If the losses are of magnetic origin we utilize the fact (already demon-
strated in section 2) that to first order in «, the permeabilities u, « are
functions of ¢ + ja sgn p, and of no other combination of ¢, a. Since
o, a enter Maxwell’s equations only through u and «, A*, which is derived
from them, must likewise depend on ¢ through ¢ + je sgn p. Any formula
for 8 derived for the loss-free medium can, therefore, be generalized to
the lossy case by replacing ¢ with ¢ + ja sgn p, to first order in a. To
this order, then, we find
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(B )*

B = p" 4+ jasgnp

where 8’ is the propagation constant for the loss-free case. Thus
a 9(8")*

289[a ]’

and the last term on the right, (multiplied by our scaling variable
Bo = w\/u.&) is the attenuation in nepers per meter. The present con-
vention is that the waves propagate in the positive z direction, as exp
(—7Bz). It follows that they will decrease in that direction only if
3(8")’ /8| ¢ | < 0. Ocecasionally this is not the case, and presumably
indicates that the direction of the power flow opposes that of the phase
velocity.

For small dielectric loss, too, it is possible to derive formulae for the
attenuation constant from those already obtained; obviously the latter
depend on e only through ¢ = & — je , and can therefore be expanded.
But it must now be remembered that g8 was defined as Buotunl/wV/, ;._:_e-
and 7o 48 Tactual @V e 80 that the scaling parameter wv/ge will make
contributions to the imaginary part. It is then readily verified that

iB =jB — (44)

,Bnctunl _ ! € 1

o P T Jzeﬁa(

A few words may be said about the relation of Faraday rotation to
the 8* — o curves. A linearly polarized plane wave traveling in the un-
bounded medium along the magnetizing field can be regarded as the

)(70 8. (45)
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sum of right and left circular components which travel with different
propagation constants. If these are 8, and f_ (measured in units of §)

the plane of polarization of the resultant will appear to rotate by

A 1
(84 — B-)/2 radians per reduced wavelength or = B

Bo
In the filled waveguide, on the other hand, it is no longer true that right
and left circularly polarized modes add up to a plane polarized mode,
as is readily seen by reference to the field components given in Appendix
IV. To define Faraday rotation in a simple way it is therefore necessary
to neglect changes in the field pattern due to the magnetization and
consider only the changes in the propagation constants. Then the rota-

1
tion of a mode with azimuthal mode number n will be on B+ — B-).

In the present case n = 1, and the 8, f_ are found from the curves of
8* versus o, Figs. 13(a) to (i), for positive (, p) and negative (o, p) re-
spectively.

The merit figure is defined as the ratio — radians rotation per neper
loss — and is independent of path-length. For small losses, (neglecting
terms 0(c*)), this ratio is

RIB, —B-) _ 1 B — 8
Im(@, +B)  «dp | 9B’
dle|  alea]

in the notation of the present Section.

4.16. Formulae for the ferrite.
L. Cut-off points

Cut-off points will be classified into three types, 1, 2 and 3, according
to the nature of the intersecting curves which generate them. All points
of a given type may be assigned an index which further identifies the
generating curve. This will be written as a subseript.

Type 1. Intersections of I, — (I4')r, ¢ > 0, written as 1, and of
I, — (I)r, s <0, written as 1,

=0
There is a parametric representation:
l 7\1- 2 | = 90:
o
[p| = 23'111h9(1 —J—“Q-) and (46)

2 2
To 8 To —0
|O‘|=J_—ﬂ56 —!—(I—E)B .
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The slope at cut-off:
;2 y 2
In (‘TL — 1) coth 8

(?Ef) = .2?'“2 ' -sgn o, (47)
do /p I:Ji—l-i‘ 2:|e—e_eu
o2 F(ry)
and
Bl
ap /s p coth 6 \do /5~

Type 2. Intersections of

2
0.V — 0,at 0 = a9 = /‘/%+1—?—9;type2n’

(0,)r — 0/ at ¢ = —oao ; type 2, .
g =0

Define Ao as a root of

with the following convention: for 2,/, Ao is negative and the
n'™ branch of F7'(\,) is used; for 2, , A is positive and the »**
branch of F~'(\y) is used. Now

[ Ao |

g = : (50)
ag
Near cut-off
'.!_l)\iul To 1—]—0'021/0'0—LJ|
F= ap +A 0’01*0_“2 14+ N]e’ (51)
with
(1 — DA = (1— w )(Uu+2“\o|+ﬂ'n7\02)
2!)\0i 1+P\|}lﬂ'n
+1+U'0|7\o|.
Mo

For 2) a special situation arises for 1 < r, < w; where there are two
positive solutions for Ao . We write 2y and 2y, for the points corresponding
to the smaller and greater of these. A special cut-off point will be labeled
20 and arises from 0,/ and (0y)r as A; goes to infinity. For this point
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Fig. 15 — The function » related to cutoff of Type 3.

1 — F(rg)
2
T =0, — » and near —ay we have

:_ |l 1 .
Wil —TeD @ —TplaD (62)

Type 3. Intersections of I — (I.4)r; for —oy < o < 0 only; no sub-
seript is needed.

gt =0,
= —1 -0

and

08" _ (@8) _ 1 _ F(r)
(99) » (0p) p 1l — F(r)
The cut-off points of the modes follow various schemes in different
ranges of ¢ as indicated below.
For ¢ > o¢ we have Table I. When ¢ < —ay, 1, replaces 1, in the
Table I. “None” indicates that the mode exists, but has no cut-off.
For 0 < ¢ < oy we have Table I1. “N.P.” in Table 1I indicates that
the mode is not propagated. For —gy < ¢ < 0 we have Table III, In
this range of ¢ one has also the mode without classical analogue. For
ry < wu; this is cut-off at 3 and 2y, and may have a second branch from
202 t0 200 . For 1o > w4 the second branch only exists.

(see Fig. 15) (54)
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TasLE I
Ra dil}gudc TEu TMu TEu TMi: | TEu etc.
ro < w1 1, 1, 1, 14 15
. N
w < rp < i1 None 1 1, 13 1,
51 <1 < U None None 1, 15 14
N
us < rp < Jo None None None 1, 1;
Jo < 1o < Ua None None None None 1;
etfe.

II. Asympfotes, genesis of the modes and spot points

For | o | — « there are asymptotic formulae:

For TE;,-modes
2
ﬁﬁ(l—u—n)(l-{-g). (55)
?'u a
For TM;,-modes
« 2
52—>(1 —312)+'£’. (56)
To o

For| e | > a0, all modes have their origin in the points o= La=1
or ¢ = —1,\a = —1, where 8 — . The variation of 8® with ¢ in the
neighborhood of these points is described by the two expansions:

fore ~1

2 __ P 1 1 — zan ) a,.n
B _a,,+1|:a-—l+{ P +:v,, ( +1 +?}

(57)
+ 0(0' - 1):| ]

where

0 Tn®

@+ 1 2’

and

Flr,) =1 z, > 0,
with the scheme

“ 1 1 2 3 4 etc.

Mode TEU ‘ TM” TEm TM[Q ete.
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TasLe IIT
Radioode TEw TMu TE12 TMu | TEu etc
0 <1 <y N.P. N.P. N.P. N.P N.P
w < rp < Ju |2 N.P, N.D, N.P N.P
j] < rg < U2 Qu' 11 P. N.P N.P
N
s < 1y < jg 2q’ 2, 1, N.P N.P
Jo < rp < 2y’ 2y’ 1 1, N.P
. N
uy < 1y < Ju 2y’ 2,/ 2,/ 1, 1s
ete.
TasLe I1T
Radilode TEx TMy TE TMy | TEs ete.
0 < ry < N.P. N.P. N.P. N.P. N.P.
w < rg < hi 3 N.P. N.P. N.P. N.P.
|
_]'1 < rg < Uz 3 \ 1, N.P. N.P. N.P.
U < g < J‘a 2, i 1, N.P. N.P.
Jo < ro < ug 2 3 N 1’ 12’ N.P.
ug < ro < J1 2 24 3 1,/ 1./
ete.
fore ~ —1
gro P [ 1+{1—aﬂ+2an2(1_2)_a_;}
" n + 1|lo + 1 Y4 yna yu 2
(58)
+oe+ 1],

where
an _
an + 1
and
Fy.) =

with the same identification as above.

T n
2?‘02 !

_]_’

For ¢ > oo a spot-point is given by I, — (Iz)r with
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2 ' p
=nmn=1
16 M + i + 0_7
and (59)
1-N _ 5
], —_ D')\]_ ’n"'uz ’

The identification scheme is again that shown above.
For —ay < ¢ < 0 an isolated identifiable point arises from I,'-
(I.)r which is expressible in inverse form by the relations

pm
_n,
T = 2-7"2 + ?lz g and
B Jn
; (60)
1-2
2 3
p=(-1 {1 + 8 5

for

-2 o
L-m<s <10
"o To

The identification of the modes with » proceeds as in the earlier parts of
this section.

III. Small p.

To order p° there exist the following expansions for 8°: for the TEy,-
mode

2 _ a2 B’ 2 28"
R DR LA =

1 — ¢?

Bo’ Lot B’ — 2uy’
(u? — 1)° 4(u2 — 1) 2 (61)
B = 1)1 —wd) LN
where
2
2 _ U
Bo o
Tor the TM;,-modes
2
Bz — ;302 o 1 350 2 2 (62)

TPt aoapaioa P
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where
- 2
Bt =1-1.
To
The radius of convergence of these series is not known. It is clear that it
will depend on ¢ and will become smaller as ¢* — 1.

4.2. The Plasma (pg = 0, vy = 1). The characteristic equation (26)
may now be written

‘Lz [MF..(x:rn) - ﬂ] = 'LZ [AZFn(XQTU) - ﬂ], . (63)
X1 X2

where (in contrast with the ferrite case) A2 = BA12. The \ satisfy

2 _ (VB - D1 - .62/1’3) - VEPEE
PE

ALz Mo — 8 =0, (64)

and the x’s are given by
7(1.22 =(1- 182/”3) — puhiz (65)

From the equations for pz and vz in terms of o, ¢ given in Section 2,
equation (64) may be written

7\1,22 - ('d— - 0'152) A2 — .62 = 0; (66)

1 — ¢

or
Ahe = —f° (67a)
a
m+h=1_¢—ﬁﬂ
(67b)
= l j qz + O’Rl)\z.

Elimination of §° between equations (64) and (65) enables us to express
x1.2 solely in terms of Ay 2, px and vy :

s = 1 — Mg
1,2 — ’
1 — ﬂ?)\m
Pr

which, from the plasma formulae for pg, vz, can be written

D I VP

- 1 — d'k]_,z.

X1,2 (68)
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With these expressions for the x, the characteristic equation (63) takes
the form

H(hl » 0, TU) = H(}\Q y 0y Tﬂ):

1 — @A ) 1 — A2
H(A, a, ?u) = 1—_? I:)\Fn (TO i—= a')\) - 'n] . (69)
For given ¢, and g, equations (67b) and (69) are simultaneous equa-
tions for A1, Az. When A1, Az have been found, B = —M\gis known.
Since §° must be positive, A1, A must have opposite signs. As in the

ferrite, the convention Ay > 0, A2 < 0 will be adopted. Equation (67b)
will hereafter be called the plasma relation. The transformation

where

M — —Az, Ae — —A1, o— —a

leaves the plasma relation unchanged and changes n to —n in the
H-equation. As more fully explained in connection with the ferrite sec-
tion, it is therefore necessary to consider positive n only if ¢ is allowed
to take on negative as well as positive values. As hefore, only the first
azimuthal mode number (n = ==1) is considered in this paper.

The method of analysis is the same as that used for the ferrite. Here
we shall only sketch the most important steps; the reader will have no
difficulty in completing the analysis by referring to Section 4.11. For
fixed 7o, a contour map of H is drawn in the A, ¢ plane (see Fig. 16
drawn for ry ~ 2.2). The gross features of this map are determined
by the lines H = 0, H = == . For greater detail recourse is had to the

2

lines ] )\)\ = constant, along which values of H are readily generated.
— .

Further help is obtained from a knowledge of the location of the saddle

point of H. The infinity curves are given by the same formulae as for

the ferrite, except that the line X = 0 is no longer an infinity line: along

X\ = 0, H = —1. Zero curves are given by

1 rn(1—=)
A OANFIOHE

o =

The branches of ¢A = 1 are also zero curves in the same restricted
sense as for the G function. In the same notation as for the ferrite, all
I, curves pass through ¢ = 1, X = 1;all I,/ curves through —1, —1.
The same is true for all 0, , 0, curves (n > 0). The only exception is
denoted by 0y , it arises from that branch of F~' along which F7'(1) = 0.
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20}

0.5

-2.5
-4 -3 -2 =1 o 1 2 3 4

Fig. 16 — The division of the A — ¢ plane into regions of positive and negative
H Dy the first few O and I curves. Dotted regions are positive. Cross-hatched re-
gions contain the higher O and I curves.

Along all lines, ¢ = Ac + d, H tends to infinity except whenc¢ = ro'/u,’
L2

(the slopes of the linear asymptotes of 0 curves). Along ¢ = ;—ﬂ, N+ d,

I tends to a value depending on d. More about the general behavior of

H can be derived by means entirely analogous to those employed in the

study of G.
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A-pairs determined from the H-diagram do not necessarily solve the
problem, since for a fixed ¢, they may not satisfy the plasma relation
(67b). To take it into account, we interpret it as a transformation of the
whole of the second quadrant onto part of the first, and of the whole
fourth quadrant on part of the third. Writing (67b) in the form

2
v
-1
11 — ¢

=4 =T
+a’ 1 — oA Oa),

M=

Q| =

we see that the curves A\; = const. transform into a bundle of hyperbola
passing through the intersection of ¢ = 1 — ¢* with ¢ = 1/, that is,
through

1
=T —_— pe— — 2
}\10 m ] (] V 1 q--
These hyperbolae have vertical asymptotes A, = —-% , and cut the line
2

¢ = 0in —\z. For a fixed positive ¢ < o9, A; decreases from 1/¢ to ¢/
(1 — ¢°) as \; increases from — = to 0, but, when ¢ > ¢o, A\ increases
from 1/¢ to ¢/(1 — ¢*). Thus the second quadrant transforms into the
region between ¢ = AM(1 — ¢*) and ¢ = 1/ in the first quadrant. Simi-
larly, the inverse transformation Ay = T(A;) transforms the fourth
quadrant into the region between ¢ = M1 — ¢*) and ¢ = 1/\ in the
third quadrant. Points outside these regions cannot be site of acceptable
solutions of the H equation. In order to locate acceptable solutions, the
H = equation is now written in the form

H(\y, 0, 10) = H(T(M), o, 10)
when ¢ > 0, and in the form
H(A2 y Ty To) = H(T()\z)l a, TU)

when ¢ < 0. These equations represent the curves of intersection of
the H-surfaces. Along each such curve, both H-equation and plasma
relation are satisfied. Their projections onto the first (or third) quadrant
give )\; (or X\;) as a function of ¢, and hence A, (or A;) from the plasma re-
lation. Thus 8° = — A\ is known along each solution curve. The rough
locating of the solution curves, and the establishment of precise analyti-
cal formulae near special points on them proceeds in complete analogy
with the ferrite case. Here we shall consider only the radius ry ~ 2.2,
as typical of radii large enough to permit propagation of the TEy mode
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-2.0
-20 -1.5 -1.0 -0.5 o 0.5 1.0 1.5 20

Fig. 17 — Geometrical exploration of solution curves for the plasma. The
dotted regions are excluded by the plasma relation; the cross-hatched regions are
those in which H(\. ¢) and H(T(A\), ¢) have unlike sign. Solution curves may lie
only in unshaded parts of the 1st and 3rd quadrants. ¢* = 0.25, r¢ ~ 2.0.

through the unmagnetized plasma, but too small to admit higher modes.
The solution curves for 7 ~ 2.2 are indicated roughly in Fig. 17.

In the first quadrant, for ¢ > oo, a solution curve starts at v = 1,
¢ = 1, passes through the intersection of I, (I4")r and proceeds to
infinity as indicated. The formulae in Section 4.21 describe the cor-
responding curve near ¢ = 1, and at ¢ — «, showing that the solution
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curve describes the TEq-limit mode. Incipient modes also exist, just
as in the ferrite; their end-points on ¢ = (I — ¢’)\; (or, briefly, on
(A2 = 0)7) are now the points for which H(\1, ¢) = —1 and, simulta-
neously, s = (1 — ¢ )\

Below oy, there is only one solution curve for ro ~ 2.2. It begins at
¢ = 0, N = Biw (= —\s, by the plasma relation), where B, is the
propagation constant of the TEy;; mode in the unmagnetized plasma.
(In contrast with the ferrite, the plasma becomes isotropic as ¢ — 0).
It is cut off at the intersection of the contour H(\, ¢) = —1 in that
region with (\z = 0)r. At that point & = 0 and ¢ is best stated, thus:

c=1-VU+y/I+ 0- eyl
where ¥ is the (unique) real root of
F(jyro) = v (1 + )1+ (1 — @)y

Alternatively these two equations may (by varying y) be used to generate
ro’s and the corresponding cut-off values of o. Of course, the two equa-
tions are merely a re-statement of the equations H(A;, 0) = —1, ¢ =
M(1 — ¢), heed being paid to the fact that the argument of /" is imaginary
in the region considered for the radius under discussion.

In the third quadrant for ¢ < —a,, we also find the TEy-limit mode.
Its solution curve begins at \s = —1, ¢ = —1, and proceeds to ¢ = — =
without passing through any easily computed intersections of I curves.
Formulae pertaining to the TE;; mode in this range are stated in Section
4.22. Again the incipient modes are found in their usual region. For
0 > ¢ > —oo, the solution curve corresponding to the TEy mode
beginsat ¢ = 0, A2 = —Bio(= —\1) and is cut off at the intersection
of HO\z, o) = —1 with \e(1 — ¢*) = o (or (\x = 0)r). At that point
8" = 0, and ¢ is given by

c=—1-)V{I-»¥/Il-010-¢@y

where y is the least real root of
Firay) = =V (1 — ) — (1 — )y

Alternatively, this equation can be used to generate ro, and the asso-
ciated o, if  is regarded as a parameter, which for u; < 7o < j1is between
zero and unity.

At a fixed 7, the higher roots of the last equation with sign reversed and
the corresponding o are associated with the cut-offs of the incipient
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Tig. 18 — Cutolf value of ¢ for the TEy;-limit mode in the plasma as a function
of ry for various ¢%

modes in the lower half plane. Similarly the real roots of
Flray) = =V (1 — 93l = (1 = )y’
and the corresponding
o=+ -¢)VI—y/I—- 10—yl

are associated with the cut-offs of the incipient modes in the upper half-
plane. These equations have been solved for the TEy; mode and their
solutions shown in Figs. 18(a) and 18(b).

4.21. Some formulae relating to the plasma (chiefly for T E-modes).

The formulas given here employ dimensionless variables (Section 3)
except where otherwise stated.

Approximations for extreme values of ¢ or 7

(a) small ¢, ¢’ not near unity

TE;,, mode:

132 = |6m2 + -‘lmo' + -Bnl‘r2 + e (70)
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where
2
2 Um
IBM = 1 _T_oz,
2 q2
Ap = ——m— ——— d
w11 -g’ ™

q ¢ 1 2
B =t [t i (e - 1)

+<um+—nﬂ(1 ”2_1)}]

TM modes show no first order variation with o.
(b) small ¢°, ¢° not near unity. Here 8, and r, are the actual propaga-
tion constant and radius, without scaling factors:
TE:,, mode:
2
2 2y 2 Um
Ba = (1 — qlo'pe — =5

(71)

: 2
+ mzeopol cr_q p (’Mm2 —1 " 0') + 0(94)-

TM;in» modes:

. 2 2 2 2
2 2y 2 Im 2 oq Jm
Ba = (1 — @) poeo — ?‘0—2 — W €plio e (1 - wgﬂofnr‘Iﬂ)- (72)
(¢) Approximation for large o; ¢* not near unity.
TE;,, mode:
_ 1 w2 1
IL—¢ rn* ol —¢) (un*—1)"
All formulae in (a), (b), (c) apply to both positive and negative o (right
and left circular waves). Formulae 70 and 73 show that the first order

changes in §°, whether due to very large or very small o, have coefficients
that differ only in sign.

g (73)

The TExn mode near resonance (¢° < 1)

Near ¢ = +1,

GE
g = — ¢ \2r (74)
1—¢* o¢-—1
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Near ¢ = —1,
._q2 1

1-¢l+o (75)

B =

Cut-off of the TEy mode (¢ < 1) (uy < 1oy < i)
¢ positive:
=0 o=0-)VU+y/l+Q0-@yl (76)
where y is the only real root or the smallest imaginary root of

Firay) = v (1 4+ )0 + (1 — )yl

¢ negative:
B =0o=-0-OVI0-/l-0=-g)pl 07
where y is the smallest real root of
Fray) = =v (1 — [l — (1 — ¢)y’]

(See section 4.2 for further explanation).

APPENDIX I. THE F-FUNCTION
The function F(z) has been defined by the equation
r
- Ji (z) .
Ji(x)
Using the infinite product for Ji(x) and differentiating logarithmically
one finds

F(z) =

L]

2
F@)=1-23% 75—, (78)
n=1]Jn" — T°
where J(7.) = 0. Near one of its poles, j. , F(z) behaves asj./(z — 7.)
It is also useful to know the form of F(x) near one of its zeros, u,,
which are also zeros of Jy'(z). Such an expansion may conveniently be
found by using the Ricatti equation satisfied by F(zx), which is

mtﬂ‘—l-z—-l"' (79)
dx

The expansion near u, is then

Flu, +9y) =y [1% — u,.:| — é—li + 1:| + higher terms. (80)

n
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The equation may also be used to furnish an expansion near x = 0.
This is

2 4
Fl) =1— ro_ STi + higher terms. (81)

4
Finally, putting * = jy, one finds from Eq. (79) for large y

F(jy) =y — % + g 11; 4+ higher terms. (82)

APPENDIX II. INFORMATION PERTAINING TO THE CONSTRUCTION OF
(7-DIAGRAMS

The accurate construction of the contours @ = const. is conveniently
based on the contours (1 — A%)/(1 — ¢A) = const. along any one of which
@ is a function of A alone. These contours are shown in Fig. 4. Their
asymptotic properties are almost self-evident.

The curves @ = g = const. have various asymptotes. These, together
with their range of validity, and their Polder transforms where needed
are stated in Table IV.

The formulas given in Table IV show that the curves G = const.
generally have two kinds of asymptotes; linear and hyperbolic. Formula
(83) shows the behavior of @ along a line of constant finite slope unequal
to 70°/7.’, the asymptotic slope of the I, curves. Parallel to a line of
slope ro’/j." all G contours must be found, not just the restricted range
given by the first formula. Writing ¢ = ( 70°/3»") X + =« in the equation
G = ¢, and expanding F near its pole j, , we find = in terms of g and ob-
tain (84) which holds for all g, from —« to 4. When g = 0 it also
gives the linear asymptotes of 0, , 0.’ curves except Oy, as is readily
verified from the equation

o = 1 _ ?'02(1 - )\2)
A OAFINR?
for the zero curves.

Formula (85) shows how the G-contours tend towards e = 1 from
the side oA > 1 as A — 0.

Formula (86) relates the asymptotic behavior of the curves G = ¢
to the zero curves, ¢ = 0, for small . All G curves approach zero curves
arbitrarily closely as A — 0. The only exceptions are the infinity curves
whose form near A = 0 is

2
o=%(1—;—°2) (87)
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When 7y = Un41, the 0, curve merges with the 0,' curve at
-2 ?"02
g = .
(Una® — 1) Unpa®
Similarly all of the contours G = g of the sheet to which 0, belongs
merge with the corresponding G = g of the sheet to which 0,” belongs, at

20 4g)
- G (88)

These remarks apply to all 0, , 0,/ curves, 0; included.
The 0g-curve, for large A, behaves as

_ 1— 7’(}2
=—>
and so tends to ¢ from above for 7, < 1 and from below when ry > 1.
(In fact, for ro < 1, 0p lies wholly in the first quadrant; when u; > r, >
1, 0p cuts ¢ = 0 once.)

The saddle points of ¢ are most easily found by considering G in the
coordinate net formed by the curves x* = const. and A = const. At a

saddle point
G a|1/1
= anLearow —1)] =0

and simultaneously

g

aG
aﬂO

The only saddle points that might be missed in this way are points at
which the two derivatives are not independent, that is points where the
x* contours have vertical tangents, and it is easily verified that no saddle

points exist there.

Proceeding with the differentiations, we find that gg- = 0 gives

F(rox) = 0
or
T()x = un (89)

and so oG _ 0 gives
dx

2 4 F ) = 0
X A
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or
u,’ — 1
Ans = 5 (90)
The corresponding o, are given by
1- >\n32 _ un2
1 — onshns B ;(;2— (91)

and are all positive. Thus all saddle points lie in the first quadrant. At a
saddle point G = —r,*/u,’ and therefore it is the intersection of two
contours G = —7°/u,” . Forn > 1, one of these obeys the asymptotic
formula (83), the other is asymptotic to I, and I,_; (see Fig. 5), and
obeys (84), with n» and n — 1, near those curves. For n = 1, one of them
still follows formula (83), but the two “arms” of the other are asymp-
totic to ¢ = 1/A and I,, and so follow (85) and (84) with n = 1 re-
spectively.

Three further facts useful in the construction of G-diagrams are:

— )2 2 2
i — :)\ = %, @ equals — %; thus the zero curves of F
are contours of constant G.

Along A = +1,

Along a curve

l1—o¢ ?“uz
G= G} - Z' (92)

&

Asg, N> lalong (¢ — 1) = a (\ — 1);
1 2
G— 2 [F( )_1]
5 7o o .
Aso, A — — lalong (¢ + 1) = a(A + 1);
a+1 5
G — — 5 [F (r.) Vm)+ 1]

As for G(T()\), o, ro) we have, in addition to the asymptotic formulas
in the table:

Y4
c+ 1"

The intersection of (I,)r or (I,/)r with ¢ = 0 is given by

- In*
Rl_g—pd:,‘/ _;"_{]E.

I, transforms into = 1 +
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APPENDIX II. THE FIELD COMPONENTS

The field components are given here for the ferrite and for the plasma.
They are normalized in such a way that E. takes a simple form. It should
be noted that the N’s appearing in these equations are those defined in
Secs. 4.11 and 4.2 for the ferrite and plasma respectively and have a
different significance in the two cases.

We write

Jn(xar) _ Jalxer)
1() - I (Xﬂ’n) AE(T) - Jn(X2Tn)

Then, for the ferrite,
Ez = [Al(r) - A?-(r)]e:no:

s [A () 1 {1"( ) — ;L_} _ As(n) 1 {F( o) — }:|ein0,
X 1 r 'x A2
E, = —8 [Al(?') _1_ {Fn(xlr) _ 'n} _ As(r) i {Fn(xz?’) _ n}]e’”a,
r o oxit M roXE Ao
w&mm—%mﬂﬂ
Hr = - I:Al(?) i {n - I;Xf Fn(XlT)}
rooxi’ M
— Ag(?") L {n —_— I_E.LEQ Fﬂ(xﬂ')}] e’"e y &lld
T )@2 )\2

Hy = _j l: 1(1‘) xll {F( 7') '—1 (1 - Xlz)}

y
M”;&um—ﬂu—mﬂﬂ’

E,

=
I

p
and, for the plasma,

E; = [AI(T) - A‘z(r)]eme ]

B = — % |:AlT(T) % {(1 = x)Fa(xwr) + nMi}

7

e —15 {(1 = x")Fu(xar) + 713\2}:| e,
X2
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- 1(r) 1 _
By = [ O™ N FoGar) + 21 — x5}

2(?) 1

L Dkl + it - xm]

=
I

—% di(r) — Naeda(r)] e

H, = —[“1 @) 1 uFaGar) + n) —

Ag(?) 1
r X1 T

{?tzF (xar) + nl]

40 L (o) + mz}]

Hy = [ 1(1) L [l’()ar) + ) —
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