Gain and Noise Figure of a
Variable-Capacitance Up-Converter*

By D. LEENOV
(Manuseript received March 31, 1958)

The performance of a p-n junclion nonlinear-capacilance diode as a
low-noise, amplifying frequency converter is analyzed for the case in which
the output signal frequency is many times greater than the input signal
frequency. The diode is represented by an equivalent circuil consisting of a
time varying capacitance and a constant series resistance. Formulae for the
mazimum available gain and the noise figure of the circuit are oblained,
and representative numerical values are given for the noise figures of sys-
tems incorporating such diodes as preamplifiers.

I. INTRODUCTION

Since microwave receivers frequently must operate at a very low in-
put signal level it is important to obtain the smallest possible noise
figure. One way of accomplishing this is to use a low-noise amplifier at
the input of the receiver. In this article the role of a nonlinear-capaci-
tance p-n junction diode in performing such a function is analyzed.

The performance of a variable capacitance as a frequency converter
has been extensively discussed in the literature."”” Theory indicates
that when the variable capacitance is used for conversion between a low
frequency and an upper sideband (a noninverting frequency), the maxi-
mum available gain is f2/f; , fi being the input frequency and f: being
the output frequency. Hence in up-conversion (modulation) a power
gain results, with the power added to the input signal being supplied
by the beat oscillator. In down-conversion a power loss results. (These
statements apply when no signal power is transferred at the lower side-
band or at any of the harmonie images). The situation is different when
one of the two frequencies involved is a lower sideband (an inverting fre-
quency). A negative resistance may then appear at both sets of terminals,

* Supported in part by the U. 8. Army Signal Corps under contract DA 36-039
se-73224.
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resulting in regenerative gain or stable oscillations.* Large gains may be
obtained when going either up or down in frequency. The present paper,
however, is restricted to a consideration of upper sideband frequency
conversion. Analysis of lower sideband operation is now in progress.

In this article the frequency conversion performance of a nonlinear
capacitance (N-C) diode with parasitics is analyzed. In Section V the
maximum available gain (MAG) is calculated and is compared with the
MAG predicted for an ideal device. In Section VI, an equation for the
noise figure of an N-C diode is obtained, taking into account only the
thermal noise of the series resistance. Over-all noise figures are given in
Table I for three types of receivers with diode preamplifiers, operating
at specified input and output frequencies.

II. THE EQUIVALENT CIRCUIT

For the calculations to be made here, the p-n junction might be repre-
sented by the lumped-parameter equivalent circuit shown in Fig. 1.
Here R, and Cy are as defined and the ‘“‘variable admittance”, shown as
lumped parameters, accounts for the current carried across the junction
by the motion of carriers through the space charge region. A caleulation
of the mixing action of the diode, using Fig. 1, would involve a rather
complicated formulation. However, the silicon and germanium re-
tarding-field diffused diodes now under investigation are fairly accurately
represented by the equivalent circuit shown in Fig. 2. (The design and
properties of these devices are discussed in other papers).”® In this
diagram, C i, represents the smallest capacitance attainable, determined
by the limitation on reverse bias voltage imposed by breakdown, and
C'max 18 the largest value, determined either by physieal limitations or by
choice.
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Fig. 1 — iquivalent circuit for nonlinear-capacitance diode.
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Fig. 2 — Simplified diode equivalent ecircuit.

1. ASSUMPTIONS FOR CALCULATION OF GAIN AND NOISE FIGURE

In this article the gain and noise figure of an N-C diode frequency
converter are caleulated according to the following assumptions: (1)
Upper sideband operation is assumed; that is, an input frequency i is
converted to an output frequency f. using a beating oscillator at the
frequency f» — fi. (2) The lower sideband, of frequency f, — 2fi, and
all the harmonic images are assumed to be open circuited, implying that
no power is delivered by the frequency converter at these frequencies.
(3) The equivalent circuit of Fig. 3 is used. Here, filters are indicated
which restrict transmission in the left-hand branch to a narrow band
about the frequency fi and transmission in the right-hand branch to a
narrow band about f; ; & and &; are signal voltages and &x; and &y, are
noise voltages at frequencies f; and f, respectively. The equivalent cir-
cuit of the diode which was discussed in connection with Fig. 2 is as-
sumed applicable over the operating range of pump voltage and frequency.

o
f ' e |
BANDPASS BANDPASS
FILTER FILTER
Eny=|4kTBRg
NOISE
INPUT OUTPUT
IMPEDANCE éZG GENERATORS 21 < |MPEDANCE
") Exp=YaKTBRs
L, < s
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VOLTAGE f\i_)& €l " JvorTace
Cram + L (1)

Fig. 3 — Equivalent circuit for the calculation of gain and noise figure.
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Using these assumptions, results have been obhtained in a simple form
which can serve as a guide to diode development and application. It is
not supposed that the model used here constitutes a very accurate charac-
terization of the frequency converter operation. In particular, assump-
tion (2) is theoretically possible, but there would be considerable prac-
tical difficulty in satisfying these conditions in a microwave circuit.

1V. GENERAL EQUATIONS FOR FREQUENCY CONVERSION

In subsequent sections we shall need to calculate, for the ecircuit
shown in Fig. 3, the power delivered to the load at frequency f; when
specified signal voltages at frequencies fi and f. are applied. Hence,
what is desired is a means of calculating the current 7; for given signal
voltages. For the specific applications to be made later on, we shall ob-
tain in this section a solution in general form for the currents 7; and 4,
resulting when signal (or noise) voltages &, and & , at frequencies f; and
f2 respectively, are applied to an N-C diode.

It is possible to express the relation between currents and voltages of
a frequency converter by means of an admittance matrix; this will be
done here for a nonlinear-capacitance frequency converter. Let the beat
oscillator voltage be represented by V,, and the combined signal volt-
ages by 8V. If noise is of any consequence, one may surely assume
8V « V. Hence we may write (1), representing the charge on the
capacitor as a function of voltage, in the form of a Taylor expansion,

on 4 (0
aw) = @+ (39), o7+ - )

The subscript V), signifies that @ or its derivatives have the value deter-
mined by V, alone, i.e. 8V equals 0. It is assumed that terms of higher
order in 8V are negligible, so that the relations to be derived will be
linear in the signal quantities. (For a more complete theory of linear
frequency converters, see Ref. 6).

To evaluate (1) we expand (8Q/dV)y, in a Fourier series,

aQ _ = < jnbt
37 = €O + Coin = n;ﬂg C.e™, (@)

with the beat oscillator voltage assumed to be periodie, with pulsatance
(angular frequency) b. The signal voltage 6V may involve all the har-
monics of the beat oscillator pulsatance mixed with the signal pulsa-
tance s. Hence it is written

aV — Z Z ymw.ej(mb+a)l. (3)

m=—uw0 s+
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Referring to (1), it is seen that the first term on the right-hand side con-
tains only pulsatances which are harmonics of b. The second term, which
we designate 8Q, contains the various signal pulsatances. It is given by

&) = (@) 5V = Z Z Cnvmwaci[(m+n)h+s]i. (4)
aV /v,

nm st

Since we shall want to select individual pulsatance terms from the right-
hand side of (4), we set m + n = I. The result is

6Q = Z Z Cl—mvaaej(lb+,)‘- (5)
I st
Also, being interested in the current components, we use the relation
1, = jwq. , obtaining finally

e = 2 J(Ib 4+ $)Ci_mbmbra (6)

(we have here stopped considering the terms containing —s, because
Tis = i-mss ). Equation (6) is equivalent to the matrix equation

ijb+a = Z Ylmvmb+s ) (7)

where the elements Y, are given by
Yim = j(lb + $)Cim. (8)

The admittance representation is convenient to use when only a few
signal voltages have specified values and the rest are zero (i.e. short-
circuited). In the case of the equivalent circuit used here, none of the
voltages can be short-circuited, because of the diode series resistance,
The possibility remains, however, of presenting open circuits to all the
image pulsatances (all the mb + s) except for the two involved in fre-
quency conversion, s and b + s. This means that all the currents except
7, and iy, will be assumed to vanish. The relation between voltage and
current can then be simplified when it is expressed in the impedance
matrix form. Hence we must obtain the matrix inverse of || ¥ [, which
szl =Y

There is at least one case in which this matrix inversion can be readily
performed. If 8Q/aV equals €y + 2C; cos bt then only the coefficients
(s and €, in the expansion (2) do not vanish. The matrix of (8) is now
limited to elements on the diagonal and once removed from the diag-
onal. As a product of infinite matrices (in these arrays only the nonzero
elements are indicated), it is written
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Y] =
H(=b+9) C, Co Cy
s €, G C ()
j(b + s) 1 0 1 .
i@+ 9 GG G

The second matrix on the right-hand side of (9) may be factored to
obtain (10),

¢ 1 ¢

[ Con || = Ca ¢ 1 ¢ ) (10)
¢ 17
where { = (1/Cy. Equation (9) can be written symbolically as
Y =115+ Cumll,
and, by a rule of matrix algebra, the impedance matrix is given by
1Z] = 1Y =1 Cwml™ 15 + s) [ (11)

The first matrix on the right-hand side of (9) is diagonal, hence its in-
verse is easily obtained. The inverse of the second matrix is also known."
If a matrix has the form

M= 1; if @=y
=t i i=j%1 (122)
1+ g’
= 0; otherwise,

the inverse matrix is given by

M5 = 1 +¢ S (-9, (12b)

This result can be used to obtain || (', || 7", if we set ¢ = £/(1 4+ &)
[see (10)]. If it is now assumed that all pulsatances in the spectrum, other
than b + s and s, are open-circuited, the impedance matrix reduces to
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L
_l1i+£] 1 k] s (13)
vl —g |- 1 0 1
Jb + s)
To simplify future work, we shall use the abbreviated representation
VAT AL
Z, = . (14)
Ziy I

The matrix Z. represents the capacitative impedance of the diode.
The total impedance Z must include the series resistance R; it is given
by

Zu + R Zys 1

Z = (- (15)
Za Zn + R

By the definition of an impedance matrix we have

Uy Zn+ R Zy 1
= . (16)
V2 Ly Ze + R 12

Here »; and v are the voltages across the diode terminals at the input
and output frequencies, respectively, and 7, and 7, are the corresponding
currents. It follows from Fig. 3 that these two voltages are given hy

n =8 —ula

(17)
vy = & — jizl,
Substituting (17) into (16), and rearranging, we obtain
& Zu+ R4+ Zs Z 1
= ; (18)
Eo o Zow+ R+ Z, 72
The solution for the currents is written in matrix form
1 Zu+ R+ Zs 7 ! &1
12 Zn Zn + R+ Z, &

where the reciprocal matrix is given by -
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Zu+ R+ Ze VAT !
Lo Zo+ R+ Z,
(20)
ZE? + R + ZL _212
1
=5 ,
—Zn Zu+ R+ Zs
and D is the determinant of the matrix:

D = (Zu =+ R + Zs) (222 + R + ZL) - lezzl - (21)

The output current, and hence the output power, may be determined
from (19) when the voltages & and &, are specified. This equation will be
used as a starting point for calculations of gain and noise figure.

V. GENERAL EQUATIONS FOR MAXIMUM AVAILABLE GAIN

We shall calculate the gain of the frequency converter by using the
condition

b= 8 (22)
82 - 0,
where & is the signal voltage. The gain G is defined by
. . : .2
power absorbed in Z, |4 | Re Z, (23)

B power available at input | & [*/4 ReZ¢

We shall calculate G with the aid of (19), (20) and (22), and then deter-
mine the values of Z; and Z; leading to a maximum G, designated by

Gmax .
We first solve for 7, by substituting the conditions of (22) into (19) and

obtain
. 1
19 = — -D- Zzlg. (24)

Hence, for the gain we have

| Zu ['| & [" Ru/| D [* | Zo |
(& /iR Ralte 1 (@)
which, with the aid of (21) becomes
G 4R6R, | Zn |° (26)

" Zu+ R+ Zo)Zn + R + Z1) — Zln |*
To maximize @, we first impose the tuning conditions
JImZG= —Zu, jImZ;;,z _222.
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[Note that, according to (13), the quantities Zy, and Zy, are pure imagi-
nary numbers]. As a result, we obtain

2
. ol | Za P -
(R + Re)(R + Ry) — Znin]
Here Ry is Re Zg, R. is Re Z,, and Z2Zy is a real number (since it is
the product of two imaginary numbers), and we may dispense with the
absolute magnitude sign in the denominator.

To obtain Guee We must maximize the right hand side of (27) with
respect to R and Ry, . The values of R and Ry satisfying this condition
are the matching values, and will be designated by R and R.'. They
may be obtained by solving the pair of equations

oG
Ry
(28)
G _ 0
R, '
On solving these we obtain
Ro — R’K* + RR,
g = —
R + R.
o (29)
R — R'K” + RReg
R+ Rs ’

where K = \/1 — ZwZs/R2. These equations give the value of Ry
which maximizes G for any selected value of R, , and correspondingly
for B, . The matching values R’ and R, satisfy (29) simultaneously.
They are

Ry = R/ = KR. (30)

The equality of the input and output matching resistors could have been
predicted from the form of (27) for G, which is completely symmetrical
in R and Ry ; i.e. an interchange of R; and R, whatever their values,
does not alter the value of G. Thus, let us suppose that we determine
Ry and R.' experimentally by trial and error, and assume that they are
a unique pair. Interchanging them must leave ' a maximum, hence
Rd equals Ry

An expression for (.« may now be obtained by substituting (30) into
(27). We find, noting that Z,Z» equals —RNK* - 1),

4K°R* | Zu |* | Z |

(‘!mrw = = P ' 31
T RNK 4+ 1) = ZpiaP RAK + 1) @b

Equation (31) expresses the maximum available gain as a function of
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the diode parameters K and Cuin , and of the time variation of the diode
capacitance, through the quantities Co and C,. For a given diode the
first two quantities are assumed fixed, while the last two may be varied
within limits set, by their status as FFourier coefficients of a real, positive,
periodic function of time. In the Appendix, Gu.x is evaluated explicitly
in terms of R and Cu;, for the case that Z, is given by (13). The result

18

S 1
Gmut = = —, 32
e+ AT+ (32)

where /1 + 1/2? = K as introduced in (29), and
xr = M:Cmi,, R,

with A a numerical factor depending upon %, and (', and
&= Vaw = Vs + s).

To simplify future analysis, we write
(33)

where
T = Vi
and

1

f, = i = a figure of merit for the diode.

The expression for x in (33) is convenient for evaluating G..x from

(32). We shall first consider low-frequency operation, where f is very
much less than f./A. Then z is very much less than 1, and

Gmnx %fE/fl .

As z increases, Gmax/(f2/f1) monotonically decreases from its asymptotic
value of 1. This is shown graphically in Fig. 4. Since 2 = Af27R:Cin ,
the best operation is obtained for minimum values of R, , Cnin and A,
or a maximum value of f,/A. In the Appendix it is shown that, for the
type of operation under consideration, the minimum attainable value of

X is 5.83.
We next consider high-frequency operation, characterized by
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7> f./x or 2 > 1. It is then convenient to rewrite (32) in the following
form:

Gmux = .f:’- ! f:: !

f].’UE (1 + /‘/1 + :]t_:_z)Q fl.'l:? (1 + I{)E ’ (34)

As x approaches «, (34) becomes

: . _ (LY
i Gnex = Gim = 478 = (a7) #)
Sinee we would like to have Giim as large as possible, it is evident that
f./x should be large, or, correspondingly, that K., Cuin and A should
be small, as was true for the low-frequency limit of operation.
Equation (35) indicates that, for a given input frequency /1, the gain
should approach a limiting value as f» approaches oo . This behavior is
shown graphically in Fig. 5. It is noteworthy that Giim decreases with
increasing f, , and in particular that, for fi = f./2\, Giim = 1. This places
a fundamental upper limit on the input frequency, if power gain is to be
obtained.
The above results show how the maximum available gain of a diode
amplifier is affected by parasitics. Of greater significance in characteriz-
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Fig. 5 — The ratio Guax/Glim versus z, the input frequency f; being kept con-
stant while the output frequency fi varies.

ing its performance is the noise figure, which is discussed in the next
section.

VI. GENERAL EQUATIONS FOR NOISE FIGURE

A p-n junction diode is thought to contain two sources of noise power,
one being shot noise at the p-n junction, the other being thermal noise
in the series resistance R of the bulk semiconductor. It has been shown®
that the shot noise of the p-n junction of a nonlinear-capacitance diode
approaches zero so long as the frequency is high enough for recombina-
tion to be negligible, and not so high that the p-n junction no longer
exhibits purely capacitative behavior. Hence in the following calculation
of noise figure only the contribution of the thermal noise of R is con-
sidered.
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The noise figure of an N-C diode frequency converter is calculated
using the equivalent circuit of Iig. 3 and the assumptions of Section
111, together with the additional assumption that the noise generators
at the frequencies f; and f: are uncorrelated.

The noise figure is caleulated in accordance with

F—1=

noise output originating in thermal noise of I (36)

noise output due to thermal noise at 290°K in source resistance

Thus, as a “standard signal”, one uses the thermal noise output of the
source resistance, assumed to be at a temperature of 200°K. The noise
output of the diode is assumed to arise from two components of the
thermal noise of E. One of these, the thermal noise emf &x;, sets up a
current of frequency f, in the left-hand loop of Fig. 3, which, by the
frequency-converting action of the diode, is partly converted into a
current s , of frequency fa ; this then passes into the right-hand loop and
introduces noise power into the load. The other component, &x», also
causes a current 7, , of frequency f», to flow through the load. The
noise power received by the load is determined by these two currents,
which are assumed to be uncorrelated.

The noise power can be readily calculated from (19) and (20). The
current 75 due to &y is given by solving

1.1 Z'_v_l + R + ZL ‘Zle SNI
1
=5 (37a)
12 —Zn Zn + R+ Ze 0
Similarly, the current 7> due to &z is obtained from
1 Zw+ R+ Z, — 7 0
1
=D . (37b)
Ta —Zn ZIn+ R+ Zg Ena
Solving these, we obtain
. 1
En1 # 0: . = _E Z—ngxl » (383)

Eya Z0: 1 = % (Zu+ R + Zo)&xs. (38b)
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The noise power delivered to the load is then:

4kTBRR,
D

in accordance with the assumption that the currents in (38) are uncor-
related. Following (36), the noise figure is given by

— <7:22>RL
290k BG°

where 290kB is the available thermal noise of the source resistance and
(7 is the gain of the network under the same conditions, defined by (23).
The gain was calculated in Section V, with the result in (25), given here
by

()R, = (| Zu+ R+ Zo " + | Zu D), (39)

r—1 (40)

| Z |*
T =4 . /
G = 4Rk, (7 (41)
Combining this with (39) and (40), we obtain
[’ 2 7 2

Rq [ Z 290

The noise figure here depends upon the diode structure, through R,
Zuand Zs; ; upon the beat frequency oscillator waveform and the operat-
ing frequencies, through Z;; and Zy ; and upon the input termination,
through Z, . (Note that F' is independent of the load impedance.) Even
if all the other quantities are fixed, considerable variation in performance
can be obtained by varying Z.; . In this presentation, the noise figure is
caleulated for the value of Z; which gives maximum available gain, and
for the value giving minimum noise figure.

The noise figure corresponding to the condition of maximum available
gain is obtained by inserting the appropriate value of Z,; into (42). In
Section V this was shown to be Z; = KR — Z;;. lquation (42) then
gives

LRAK 4+ D+ | Zu|* T

F=1=x [ Z |? 200 ° (43)
On the other hand, from (31) we have
Gmnx = I—Zﬂlz___ .
RA(K + 1)

Hence, (43) may be written

1 1 T
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Before proceeding further, it is interesting to note that (44) can be
obtained by a simple intuitive analysis, making use of (36) directly. We
assume that the diode series resistance R generates noise emfs equal to
/2 TBR at the two frequencies fi and f:. Due to the emf at fre-
quency f», the load receives noise power proportional to R. The noise
power generated at frequency fy is also proportional to R; it is converted
to frequency f» with a gain @, so that the load receives additional noise
power proportional to GR, making the total noise power from the diode
proportional to (G + 1)RT. This is to be compared with the noise re-
ceived at the load due to a matching resistance at the input. This match-
ing resistance By = KR, and the corresponding noise power received is
proportional to 200GKR. Hence, according to (36),

- _(G—I—l)RT_I( 1\ 7
F=1="306kr ~&\! "G/ 290"

Equation (44) can be expressed in a more useful form by substituting
an equivalent expression for K. From (34) and (35) it follows that

4
max — im 737 1ry0 * 4"-
Gnax = Giim 77—y (45)
Hence
' Glim i
=2 — L 46
K (Gmux) 1 (46)
Substituting this into (44) gives
1 1 T
=1+ — (I -+ l'n-.m) 500 ° (47)

2 ((Tllm )1“ -1

(’mn\
This is the noise figure corresponding to a matching input impedance.
In using (47), Guax and Griw may be determined for any set of operating

conditions, with the help of (34) and (35). Two limiting expressions ob-
tained from (47) are of interest:

v o~ Gmux v 1 T
GInux << Glin.. F 1 + (G]lm) (1 + m) 2—96, (48.1)

- 1\ T
lu'lx — Gllm F — 1 + (1 + G:"—x) ﬁ‘). (48b)

Hence, when G is very much less than Gyin , F is not much greater
than 1. When Guax approaches Giin , F' becomes approximately equal to
to 2. Thus, even under the most unfavorable conditions, the theoretical
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noise figure will not be much more than 3 db if there is a significant
amount of gain.
The minimum noise figure may also be found from (42), and applying

first the tuning eondition jX¢ = —Z;;, we obtain
RRBR+R)+ | Zun|" T
r—1== — . 49
RG | Zgl P 290 ( )

The value of B¢ making F a minimum can be found from (49) by the
standard procedures of differential calculus. The appropriate value of
R , represented by R¢”, is

R" = (| Zn |* + R (50)
Here G\ux is, as before, the maximum available gain, obtained with the
matching value of Ry. On comparing (31) and (45), one determines
that

| Zn |2 = 4R2G“lll . (51)
Substituting (50) and (51) into (49) gives

(4Gym + D+ 1 T
2G1im 290

Fmin =1 +
(52)

~ T 1 1
=‘+ﬂ)(\ﬁa.im+m+ )
The approximate form is valid when Gy, >> 1. Equation (52) indicates
that a noise figure of close to zero db is theoretically attainable.

It is also important to determine the maximum gain Gy attainable
under the conditions leading to minimum noise figure, as (/x may be
needed to calculate the over-all noise figure of a system using a diode
preamplifier. To obtain Gy , we substitute into (27) the value Rg = R;”
given by (50), together with the value of R, that makes G a maximum.
This quantity, represented by R.”, is found from (29). In the present
case it is:

R'K* + RRy"

R+ R
Substituting (53) and (50) into (27) gives Gy . Making use of the defi-
nition K = /1 — ZpZu/R? and | Zy [© = 4R*Gyiw given in (51), we
find

RL” = (53)

— + Glim
1+ R/R R&'/R + K*

Gy (54)
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Using the relation K = 2(Giim/Guax)'’™® — 1 given in (46), equation (50)
and the assumption G;,, >> 1, we obtain the approximate expression:

'lGl im 1

= v [2(@) [\ avan)
We now consider two special cases. For (. sufficiently small,
(glllil':x)m >1, and g::'\ > Vi -
Therefore
Gy = Guax - (56a)
For Guax =2 Grin
Gy = 2V Ghim - (56b)

The equations obtained for the noise figure have been evaluated for
certain receiver systems, and the results are given in Table I. The exam-
ples include, respectively, an N-C diode up-converter followed by (1) a
travelling-wave tube amplifier operating at 3 kme with a noise figure of
4.5 db; (2) a point-contact superheterodyne converter plus 1 amplifier
stage operating at an input frequency of 10 kme with a noise figure of
7.0 db; (3) a system similar to (2) operating at an input frequency of
55 kme with a noise figure of 10 db (a value that may seem optimistic
but is probably attainable by combining the best point-contact diodes
with the best v amplifier). Values for over-all noise figures of each system
are obtained from equations (47) and (52), and compared; these corre-

TapLe I—Noise FIGURES FOor CERTAIN RECEIVER SYSTEMS

fo=160kme A =60 T =290°K
‘ Over-all Noise Figure of System,
I“syau.-m (
Receiver . Output P l'iNr;;lase[‘ ! E . v
3 ‘requency, J2 * y 172 g )
Swem | | R B Y
Fa Fp Fa Fp
(1) 3 4.5 1.40 1.40 2.51 2.48
(2) 10 7.0 1.24 1.20 2.15 2.20
(3) 55 10.0 1.20 1.14 1.94 2.10
F , = noise figure of system corresponding to maximum available gain for diode.

Iy =

noise figure of system corresponding to minimum noise figure for diode.
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spond to the conditions of maximum available gain and minimum noise
figure, respectively. The difference between them is not significant in
most cases. The caleulations were made assuming A = 6.0, T = 290°K
and f, = 160 kme, the latter figure being obtainable with recently pro-
duced diffused silicon diodes.

VII. CONCLUSIONS

Equations for the maximum available gain (MAG), and the noise
figure have been obtained for a nonlinear capacitance diode containing
parasitics. Because of the series resistance and minimum eapacitance,
the MAG reaches a limiting value as the output frequency increases
without limit. The thermal noise of the series resistance is also responsi-
ble for noise output of the diode. In contrast, a perfect variable capaci-
tance would have its MAG always equal to the ratio of output frequency
to input frequency, and it would generate no noise.

The results obtained depend upon the diode cutoff frequency f,, and
upon the operating conditions through the parameter A. Values of f, up
to 200 kme have been obtained with recently prepared diffused diodes,
hence the use of the value f, = 160 kme is not overly optimistic.
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APPENDIX
Derivation of the Equation for Mazximum Available Gain

In Section V the maximum available gain was obtained in the follow-
ing form, from (31):

| Zu |’
‘ RYK + 1)’
where K = /1 — Z1,Z»/R* It is convenient to define the quantity z
such that K = \/1 + 1/2* Hence

Gmax = (57)

2 R’
T T (58)
After (58) has been solved for R*, (57) can be written
G = AL 1 1 Zn] > (59)

—Zyly 2* (K + 1)*  —ZuZy (x + \/3:’—-1—1)2
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The impedance matrix elements, obtained from (13), are

o = j L4+& & 1
SR Y
1+ &1 o
ZEI_JI E‘é(’-_'
Then
p =b+s 1 w1 (61)
max s (.1' + ‘\/m)ﬂ - ;;(1:'*" \/.1:2 + 1)2’
where
1 — &
r=-———>_&RC,.
"= gt e OO o

The quantity G in (61) is the gain obtained with matching termina-
tions. It depends upon the diode parameters R, and Cuin , and upon the
operating conditions through the operating frequencies and the Fourier
amplitudes Cp and ', . The diode parameters are fixed for a given device,
of course, but s and €; may be varied to further maximize G. To demon-
strate this, we first express the variables Co and €} in terms of Crmax and
Cin , where Ci, is a constant, namely, the lowest value of capacitance
obtainable. [From (69), below, it can be seen that, for any given value
of Cmax , the gain increases with decreasing Cuin]. We therefore need
consider only (.« to be variable. For convenience, in the calculation of
maximum gain, below, the variable p is used, where g = Cuax/Comin -

The process of maximizing G is equivalent to minimizing x. To ac-
complish this we start with (62) and express the quantities & and Cy in
terms of g and Cuin . From (12a) we have

Cy £
=2 = . 6
(=% =13 (©3)
Since C'() is a sine wave, it follows that
Co — Cuin = 204 . (64)
Equations (63) and (64) may be used to eliminate €, obtaining
0= "2TE¢ (65)

(14_'57_. ‘min »
Next, we express £ in terms of u. As C(f) is sinusoidal, it also follows that

Cumx = Co + 201 . (66)
Combining (64), (65) and (66), we obtain

(1 +EY .
C:unx - (1__5) Cuun) (6"‘84)
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or
2 — Cmnx _ 1 + E !
k= Cmin N (1 - E) ’ (67}))
Solving for £, we obtain
_u—1 -
£ = ST (68)
Finally, combining (62), (65) and (68), we get
e o Ve
w—1
or (69)
NGl s 1)
w—1"

The minimum value of A is found to be

A= (14 v2)" =583

for (70)
p=1+ /2
The corresponding value of Cuax/Chnin 18
gm"_x — = (1 +2) =583 (71)

Thus, the maximum gain and minimum noise figure are obtained for a
variation of capacitance over a 5.8-to—1 ratio. In practice, however, the
dynamic range of capacitance may be no greater than 3 to 1. This corre-
sponds to 1 = /3, and A = 6.5. Hence, for this limited range the per-
formance would still not be far from optimum.
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