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In pulse transmission systems, pulses modulated in various ways to carry
information may be transmitted by amplitude, phase or frequency modula-
tion of a carrier, and with each type of modulation various methods of de-
tection are possible. An important consideration in many applications is
the performance of various modulation and delection methods in the pres-
ence of phase distortion or equivalent envelope delay distortion, which may
be appreciable in certain transmission facilities. The principal purpose of
this presentation is a theoretical evaluation of transmission impairments
resulting from certain representative types of delay distortion. These trans-
mission impairments are reflected in the need for increased signal-lo-noise
ratio at the detector input to compensate for the effect of delay distortion.

The performance in pulse transmission by various carrier modulation
and detection methods can be formulated in terms of a basic function com-
mon to all, known as the carrier pulse transmission characteristic, which is
related by a Fourier integral to the amplitude and phase characteristics of
the channel. Numerical values are given here for the carrier pulse transmis-
sion characteristic with linear and quadratic delay distortion, together with
the maximum {ransmission impairments caused by these fairly represenia-
tive forms of delay distortion with various methods of carrier modulation
and signal detection. These include amplitude modulation with envelope
and with synchronous detection, two-phase and four-phase modulation with
synchronous detection and with differential phase detection and binary fre-
quency modulation.
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In determining the effect of delay distortion, a raised cosine amplitude
spectrum of the pulses at the detector input has been assumed in all cases,
together with the minimum pulse interval permitted with this spectrum and
ideal implementation of each modulation and detection method. Further-
more, optimum adjustments from the standpoint of slicing levels and sam-
pling instants at the detector outpul are assumed for each particular case of
delay distortion. These idealizations insure that only the effect of delay dis-
tortion s evaluated and considered in comparing modulation methods, and
that this effect is minimized by appropriate system adjustments.
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I. INTRODUCTION

Binary pulse transmission by various methods of carrier modulation
has been dealt with elsewhere on the premise of ideal amplitude and
phase characteristics of the carrier channels.! An important considera-
tion in many applications is the performance in the presence of phase
distortion or equivalent envelope delay distortion, which may be ap-
preciable in certain transmission facilities. An ideal amplitude spectrum
of received pulses can be approached with the aid of appropriate terminal
filters with gradual cutoffs, such that the associated phase character-
istic is virtually linear. Nevertheless, pronounced phase distortion may
be encountered in pulse transmission over channels with sharp cutoffs
outside the pulse spectrum band, as in frequency division carrier system
channels designed primarily for voice transmission.

The principal purpose of the present analysis is a theoretical evalua-
tion of transmission impairments resulting from certain representative
types of delay distortion in pulse transmission by various methods of
carrier modulation and signal detection. These transmission impair-
ments are reflected in the need for increased signal-to-noise ratio at the
detector input to compensate for the effect of delay distortion.

The performance in pulse transmission by various carrier modulation
and detection methods ean be related to a basic function known as the
carrier pulse transmission characteristic. This basic function gives the
shape of a single carrier pulse at the channel output, i.e., the detector
input, under ideal conditions or in the presence of the particular kind of
transmission distortion under consideration. From this basic function
can be determined the envelopes of carrier pulse trains at the detector
input, together with the phase of the carrier within the envelope. The
shape of demodulated pulse trains with various methods of carrier
modulation and detection ean, in turn, be determined for various com-
binations of transmitted pulses, together with the maximum transmis-
sion impairment from a specified type of channel imperfection, such as
delay distortion dealt with here.

The carrier pulse transmission characteristic is related by a Fourier
integral to the amplitude and phase characteristic of the channel. Tt
has been determined elsewhere’ for pulses with a raised cosine spectrum
and cosine variation in transmission delay over the channel band, and
for pulses with a gaussian spectrum with linear variation in delay. A
cosine variation in delay is approximated in some transmission facilities
and has certain advantages from the standpoint of analysis, both as
regards numerical evaluation and interpretation in terms of pulse echoes.

A somewhat similar form of delay distortion that affords a satisfactory
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approximation in many cases is quadratic (or parabolie) delay distor-
tion. Quadratic delay distortion is in theory approached near midband
of a flat bandpass channel with sharp cutoffs, such as a carrier system
voice channel, and usually affords a satisfactory approximation over the
more important part of the transmission band of such channels. Linear
delay distortion is approximated when a bandpass channel with gradual
cutoffs is established to one side of midband of a flat bandpass channel
with sharp cutoffs. These and other types of delay distortion do not
lend themselves to convenient analytical evaluation of the Fourier in-
tegrals for the pulse transmission characteristic. However, at present,
these integrals can be accurately evaluated by numerical integration
with the aid of digital computers for any specified pulse spectrum and
phase distortion.

Numerical values are given here for the carrier pulse transmission
characteristics with linear and quadratic delay distortion, together with
the maximum transmission impairments caused by these limiting and
fairly representative forms of delay distortion with various methods of
carrier modulation and signal detection. These include amplitude modu-
lation with envelope and with synchronous detection, two-phase and
four-phase modulation with synchronous detection and with differential
phase detection and binary frequency modulation. In determining the
effect of delay distortion, a raised cosine amplitude spectrum of the
pulses at the detector input has been assumed in all cases, together with
the minimum pulse interval permitted with this spectrum, ideal im-
plementation of each modulation and detection method and optimum
design from the standpoint of slicing levels and sampling instants at the
detector output. These idealizations insure that only the effect of delay
distortion is evaluated and considered in comparing modulation methods,
a condition that is difficult to realize with experimental rather than
analytical comparisons.

As mentioned above, the present analysis involves a basic function
common to all modulation methods, which in general would be deter-
mined with the aid of digital computers. This approach has certain
advantages in comparison of modulation methods and from the stand-
point of optimum system design over direct computer simulation of each
modulation method. The latter direct approach may be preferable for
any specified modulation method and type of transmission impairment
and has been used in connection with a binary double-sideband AM
system with envelope detection, for cosine and sine variations in trans-
mission delay over the channel band and for combinations of these.’
The transmission impairments caused by linear and quadratic delay
distortion, and combinations thereof, have been determined experi-
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mentally for a binary vestigial-sideband amplltudc modulation data
transmission system employing envelope detection.'

The present analysis is concerned with certain “coarse structure” vari-
ations in transmission delay that ordinarily predominate over smaller
“fine structure” variations, except in transmission facilities where
elaborate phase equalization is used. Transmission impairments from
small irregular fine structure gain and phase deviations over the channel
band can be evaluated by methods discussed elsewhere’ and are not
considered here,

II. CARRIER PULSE TRAINS AND MODULATION METHODS

2.1 General

In carrier pulse modulation systems the pulse trains at the transmit-
ting end modulate a carrier in amplitude, phase or frequency. In AM
the demodulated signal depends on the envelope of the received carrier
pulse train at sampling instants, in PM on the phase of the carrier
within the envelope and in FM on the time derivative of the phase at

sampling instants. To determine the performance of these various meth-
ods in the presence of transmission distortion it is necessary to formulate
the received carrier pulse trains,

The received carrier pulse trains at the channel output, i.e., the de-
tector input, can in all cases be formulated in terms of the carrier pulse
transmission characteristic, that is, the received carrier pulse in response
to a single transmitted pulse. This pulse transmission characteristic is
related to the shape of the modulating pulses at the transmitting end,
and to the amplitude and phase characteristic of the channel, by a
Fourier integral, as discussed and illustrated for special cases in the
Appendix. The general formulation of the pulse trains at the detector
input and the resultant demodulated pulse trains with various methods
of carrier modulation and signal detection is dealt with in the following
sections.

2.9 Carrier Pulse Transmission Characleristics

Tt will he assumed that a carrier pulse of rectangular or other suitable
envelope is applied at the transmitting end of a bandpass channel. The
received pulse with carrier frequency w. can then be written in the
general form [Ref. 2, Equation (2.09)]

P.(t) = cos (wd — Y )Rt + sin (wld — ¢ )Qc(1) (1)
cos [wit — o — e(D)1P.(1), (2)
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where
P.(t) = [RS(t) + QDT (3)
(1) = tan™" [Q.(1)/R.(1)], (4)
R.(t) = P.(t) cos g.(1), (5)
Q(t) = P.(1) sin p.(1). (6)

In the above relations R, and @, are the envelopes of the in-phase and
quadrature components of the received carrier pulse and P, the resultant
envelope. The time ¢ is taken with respect to a conveniently chosen
origin, for example the midpoint of a pulse interval or the instant at
which R, or P, reaches a maximum value.

With a carrier frequency wp rather than w,, relation (1) is modified
into

Py(t) = cos (wl — Yo)Ro(£) + sin (wol — ¥o)Qo(?) (7)

and relations (2) through (6) are correspondingly modified by replac-
ing ¢ by the subscript 0.
When the carrier frequency is changed from wy to w, the spectrum of
a received pulse will change, provided the transmission-frequency
characteristic of the channel remains fixed, except in the limiting case
of a carrier pulse of infinitesimal duration having a flat spectrum. How-
ever, by appropriate modification of the transmission-frequency charae-
teristic the amplitude spectrum of a pulse at the channel output, i.e.,
the detector input, ean be made the same regardless of the carrier fre-
quency. On the latter premise of equal amplitude spectra at carrier
frequencies wy and w,., the following relations apply [Ref. 2, Equation
(2.18)]:
R.(t) = cos [eo(t) + wt — ]Po(t)
= cos (wd — ¥, )Ro(t) — sin (w,t — ¥,)Qu(t),
Q.(t) = sin [eo(t) + wt — ] Po(t) )
= cos (w,t — ¥,)Qu(t) + sin (wt — ¢, ) Ro(),

where
eo(t) = tan™" [Qo(1)/Ro(1)],
Wy = We — W,
Yu=v:.— .
Relations (8) and (9) apply when R.(¢) and @.(¢) are referred to the
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carrier phase y. in (1) rather than the carrier phase ¥, in (7). If a car-
rier phase ¥, is used as reference, ¢, = 01in (8) and (9), and

R.o = cos wtRy(t) — sin w,iQ(?), (10)

Q.0 = cos wdQo(t) + sin w,tRo(1). (11)
With (8) and (9) in (3), or (10) and (11) in (3):

P(t) = Pu(t) = [R(1) + Q1)) (12)

The resultant envelope of a single pulse is thus the same regardless of
carrier frequency and phase, on the premise of a fixed pulse spectrum
at the channel output as assumed above.

2.3 Pulse Trains at Detector Input

Let carrier pulses be transmitted at intervals 7', and let ¢ be the time
from the midpoint of a selected interval. The following designation will
be introduced for convenience

R. [T (T‘, + n)] = R.(x +mn),
Q. [T (;, + n)] = Qe +n),

where n is the time expressed in an integral number of pulse intervals
of duration 7 and x the time in a fraction of a pulse interval.

Let a(—n) and y.(—n) be the amplitude and phase of the carrier
pulse transmitted in the nth interval prior to the interval 0 under con-
sideration, and a(n), ¢.(n) the corresponding quantities for the nth
subsequent interval. The received pulse train in the interval —7/2 <
i < T/2is then

Wolx) = 2 a(n) cos [wdt — ¢(n)|R.(x — n)
+ 2 a(n) sin [wd — ¢.(n)]Q.(x — n)
= Z a(n) cos [wd — $(n) — o lx — n)|P(x = n), (15)

where the summations are between n = — % and n = .
During the next interval, T to 27, the received wave is obtained by
replacing a(n) and ¢.(n) by a(n + 1) and ¢.(n + 1) and is thus

”’YE(J') =
Z aln + 1) cos [wld — ¢o(n + 1) — gz — n)]P(x — n)

where ¢ and @ refer to midpoint of interval 1.

R.(t + nT)

(13)
Q.t + nT)

(14)

(16)
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In pulse modulation systems as considered herein it is assumed that
the modulating pulses are rectangular in shape and of duration equal to
the pulse interval. For equal phases ¢.(n) = ¢. of all the modulating
pulses, (14) then becomes

Wy = cos (wvt - V'/r) Z a(n)Rr(m - ?’L)
+ sin (w it — ) E a(n)Q.(z — n).

When a(n) = a is a constant the input is a continuous carrier, so that
evaluation of (17) will give

Wo = ad. cos (wd — ¥.), (18)

(17)

where A, is the amplitude of the transmission-frequency characteristic
of the channel at w = w. and it is assumed in the determination of R,
and €. that the phase characteristic is zero at @ = w.. That is, a con-
stant transmission delay is ignored, which is permissible without loss
of generality.

When (1) and Q.(¢) are determined from the channel transmission-
frequency characteristic by the usual Fourier integral relations, in the
form represented by (159) through (163) of the Appendix, the following
relations apply for rectangular modulating pulses of duration 7' equal
to the pulse interval:

A, = i R.(x — n), (19)
0= i Q.(x — n). (20)

2.4 Amplitude Modulation
In AM systems ¢.(n) = ¢, = constant and (14) becomes

Wolx) = cos (wd — ¢.) 2 a(n)R(x — n)
+ sin (wd — ¥.) 2, a(n)Q.(x — n).

With synchronous detection, also referred to as homodyne and co-
herent. detection, the received wave is applied to a product demodulator
together with a demodulating wave cos (we! — ¥.). After elimination of
higher frequency demodulation products by low-pass filtering the de-
modulated baseband output becomes, when a factor of one-half is
omitted for convenience

Us(x) = 2. a(n)R.(x — n). (22)

(21)
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If w, is the bandwidth of the modulating signal, the high-frequency
output of the product demodulator will have a lowest frequency 2w, —
@, , which can be separated from the modulating wave by low-pass fil-
tering provided 2w, — ws = w,, or if we = w, .

At sampling instants x = 0, the desired signal is a(0)R(0) and the
remaining terms in (22) represent intersymbol interference in systems
where R.(n) # 0 forn = +£1, £2, ete.

Owing to elimination of the quadrature components, synchronous
detection is simpler from the standpoint of analysis than envelope de-
tection, in which the demodulated signal depends on the envelope of
the received wave (21) as given by

Wo(z) = {[3 an)Re(x — n)F + [ a(n)Qlx — n)I}E. (23)

The desired signal at sampling instants v = 0 is a(0)[RS(0) + Q0]
and the remaining terms in (23) represent intersymbol interference.

2.5 Phase Modulation with Synchronous Delection

In phase modulation systems the amplitude a(n) = a = constant
and the phase y.(n) is varied from one pulse interval to the next. The
received wave (15) then becomes

Wolz) = 2 cos [wd — ¢o(n) — @l — n)P.(x —n). (24)

In a multiphase system, the received wave is in general applied to
several product demodulators together with a demodulating wave cos
(wit — ). In the particular case of two-phase modulation a single
demodulator suffices, and the demodulator output after elimination of
high-frequency demodulation products by low-pass filtering and omitting
a factor of one-half is of the general form

Up(x) = 2 cos [e(n) — ¢ + e(a — n)|P.(x —n). (25)
At the sampling instants
Us(0) = 2 cos [f(n) — ¢ + e —n)]P(—n), (26)

where as before the summation is between n = — = and n = =,

The desired signal is represented by the term for n = 0 and is
Us(0) = cos [.(0) — 6]P.(0)
o - (27)
= [cos 8 cos ¢.(0) + sin @ sin ¢.(0)]FP.(0),

where

8 =¥ — ¢(0). (28)
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When the phase ¢ of the demodulating wave is so chosen that 8 = 0,
and if ¥.(0) = 0or ras in two-phase modulation, then U/,(0) = £ P.(0).

In four-phase modulation two product demodulators are required,
with the demodulating waves displaced 90° in phase. The output of the
second demodulator is then, in place of (26),

Vo(0) = 2 sin [fo(n) — ¢ + el — n)]P(—n) (29)
and the desired output at sampling instants is, in place of (27),

Vo(0) = sin [.(0) — 6]1P.(0)

_ (30)
= [cos 8 sin ¢.(0) — sin 8 cos ¢.(0)]P.(0).

The preferable choice of the phase of the demodulating wave in the
above telations may depend on certain considerations in the imple-
mentation of modulators and demodulators. In Table I are given the
four possible combined outputs as determined by the carrier phase
¥.(0) for the particular cases § = 0 and #§ = =/4. For convenience the
outputs for § = x/4 are normalized to unit amplitude, the actual ampli-
tudes being +14/2.

It will be noted that with 8 = 0 the output U," determines whether
one carrier is modulated in phase by ¢, = 0 or «, while the output V’
determines whether the quadrature carrier is modulated in phase by
Y. = 0 or 7. The two carriers can thus be modulated and demodulated
independently, without the need for circuitry to convert the two de-
modulator output to carrier phase, as would be required with 8 = /4.
With differential phase detection, to be discussed in the next section,
such converters would be required both with 6 = 0 and 6 = x/4. In
this case § = w/4 may be preferable for the reason that only two states
(—1,1) are possible for each demodulator, rather than three states
(—1,0,1) with 8 = 0.

TasLe I — DemopvraTor Ourrurs Uy anp V® IN Four-Paask
SvYsTEMS A8 DETERMINED BY CARRIER PHASE ¢,(0) For DEMODU-
LATING WAVES WITH PHASES 6 = 0 AND 7/4

8=0 8= =x/4
¥e(0)
Ug® i Voo Uq® Vo?
0 1 0 1 -1
/2 0 1 1 1
T -1 0 -1 1
3m/2 0 -1 -1 -1
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2.6 PM with Differential Phase Detection

An alternative method of demodulation that will be considered in con-
nection with phase modulation is differential phase detection. With this
method Wy(z) as given by (15) is applied to one pair of terminals of a
product demodulator, and Wi(x) as given by (16) to the other pair
with a suitable phase shift 8. The demodulator output is then, with
a(n) constant as in phase modulation,

Un(x) = 120 cos [wd — ¢e(n) — @l — n) + B|P.(x — n)}
A3 cos [wd — Ye(n 4+ 1) = o(a — n)|Pe(x — n)),

where as before the summations are betweenn = — o andn = w«.

After elimination of high-frequency components present in (31) by
low-pass filtering and omitting a factor of one-half, the resultant base-
band output can be written

(31)

Un(z) = 2 S.(2)P.(x — n), (32)
Un(0) = 22 S.(0)P.(—n), (33)
in which the summations are between n = — % and % and

S.(x) = i P.(x — m) cos [f(—n) — g (—m + 1)
m=—s (34)

+ go(x — n) — @(x —m) — 6],
S,(0) = > P.(=m) cos [y(—n) — ¢(—m + 1)
m=—s (35)
+ @(—n) — @(—m) — 4.
The desired output is represented by the term in (33) for n = 0 and is
Ua’(0) = Sy(0)P.(0) (36)
where, in accordance with (35),
Se(0) = fj P.(—m) cos [¥(0) — ¢(—m + 1)
m—n (37)
+ ¢(0) — @c(—m) — 6l

In the absence of intergymbol interference P.(—m) = 0 for m # 0 and

Si'(0) = P.(0) cos [f.(0) — ¢.(1) — 6] (38)
so that (36) become
Ua'(0) = P20) cos [$(0) — ¢.(1) — 6. (39)
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It will be recognized that this expression is of the same form as (27)
except that ¢.(0) is replaced by the phase change ¢.(0) — ¥.(1) be-
tween two successive sampling instants. In the particular case of four-
phase transmission the phase # may be chosen as, say, 8 = 0 or =/4, in
which case the outputs of the two product demodulators would be as
indicated in Table I for phase modulation with synchronous detection,
except that ¢.(0) is replaced by the phase difference ¢.(0) — ¢.(1).

With a signal of bandwidth w, the high-frequency part of (31) will
have a lowest frequency 2(w. — w,), since it is the product of two high-
frequency components each of lowest frequency w. — w, . The baseband
signal represented by (32) will have a maximum frequency 2w, , so that
a flat low-pass filter of minimum bandwidth 2w, is required to avoid
distortion of the baseband signal. In order that the filter also eliminate
the high-frequency components in the demodulator output, it is neces-
sary that 2(w, — w.) = 2w, or &, = 2w, . With synchronous detection it
was necessary that w, = w, .

2.7 Binary FM with Frequency Discriminator Detection

In frequency modulation a(n) in (14) is constant and ¢.(n) varies
with time so that the time derivative of [w. — ¢.(n)] represents a
variable frequency. Pulse transmission without intersymbol interference
over a channel of the same bandwidth as required for double-sideband
AM is in this case possible for certain ideal amplitude and phase charac-
teristics of the channels, as shown elsewhere [Ref. 1, Section 5]. The
formulation is here modified to include any amplitude and phase char-
acteristic of the channels.

It will be assumed that a space is represented by a frequency wy — @
and a mark by a frequency we + @. Discontinuity in a transition from
mark to space can then be avoided for rectangular modulating pulses
of duration T provided,

ol = km, k= 123. (40)

In a system of minimum bandwidth & = 1, and in this case inter-
symbol interference can be avoided with a channel band no wider than
required for double-sideband AM.

When a mark is preceded and followed by a space during the nth
pulse interval, the envelope of the resultant carrier pulse is obtained
with t, = (¢ + nT) in Equation (23) of Ref. 1 and becomes

E(t + nT) = 2 cos a(t + nT)
(41)

= (—1)"2 cos at,

where the last relation follows from (40) with & = 1.
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The resultant carrier pulse during interval 0 is of the general form
P(t) = cos (wol + o) (—1)"Ro(t — nT') (42)
+ sin (wt + @) (—1)"Qu(t — nT),

where ¢ is the time from the midpoint of interval 0.
When ¢(—a) is the phase distortion* at the frequency wy — @, Equa-

tion (34) of Ref. 1 is modified into
E(t) = —cos (wi + ¢o)[A(—a) cos y — (—=1)"Ro(t — nT)] (43)
+ sin(wd + )[4 (—@) siny — (—1)"Qu(t — nT)],
where |
y = af + ¢(—a). (44)
When a sequence of marks and spaces is transmitted, the resultant
wave at the detector input becomes
Wo(t) = cos (ol + @o)[A(—@) cosy — ap(x)]
. L (45)
+ sin (wil + ¢o)[A(—@) sin y — Bo(x)],

where
ay(x) = i (—1D)"a(n)Ro(x — n), (46)
Bolx) = ; (—=1)"a(n)Qo(x — n), (47)

in which the notation is in accordance with (13), * = /7 and ¥y =

mr + y(—a).
The phase of the wave (45) is given by
_Sin‘ Yy — ."Bo(-r) (48)

tan ¥,(t) )
cosy — pag(x)

where
p=1/A(—a) (49)
Expression (41) of Ref. 1 for a single pulse is replaced by the following
for the demodulated pulse train at x = {/T"
(50)

Upx) = 5‘;—) [u(a’ + Bo) — ancosy — Bosin y

(ay siny — By cosy) — g (Bo'as — ' Bo)],

* As in Ref. 1, the linear component of the phase characteristic is disregarded

il =

‘nee it only represents a fixed transmission delay.
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where
D=1+ p'(ad + Bo) — 2u(an cos y + Bysiny), (51)
in which

ay = ao(x), Bo = Bo(x), e = day/dt, B = dBo/dlt.

2.8 Signal-to-Noise Ratios in Binary FM

Since binary FM with frequency discriminator detection is a non-
linear modulation method, determination of the optimum signal-to-noise
ratio at the detector input for a given error probability presents a very
difficult analytical problem, at least when consideration is given to
minimum bandwidth requirements together with appropriate shaping
of bandpass and postdetection low-pass filters. In Ref. 1 these various
factors were taken into account, but the signal-to-noise ratios at sam-
pling instants were evaluated on the approximate basis of a steady
state carrier representing a continuing space or mark and a relatively
high signal-to-noise ratio. On this basis it turned out that, in the absence
of a postdetection low-pass filter, binary FM would have a disadvantage
in signal-to-noise ratio of about 4.5 db compared to an optimum bipolar
AM or phase reversal system. This would be reduced to about a 1.5-db
disadvantage by addition of an optimum low-pass filter. The analysis
further indicated that, for a specified postdetection low-pass filter, there
would be an optimum division of shaping between the transmitting and
receiving bandpass filters that would give a slight advantage in signal-
to-noise ratios over an optimum bipolar AM system. In view of the ap-
proximations involved, the above analysis does not prove that such an
advantage exists. Rather, it is probable that optimum bipolar AM has
some advantage in signal-to-noise ratio over optimum binary FM. This
is indicated by other analyses that do not assume a high signal-to-noise
ratio but introduce other approximations in that they do not consider
frequency discriminator detection or the shaping of band-pass filters or
the effect of a postdetection low-pass filter.

It is well known that an approximation is involved in assuming high
signal-to-noise ratios and thus ignoring the breaking phenomenon in
IFM. Moreover, even in the absence of intersymbol interference, it is an
approximation to assume a steady state carrier over a short sampling
interval, regardless of the transmitted code, as shown below.* Referring
to Equation (202) of Ref. 1, random noise at the detector input can be
written in the form

ei(t) = ri(L) cos (wil + o) + gi(t) sin (wot + @o). (52)
* This was shown by A. P. Stamboulis.
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When this noise is combined with the signal as given by (43), equa-
tion (48) for the phase in the presence of interference becomes
_siny — ulBo(x) + gi()]

cos y — wlao(z) + ri(x)]’

tan ¥y, = (53)
where v = t/T.

In the absence of intersymbol interference at sampling instants,
as(0) = 0or 1, Bo(0) = 0,y = 0 and p = 2. In this case appropriate
modification of (50) gives for the demodulated signal plus noise at
sampling instants

_ (e A+ r)[2(a + 1) — 1] + ¢ /& + 2a0 qi/d
Ul(U) + U:(0) = C Rla ) = 1 . (54)
where r; = r:(0), ¢; = ¢:(0) and ¢/ = dgi(t)/dt fort = 0.
If r; < 1, the last equation is approximated by

Un(0) + Ui0) =2 a(0) — r: + ¢/ + 2adqi/a, (55)

where Uy(0) = a(0) = 0 for space and 1 for mark, and the interfering
voltage after demodulation is

Ui0) = —ri + ¢//6 + 2adqi/o (56)

The first two terms represent the conventional approximation for a
continuing mark or space and a high signal-to-noise ratio.

In order to neglect the third term in (56) it is necessary that a'(0) =
0. This is not the case except for a continuing space, a continuing mark
or a mark preceded and followed by a continuing space. For other
combinations of transmitted pulses there is some contribution from the
third term. In the particular case of a raised cosine pulse spectrum, as
considered herein, the maximum effect for a random pulse train is less
than 0.15 db and ean thus be ignored. For narrower pulse spectra the
effect may be appreciably greater.

In the analysis that follows, transmission impairments from inter-
symbol interference owing to phase distortion will be evaluated on the
same basis for FM as for the other modulation methods, although the
approximations involved may be somewhat greater.

2.0 Slicing Levels and Noise Margins

As indicated by the preceding derivations, the demodulated wave is
related to the received carrier wave Wy(x) in a manner that depends on
the carrier modulation and detection method. In general the demodu-
lated wave at sampling instants may assume a number of different
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amplitudes. Let U designate the demodulated wave for one particular
amplitude or state a, of the transmitted signal and U™ the demodu-
lated wave at a sampling instant for an adjacent amplitude or state
8,41 Of the transmitted signal. There will then be a certain sequence of
transmitted pulses for which a maximum value Uwar™ is obtained, ow-
ing to intersymbol interference, and also a certain sequence resulting
in a minimum value Uni"*"". If there is equal probability of a, and
a.+1 and of positive and negative noise voltages, the optimum level for
distinetion between U™ and U*™" is

L"fx) — %IU"”“(PHJ + Ifmux(”]- (57)

In the presence of U the margin for distinction from U“*" is
MY = L — U (58)

and in the presence of U“"" the margin for distinction from U is
MO — e Lum' (59)
The minimum margins are obtained with U = Upw® and with
U™ = Upn®™ in (58) and (59). The minimum margins thus be-

come

ﬂf{]]in("+1] — ﬂ[mi“(ﬁ) — %[[}rmi“(ﬁ'l'l) _ Urnnx(a)]- (GO)

For sequences of marks and spaces, or other signal patterns, such
that the minimum margins for distinction between adjacent signal
states are obtained, an error will occur if the noise voltage at the sam-
pling instant exceeds M i, in amplitude and has the appropriate
polarity. (Polarity is immaterial except for the two extreme signal
states.) For other signal patterns the tolerable amplitude of the noise
voltage is greater. The value of M i, relative to the value in the absence
of intersymbol interference thus gives the maximum transmission im-
pairment. The average impairment obtained by considering various
pulse train patterns and the corresponding values of M and M“*"
as given by (58) and (59) will be less, as discussed below.

2.10 Bvaluation of Transmission Impairments

By way of illustration it will be assumed that all values of M between
Muwin and a maximum value M. are equally probable, and that the
noise has a gaussian amplitude distribution. With a given fixed value of
M the probability of an error can be written as

p. = % erfe (aM) (61)
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where erfe = 1 — erf is the error function complement and a is a factor
that depends on the ratio of signal power to noise power.

Considering all noise margins between the limits mentioned above,
the average error probability becomes

_J . 1 } M"]llx
Pe = 11{..".,; - Iumin 2

11
- 2 .('hrm,.x - 11[lnin

erfe (aM)dM

Muin

[M,,.“ erfe B — M., erfe A (63)

1 2 —R?
+a\/;r (("ﬁA — € )]:

where
A =a M,
B =aMuu.
With
Mo =k My, (64)
(63) becomes

1
2k

B3| =

1 '
Po = [l. erfe (kA) — erfe A + eV (e — e“"z)]. (65)

Tor k = 1, the latter expression conforms with (61).
The maximum error probability would be obtained by considering a
fixed noise margin equal to M,,;» and would be
po = serfe A, (66)
The error committed in assuming M., can be determined by writing
P. as given by (65) in the form
p. = %erfe (ed), (67)

where ¢ = 1 is so chosen that (67) equals (65).
The average noise margin is then

M = ¢ Muin (68)

By way of numerical illustration let A be so chosen that 7. as given
by (66) in one case is 107" and in another case 107", The results given
in Table II are then obtained from (65) and (67).

As will be shown in a later section, a factor & = 3 may correspond to
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TaBLE II — Ratio ¢ = M/Mui For EQUaL PROBABILITY OoF ALL
Noise MARGINS BETWEEN Min AND Muax = k M ,nin FOR NOISE
WITH A GAUSSIAN AMPLITUDE DISTRIBUTION

A4 =126 Po=10 A =30; $o=10"
k= 1 2 3 1 2 3
Pe 10—+ 10-% 5 X 10-¢ 10—2 1.6 X 1076 | 7.5 X 1077
¢ 1 1.15 1.17 1 1.1 1.12
¢ (in db) 0 1.2 1.4 0 0.8 1.0

a transmission impairment of about 10 db based on the minimum noise
margin, whereas the actual impairment would be 1.4 db less for an error
probability of 107%, about 1 db less for an error probability 107°. For an
error probability of 107" or less the error committed in evaluating trans-
mission impairments on the basis of the minimum noise margin can be
disregarded. This also applies for greater error probabilities when the
transmission impairment based on the minimum noise margin is small,
in which case & < 2.

111, SYNCHRONOUS AM AND PM

3.1 General

Amplitude modulation can be used in conjunction with envelope de-
tection and synchronous detection. The former method is simplest from
the standpoint of implementation, but synchronous detection, also re-
ferred to as homodyne and coherent detection, affords an improvement
in signal-to-noise ratio. Since synchronous detection is also the simplest
method from the standpoint of analysis, it will be considered here, ex-
cept for a comparison of envelope and synchronous detection for binary
double-sideband AM.

Amplitude modulation in general implies several pulse amplitudes,
and can be used with double-sideband and with vestigial-sideband trans-
mission. The particular case of bipolar binary AM with synchronous
detection is equivalent to two-phase modulation.

With amplitude modulation and synchronous detection it is possible
to transmit pulse trains on two carriers at quadrature with each other,
and under certain idealized conditions to avoid mutual interference. The
special case of bipolar binary AM on each of the two carriers is equiva-
lent to four-phase modulation.

The signal-to-noise ratio as related to error probability is discussed
elsewhere (Ref. 1, Section XVIII) for various optimized binary AM or
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PM systems on the premise of ideal synchronous detection. Ideal syn-
chronous detection for AM or PM as assumed here can in principle be
approached without penalty in signal-to-noise ratio, by various methods
of implementation. For example, a demodulating wave for a product
demodulator can be derived with the aid of a resonator of sufficiently
narrow bandwidth (high Q) tuned to the carrier frequency, or the
second or the fourth harmonic thereof, depending on the particular
method and on whether two-phase or four-phase modulation is used. A
demodulating wave can also be supplied from an oscillator at the re-
ceiving end, the phase of which would be controlled by comparison with
that of the carrier of the received signal. Such phase-locked oscillator
methods have been devised for analog signal transmission by suppressed
carrier double-sideband AM® and vestigial-sideband AM.® With any one
of the above methods, noise in the demodulating wave would be vir-
tually absent, as would the effect of phase distortion in the channel.
Actually some penalty in signal-to-noise ratio as compared to ideal
synchronous detection would be incurred, owing to unavoidable fluctua-
tions in the amplitude and phase of the demodulating wave, resulting
from the finite bandwidth of the resonators and mistuning, or from im-
perfect oscillator control. A common property of these methods is that
a rather long time, as measured in pulse intervals, is required to establish
a demodulating wave, if the above fluctuations in amplitude and phase
are to be held within tolerable limits. This may be a disadvantage in
certain applications, which in the case of phase modulation can be over-
come by differential phase detection, in exchange for a penalty in signal-
to-noise ratio resulting from the presence of both noise and phase dis-
tortion in the demodulating wave, as discussed in Section IV.

A general formulation is given here of intersymbol interference and
resultant maximum transmission impairment as related to the carrier
pulse transmission characteristic, together with illustrative applications
to the particular cases of linear and quadratic delay distortion. The
formulation is, however, applicable to any given gain and phase devia-
tion over the channel band, provided the carrier pulse transmission
characteristic has been determined, which in general would entail Fourier
integral evaluation with the aid of computers.

3.2 Synchronous AM and Two-Phase Modulation
With synchronous detection (22) applies, or alternately, with = 0
and U7y(0) = U,

U =a(0)R.(0) + i [a(—n)R(n) + a(n)R(—n)]. (69)

n=l1
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The following notation will be used:

+
Te

[ f(n) + R (—n)), (70)

Te

(R (n) + R (—n)], (71)

HMB nMa

where R.” designates positive values of K. and R, absolute values
when R, is negative.

Let there be [ different amplitude levels, between a minimum ampli-
tude @min and a maximum amplitude @u. . When a pulse of amplitude
a, = a,(0) is transmitted, the maximum value of (69) is

(Imux(n} = aaRr(O) + amnxrc+ - aminrcﬁ- (72)

For the next higher pulse amplitude @s11 = @ + (@max — @umin) /(I — 1),
the minimum value of (69) is

lrl"i"“-H) = a"+lR!'(0) + axuinrr+ - al;mxrc_- (73)
The minimum noise margin is, in accordance with (60),
T - Apax — Gmin RL‘(O) .+ "
]lllnlll - 2 [[ _ 1 fc ’c . (74)
In the absence of intersymbol interference r.” = 0, .~ = 0 and

R.(0) = R.”(0), so that

1‘1" — Amax — Amin Rco(O)

br =
5 [t (75)

The value of M, as given by (74) is smaller than 2/° in the absence
of intersymbol interference by the factor

RO [, e s .
Nmin = Ro(0) I:I (1 1) W] (76)
R. (0) e -

where A
o= 3 [R—n) + R(n), (78)

in which £, designates the absolute value of R, .
The factor R,(0)/R."(0) represents the transmission impairment ow-
ing to reduction in pulse amplitude at sampling instants. The summation
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term represents transmission impairments owing to intersymbol inter-
ference.

Relation (77) applies regardless of the polarity of the transmitted
pulses and for both symmetrical (double sideband) and asymmetrical
(vestigial sideband) systems. The special case | = 2 and Gmin = — Gumax
represents binary bipolar AM, which can also be regarded as two-phase
transmission.

3.3 Quadrature Carrier AM and Four-Phase Modulation

With synchronous detection it is possible under certain ideal condi-
tions to transmit signals on two carriers at quadrature without mutual
interference. In general, however, the quadrature component in (21)
will in this case give rise to interference and (69) is replaced by

U = a(O)R0) + 3, la(~n)R(n) + a(n)Re(=n)

n=

) (79)
+0(0)Q.(0) + X, B(—n)Qu(n) + b(n)QL—n)],

n=1

where b(n) are the pulse amplitudes in the quadrature system.
IFor equal differences between maximum and minimum amplitudes in
the two systems, .., @uex — @uin = Duax — buin, (77) is replaced by

RO [, -1
Nuin = RO(0) RC(O)

where 7. is defined by (78), and similarly

[mm+n+wk (80)

=2 [a-n +am) (81)
where Q. designates the absolute values of Q. .

In general the phase of the demodulating carrier can be so chosen
that @.(0) = 0, as is demonstrated later.

Expression (80) applies regardless of pulse polarities in the two
quadrature systems. The special case of two binary bipolar AM sys-
tems, i.e., ! = 2and @uwin = bmin = —@max = — bmax can also be regarded
as four-phase transmission.

3.4 Even Symmetry Pulse Spectrum and Delay Distortion

When the spectrum of a received pulse at the detector input has even
symmetry about the carrier frequency, and the phase characteristic has
odd symmetry (even symmetry delay distortion), the quadrature com-
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ponents Q.(n) vanish (see the Appendix). In this case (77) and (80)
are identical, so that there is no mutual interference between pulse
trains transmitted on two carriers at quadrature. In this special case it
is thus possible by quadrature carrier AM to realize a two-fold increase
in pulse transmission rate, without increased intersymbol interference.
An alternative means to the same end is to use vestigial sideband trans-
mission, as discussed below.

Let 7 be the pulse interval in double-sideband AM, in which case the
pulse interval in vestigial-sideband AM would be 7" = T/2. Returning
to (10) and (11) let Ro(¢) be the in-phase component in double-side-
band AM, and let Qy(¢) = 0 for an amplitude spectrum with even sym-
metry about wy and a phase characteristic with odd symmetry. Let w,
be the carrier frequency from midband in vestigial-sideband transmis-
sion. By appropriate choice of w, it is possible to make w7’ = /2, in
which case cos w,T" = 0, sin w,7" = 1. The following relations are thus
obtained:

At even sampling points, i.e., m = 0,24,6, - - - |

Reo(mT’) = (=1)"*Ro(mT’) = (=1)"*Ry(mT/2),

Qco(mT") = 0. (82)
At odd sampling points, i.e., m = 1,3,5,7, - - -,

R.o(mT") =0,

Qeo(mT") = (=1)" "ERy(mT") = (=1)" "*Ry(mT/2).

In accordance with the above relations, at even sampling points only
the in-phase components are present and are the same as in double-side-
band AM. At odd sampling points the quadrature components are pres-
ent, but are eliminated with synchronous detection and need not be
considered.

In summary, when the amplitude spectrum at the detector input has
even symmetry about the midband frequency, and the phase character-
istic has odd symmetry, relation (77) applies for double-sideband AM,
quadrature double-sideband AM, vestigial-sideband AM, as well as
special cases thereof, such as two-phase and four-phase modulation,

In the next section numerical results are given for the special case of
a raised cosine spectrum at the detector input with quadratic delay
distortion about the midband frequency.

(83)

3.5 Raised Cosine Spectrum and Quadratic Delay Distortion

In the following numerical illustration, the spectrum at the detector
input will be assumed to have a raised cosine shape, as shown in Fig. 1.
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The shape of the transmission-frequency characteristic of the channel
required to this end depends on the shape of the transmitted pulses. It
is shown in Fig. 1 for rectangular modulating pulses, with the carrier at
midband and also with the carrier to one side of midband, as in vestigial-
sideband transmission. These characteristics, together with the optimum
division of shaping between transmitting and receiving filters, are dis-
cussed in Section XIV of Ref. 1. Even though the amplitude characteris-
ties of the detector input spectra are the same in double- and vestigial-
sideband transmission, it is necessary to use different shaping of
transmitting filters, as indicated in Fig. 1, since the rectangular modulat-
ing pulses have different carrier frequencies and different durations.

The phase characteristic is assumed to contain a linear component,
together with phase distortion component varying as the third power of
frequency from midband, which corresponds to delay distortion increas-
ing as the second power of frequency from midband, as indicated in Fig.
2. The function Ry(¢/T) = Ro(x + n) for this case has been determined
by numerical integration, as discussed in the Appendix. It is given in
Table XIX of the Appendix and shown in Fig. 2. The values for 2 = 0,
i.e., integral values of ¢{/T are given in Table III.

TasLe IIT — FuncrioNn Ro(r) For RAsEp CoSINE SPECTRUM
AND QuabpraTIic DELAY DISTORTION

d/T
n=1/T -

0 1 2 3 4

—3 0 —0.0006 0.0025 0 0
3 0 ~0.0013 0.0011 0.0017 0.0028
_1 0 0. 0467 0.0756 0.0891 0.0986
0 1 0.9633 0.8795 0.7956 0.7336
1 0 —0.0341 | —0.0098 0.0827 0.2045
2 0 00196 0.0543 0.0655 00142
3 0 00044 0.0020 | —0.0231 | —0.0584
4 0 00014 | —0.0014 | —0.0087 | —0.0037
5 0 00006 | —0.0008 | —0.0022 0.0040
3 Ru(n) 1.0 1.0000 1.0004 1.0006 0.9957

—3

With exact evaluation of Ry(n) the summation D Rs(n) between
n = —wo and n = « should equal 1.

With the values of Ry(n) given in Table 111, the values of 7, = 7, ob-
tained from (78), and of .. as obtained from (77) are given in Table
IV.

These factors are shown in Fig. 3 and apply for double- and vestigial-
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TaBLE IV — FACTOR #fmin FOR RAISED COSINE SPECTRUM AND
Quapratic DELAY DISTORTION FOR SYNCHRONOUS AM
witH [ AMPLITUDE LEvELS*

a/T 0 1 2 3 4

ro 0 0.109 0.148 0.273 0.385
l=2 1 0.855 0.732 0.523 0.347
=3 1 0.746 0.585 0.250 —0.037
=4 1 0.637 0.437 —0.053 —
l=5 1 0.529 0.300 —0.296 —

* Results also apply with envelope detection (Section 3.9)

sideband AM and for quadrature double-sideband AM, and special cases
thereof, such as two-phase and four-phase transmission. Since the quadra-
ture component is absent the factors also apply for double-sideband AM
with envelope detection. It should be noted that T in all cases is the
pulse interval in double-sideband AM, which is twice the pulse interval

1.0 0
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07 \\\\\\ ,Z_
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0.1 \ \ 2
OO 05 1.0 1.5 2.0 25 3.0 35 4.80
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Fig. 3 — Factor n,a for raised cosine pulse speetrum and quadratic delay dis-
tortion as in Fig. 2, for AM systems employing synchronous detection and ! pulse
amplitudes. Factor applies for double- and vestigial-sideband AM and quadrature
double-sideband AM.
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in vestigial-sideband AM or twice the combined pulse interval in quadra-
ture double-sideband AM.

In the above evaluation it was assumed that the pulses were sampled
at t = 0, which is not at the peak of a pulse except for d/T = 0. For
d/T = 4 the pulse peak is nearly at t/T" = = = 0.25. Sampling at
x = 0.25 gives, for I = 2, quin = 0.356 rather than 0.347.

The factor gui. expressed in decibels, as in Fig. 3, indicates the maxi-
mum transmission impairment, i.e., the maximum inecrease in signal-to-
noise ratio required at the detector input to compensate for the effect
of delay distortion. This maximum impairment would be closely ap-
proached for signal-to-noise ratios such that the error probability is suf-
ficiently small, say less than 1077, However, for error probabilities in
the range ordinarily considered the transmission impairment will be
less, in accordance with the discussion in Section 2.10. For example, for
d/T = 4, Ry(0) = 0.734 and 7(0) = 0.385. The maximum noise mar-
gin for [ = 2 is in this case

-ﬂfnmx = RU(O) + 710(0) =~ 1.12
and the minimum margin is
Moin = Ro(0) — 7(0) == 0.397.

For k = Myax/Muin = 3.2, the results given in Table IT indicate that
the transmission impairments would be less than the maximum by
about 1 db and 1.4 db for error probabilities of 10™® and 10™* respec-
tively. For d/T = 4 and [ = 2 the maximum impairment indicated in
Fig. 3 is —20 logw Mumin = 9.2 db, whereas impairments of about 8.2
and 7.8 db would be expected for error probabilities of 107° and 107, on
the premises underlying the evaluation in Section 2.10.

3.6 Even Symmelry Spectrum and Odd Symmetry Delay Distortion

When the pulse spectrum at the detector input has even symmetry
about the midband frequency and the phase characteristic has a com-
ponent of even symmetry, i.e., odd symmetry delay distortion, the in-
phase and quadrature components both have even symmetry with re-
spect to £. That is,

Rn(‘“i) = Rn(t); Qu(—t) = Qﬂ(i) (84)

With synchronous detection the phase of the demodulating carrier
would preferably be so chosen that Qu(t) would vanish at { = 0, since
this would give the maximum amplitude of the demodulated pulse at a
sampling constant, equal to [R,*(0) + Q,°(0)]’. For purposes of analysis
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it is therefore convenient to modify the phase angle so that the quadra-
ture component vanishes at ¢ = 0. The modified quantities are related
to Ry and Qp by (see Appendix)

Ro(0)Ry(1) + Qu(0)Qu(t)
(R#(0) + Qe(0))F °

_ Ry(0)Qu(t) = Qo(0)Ry(t)
Q) = "[Re0) F QEOF (86)

In the case of double-sideband transmission (77) applies, with

Ry(t) = (85)

ims

R (n). (87)

Fo = Too =

With quadrature double-sideband transmission (80) applies, with
Q.(0) = Qw(0) = 0 and

Ge = qu = 22=1Q00(n)» (88)

where Rep and Qg designate absolute values.

In the case of vestigial-sideband transmission at pulse intervals
T' = 7/2, the in-phase component referred to a carrier at frequency
wy + @ is obtained from (10) and becomes

R.ow = cos (w;l‘ )Rm(m) — sin ( )Qm(m) (89)

-

With T = =, ie., @' = =/2, (89) gives at even sampling points,
m = 0,24,6, ---,

Reo'™ = (—=1)"Ru(m). (90)
At odd sampling points, m = 1,3,5,7, - - -,
Rr.l)(l(m) = (—])(mH”EQnu(m)- (91)
In this case (77) applies, with R.(0) = Rw(0) and
Fe = 22 [?un("!) + 22 Qm(?ﬂ). (92)
m=2,46--" n=1,3,5

3.7 Raised Cosine Spectrum and Linear Delay Distortion

For the special case of a raised cosine spectrum and linear delay dis-
tortion the funetions R, and @y have been determined by numerical
integration, as discussed further in the Appendix. They are given in
Table XX for certain ratios d/T, where d is the difference in delay be-
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Fig. 4 — Carrier pulse transmission characteristics for raised cosine spectrum
as in Fig. 1 and linear delay distortion.
tween the midband frequency and maximum sideband frequency as il-
lustrated in Fig. 4. The modified functions Ry and Qu are given in Ta-
ble XXI and are shown in Fig. 4. For negative values of t/T, Bo and Qg
are the same as shown in I'ig. 4 for positive values.

For double-sideband transmission the factors fmin given in Table V
are obtained from (77), with 7. taken in accordance with (87). These
factors are shown in Fig. 5. The case [ = 2 corresponds to two-phase
transmission.
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TABLE V — FACTOR 75, FOR DoUBLE-SIDEBAND AM AND
1
=2, 3,4 axp 5 PuLsE AMPLITUDES

4T
1
0 0.5 } 1 2 3
2 1 [ 0.959 0.860 0.517 —0.144
3 1 0.947 | 0.826 0.336 —0.860
4 1 0.935 0.792 0.155 —1.57
5 1 0.923 0.758 —0.026 —
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Fig. 5 — Factor nmia for raised cosine pulse spectrum and linear delay distor-
tion as in Fig. 4 for double-sideband AM systems employing synchronous detec-

tion and ! pulse amplitudes.

For quadrature double-sideband AM the factors in Table VI are ob-
tained from (80) with 7. and . taken in accordance with (87) and (88).
These factors are shown in Fig. 6. The case [ = 2 corresponds to four-

phase transmission.

For vestigial-sideband transmission the factor gmia is determined from
(77), with 7. taken in accordance with (92). The factors given in Table

VII are thus obtained.
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TABLE VI — FACTOR fmin FOR QUADRATURE DOUBLE-SIDEBAND
AM ror I = 2 AND 3 PULsE AMPLITUDES

d/T
1
0 0.5 ' 1 2
2 1 0.735 0.458 —-0.32
3 1 0.499 0.022 —1.34
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Fig. 6 — Factor guia for raised cosine pulse spectrum and linear delay distor-
tion as in Fig. 4 for quadrature double-sideband AM systems (solid lines) and
vestigial-sideband AM systems (dashed lines) employing synchronous detection
and [ = 2 and 3 pulse amplitudes.

TABLE VII — FACTOR %min FOR VESTIGIAL-SIDEBAND AM
FOR [ = 2 anp 3 PULSE AMPLITUDES

d/T

2 1 0.703 0.42 —0.061
3 1 0.435 —0.05
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1.8 Vestigial-Sideband vs. Quadrature Double-Sideband AM

The factors nmin for vestigial sideband AM are compared in Fig. 6
with the corresponding factors for quadrature double-sideband AM.
With ideal transmission-frequeney characteristics and ideal synchronous
detection the two methods are equivalent from the standpoint of ehannel
bandwidth requirements and optimum signal-to-noise ratio for a given
error probability. As shown in Section 3.4, this also applies for pulse
spectra at the detector input with even symmetry about the midband
frequency, in the presence of delay distortion with even symmetry. The
equations in Section 3.6 and the curves in Fig. 6 show that the above
two methods are not equivalent in the presence of delay distortion with
odd symmetry about the midband frequency. With linear delay distor-
tion the factor gmia is, however, very nearly the same with both methods.
For practical purposes quadrature double-sideband AM and vestigial-
sideband AM can be regarded as equivalent with any type of delay dis-
tortion that would be expected in actual facilities. This equivalence
would apply on the premise of ideal synchronous detection but not neces-
sarily with actual implementation of synchronous detection, for the rea-
son that the penalty in signal-to-noise ratio incurred in deriving a de-
modulating wave may not be the same with both methods.

3.9 Knvelope Delection vs. Synchronous Detection

In the preceding analysis ideal synchronous detection was assumed,
which permits the use of bipolar pulses. An alternative method that is
simpler in implementation is envelope detection, which, however, entails
the use of unipolar pulse transmission and for this reason has a certain
disadvantage in signal-to-noise ratio as compared to synchronous detec-
tion." In addition, transmission impairments by phase distortion may in
certain cases be greater with envelope than with synchronous detec-
tion, as shown below.

When both the pulse spectrum and delay distortion have even sym-
metry about the carrier frequency, so that the quadrature component is
absent, the effect of delay distortion is the same as with synchronous
detection. The results given in Table TV thus apply also for double-side-
band AM with envelope detection.

When a quadrature component is present in the carrier pulse trans-
mission characteristic the resultant demodulated wave is in accordance
with (23) given by

U0) = (r + a) . (93)

where
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]

2. a(n)Ry(x — n), (94)

n=—w

ro = ro(x)

o0

> am@ —n).  (95)

n=—oo

I

¢ = qo(x)

The modified values R and Qo can be used in place of By and Q.

Owing to the presence of both in-phase and quadrature components,
it does not appear feasible to derive a simple general expression for
Upax” and Upin®™" similar to (72) and (73). These values can, how-
ever, be determined by examining several combinations of transmitted
pulses, as illustrated below for binary pulse transmission, a raised cosine
pulse spectrum at the detector input and linear delay distortion. Using
values of Ry and Qg given in Table XXI of the Appendix, the results
are as shown in Table VIII. Since both Ry(¢) and @Qy(¢) in this case have
even symmetry about { = 0 the maximum effect of delay distortion is
encountered for pulse trains with even symmetry about the sampling
point, i.e., a( —n) = a(n). Hence, only pulse trains with this property
need to be considered.

From Table VIII can be obtained W and Wi, as indicated by
asterisks, together with the optimum slicing level given by (57) and the
factor mmin = Wmin' — W . These are given in Table IX.

TaBLE VIII — VarLues or U(0) For RaisEp CoSINE SPECTRUM AND
Linear Deray DistorTioN For Various COMBINATIONS
or Marks = 0 AND Spaces = 1

a/T a0) PSR B R I e o a uio)
0.5 0 1 0 0 0036 |—0.191 |0.195
0 1 1 0 |0.046 | —0.194 |0.199*
0 1 1 1 [0.046 | —0.194 |0.199
1 0 0 0 0.952 [ 0.194 |0.970*
1 1 0 0 |0.988 | 0.003 |0.988
1 1 1 0 |0.998 0 0.998
1 0 1 0 0 |0.1452 | —0.3584 | 0.384*
0 1 1 0 | 0.1676 | —0.3370 | 0.374
0 1 1 1 |0.1688 | —0.3322 | 0.374
1 0 0 0 | 0.8309 | 0.3306 | 0.90%
1 1 0 0 |0.9761 | —0.0278 | 0.08
1 1 1 0 | 0.9985 | —0.0064 | 0.99
2 0 1 0 0 | 0.5192 | —0.4878 | 0.72*
0 1 1 0 | 0.5156 [ 0.3724 | 0.64
1 0 0 0 | 0.5786 | 0.3805 | 0.70
1 0 1 0 |0:5020 | 0.5040 | 0.71
1 0 0 1 |0:5598 | 0.1380 | 0.68*
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TaBLe IX — FacToR fin WITH Binary AM anp ENVELOPE
DerecTioN FOr Raisep COSINE SPECTRUM AND LINEAR
DELAY DISTORTION

d/T ' 0 J 0.5 1 2
Wonax 0 0.199 0.384 0.72
Wonin® 1 0.970 0.900 0.68
L 0.50 0.58 0.63 0.70
Tmin 1 0.77 (0.959)1 0.60 (0.86)% —0.04 (0.517)¢

T From Table V for binary am with synchronous detection.

It will be recognized that synchronous detection has a significant ad-
vantage over envelope detection as regards transmission impairments
caused by pronounced linear delay distortion, for the reason that the
effect of the quadrature component is eliminated. In general, delay dis-
tortion will have a component of even symmetry and a component of
odd symmetry about the carrier frequency, in which case the quadrature
component will be smaller. The advantage of synchronous detection as
regards transmission impairments caused by delay distortion will then
be less than indicated in Table IX. The principal advantage of syn-
chronous detection is that it permits the use of bipolar transmission,
which in the case of binary systems as considered above affords about
3 db improvement in the ratio of average signal power to average noise
power for a given error probability (Ref. 1, Table VII).

In the case of vestigial-sideband transmission a pronounced quadrature
component is present even in the absence of phase distortion. The ad-
vantage of synchronous detection over envelope detection is in this case
significantly greater than for double-sideband transmission considered
above, for the reasons that bipolar transmission can be used and quadra-
ture component is eliminated. In the absence of phase distortion and
with a raised cosine pulse spectrum at the detection input, synchronous
detection has about a 9 db advantage over envelope detector in the ra-
tio of average signal power to average noise power for a given error
probability (6 db owing to elimination of quadrature component and 3
db owing to bipolar transmission).

Evaluation of transmission impairments from phase distortion is more
complicated for envelope than for synchronous detection. These impair-
ments have been determined experimentally for a binary vestigial-side-
band system with an approximately raised cosine spectrum at the de-
tector input, for linear and quadratic delay distortion and combinations
thereof.' They are significantly greater than determined herein for syn-
chronous detection. Hence envelope detection entails more phase equali-
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zation than synchronous detection, unless a greater disparity in signal-
to-noise ratio is accepted than the 9 db applying in the absence of phase
distortion.

IV, PM WITH DIFFERENTIAL PHASE DETECTION

4.1 General

In phase modulation with differential phase detection, the demodulator
output would under ideal conditions depend on changes in earrier phase
between two successive pulse intervals of duration 7. In its simplest
and ideal form, the signal with two-phase modulation would be applied
to one pair of terminals of a product demodulator, while the signal de-
layed by a pulse interval T would be applied to the other pair. With four-
phase modulation two product demodulators are required, each with a
delay network at one pair of terminals. In addition, a phase shift of 90°
must be provided between all frequencies of the demodulating waves of
the two demodulators, as indicated in Fig. 7. Such a phase shift over a
frequency band can be realized in principle and closely approached with
actual networks.” The modulator outputs would be applied to low-pass
filters of appropriate bandwidth for elimination of high-frequency de-
modulation products, and the output of these would be sampled at in-
terval T'. The phase of the carrier would be indicated by the combined
output as discussed in Sections 2.5 and 2.6.

With the above method it is possible with ideal channel characteristics
to avoid intersymbol interference at sampling instants, without the need
for a wider channel band than required with synchronous detection.
However, the two methods are not in all respeets equivalent from the

PRODUCT LOW-PASS +1
DEMODULATOR FILTER SAMPLING —-

PHASE

MODULATED
CARRIER n n D =peELAY T
—

6, =PHASE SHIFT 77/4 (45°)

n B 6, =PHASE SHIFT - 77/4(-45°)

PRODUCT LOW-PASS +1
DEMODULATOR FILTER SAMPLING

Fig. 7 — Basic demodulator arrangement for four-phase modulation with dif-
ferential phase detection.
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standpoint of bandwidth utilization. As discussed in Sections 2.5 and
2.6, with synchronous detection the carrier frequency must be at least
equal to the maximum baseband signal frequency, whereas with differ-
ential phase detection it must exceed twice the maximum baseband
signal frequency. This requirement does not impose a limitation on
bandwidth utilization with differential phase modulation provided the
midband frequency of the available channel is at least twice the lowest
frequeney, or that this condition is realized through frequency transla-
tion prior to demodulation.

With differential phase detection the demodulating wave is established
without the need for a long delay (measured in pulse intervals) as re-
quired with certain other methods mentioned in Section 3.1. Moreover,
a substantial fluctuation in carrier phase can be tolerated, since only the
difference in phase between adjacent pulses need be considered. These
advantages are realized in exchange for a penalty in signal-to-noise ratio
as compared to ideal synchronous detection owing to the presence of
noise in the demodulating wave. For very small error probabilities, and
assuming ideal implementation in all respects, this impairment is about
1 db for two-phase and about 2.3 db for four-phase modulation.*’ Com-
parable penalties in signal-to-noise ratio as compared to ideal synchro-
nous detection may be incurred with the other methods of providing a
demodulating wave mentioned in Section 3.1, owing to small unavoidable
amplitude and phase fluctuations in the demodulating wave resulting
from other causes than noise. However, in the case of differential phase
detection, greater transmission impairments would be expected from
phase distortion, since the effect of phase distortion, like that of noise, is
present in both the signal and the demodulating wave. The transmission
impairments resulting from quadratic delay distortion are determined
here, and compared with that encountered with ideal synchronous detec-
tion.

Other implementations of differential phase detection than assumed
herein have been used, but in principle these entail a wider channel band
than with ideal synchronous detection. For example, the two demodu-
lator inputs or outputs could be integrated over a pulse integral 7' with
the aid of a narrow-band resonator tuned to the carrier frequency, and
then be rapidly quenched before the next signal interval. When the
channel bandwidth is limited, the phase of the demodulating carrier will
then depend on the phases of the carrier during several pulse intervals.
Thus some intersymbol interference from bandwidth limitation is en-
countered even in the absence of phase distortion, and the effect of phase
distortion will be greater than that determined herein. However, exces-
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sive transmission impairments from bandwidth limitation and phase dis-
tortion can be avoided by appropriate techniques, as when a large num-
ber of narrow channels are provided within a common band of much
greater bandwidth than that of the individual channels.™

4.2 Basic Expressions

In differential phase modulation the carrier would be at midband, i.e.,
w, = wy. With Uy = V, expression (33) for the demodulated signal
becomes

-]

V = Z S,;(O)Pu('“n): (96)

n=—oo

where

8.00) = 3 Bu(—m) cos [Wa(—n) — vo(—m + 1)
= (97)

+ @o(—n) — @o( —m) — 6.

The above expressions apply for the output of the single demodulator in
two-phase systems, in which # = 0. In four-phase systems the output of
one demodulator is obtained with 8 = 6; and the output of the other
with § = 6 = 6, + x/2.

Examination of (97) shows that the term for m = n + 1 is independent,
of the phase difference y,»(—n) — ¢o(—m + 1) and is given by

cos [po( —n) — @o(—n — 1) — )Py(—n — 1).

This represents o pc or bias component. The total bias component in
(96) is

o0

Vo= 2, cosle(—n) —@o(—n — 1) — 0]Po( —n)Po(—n — 1). (98)

Determination of transmission impairments becomes rather difficult
except for the special case in which ¢¢(n) = 0, which will be considered
in further detail below.

4.3 Even Symmelry Spectrum and Delay Distortion

When the pulse spectrum has even symmetry about the midband
frequency, and the phase characteristic has odd symmetry (i.e., even
symmetry delay distortion) the quadrature component of Py(¢) van-
ishes, i.e., (—n) = 0. In this case, P, = R, and (96) becomes
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V = i S,,(O)Ro(—n)
n=—00 i} (99)
= SolRo(0) + Z,] [S.Ro(—n) + S_.Re(n)],
while (97) and (98) simplify to
S, = S.(0) = i Ro(—m) cos [Yo( —n) — ¢o(—m + 1) — 6], (100)
Vo = i Ro(—n)Ry(—n — 1) cos 6. (101)

m=—0od

With 8§ = =/4 in (100) and (101), these e_xpressions can be written,
after introduction of a normalizing factor /2,

©

S, = ; Ro(—m)an(n), (102)
Vo = i Ry(—n)Ro(—n — 1), (103)
a'm(“') = '\/é cos ['PU(_H) - %(“m + 1) — 7"/4]
= cos [o( —n) — Yol —m + 1)] + sin [Yo( —n) (104)
—_ \LQ(—?n + 1)].

With yo( —n) — (—m + 1) = 0, #/2, = or 3=/2 the following rela-
tions apply

am(n) = £1 for m#=n+ 1,

(105)
=1 for m=mn -+ 1.

In view of (105), (102) can alternately be written in the form

o0

Sy — [1 = aupn()Ro(—=n — 1) = 2 aun(0)Re(—m), (106)

M=o

where in the summation a,(n) can be chosen as —1 or as 1, also for
m=n—+ 1.

4.4 Two-Phase Modulation

With synchronous detection, two-phase modulation could be used in
conjunction with both double-sideband and vestigial-sideband trans-
mission. With differential phase detection, however, vestigial-sideband
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transmission is not practicable, since severe transmission impairments
would be incurred even in the absence of phase distortion, owing to the
presence of the quadrature component. Hence only double-sideband
two-phase modulation is considered here.

For n = 0, (106) gives

So — [ — ai(0)Ro(—1)] = Zw an(0)Ro(—m). (107)
Assume that in (107) a sequence of values of a,,(0) has been chosen,
for example a_3(0) = 1, a_2(0) =1, a4(0) = 1, a(0) = 1, ;;(0) =
—1, as(0) = 1, ete. For any other value of n than n = 0, the sequence
of a,(n) will either be identical with that for a,(0), or all signs will
be reversed. This follows from (104), since ¥o( —n) will differ from
¥o(0) by 0 or =. Hence, for n # 0, the right-hand side of (106) can be
replaced by the left-hand side of (107), so that

Se = [1 — ap(m)Ro(—n — 1) = =[S — [1 — ax(0)]Re(—1)] (108)

In the absence of intersymbol interference, ¥ as given by (99) would
be —1 or 1. In the following, the minimum possible value of V will be
determined, on the assumption that ¥V = 1 without intersymbol inter-

ference; i.e., ap(0) = 1.
Consider first the term SyRo(0) in (99). The minimum possible value
of Sy is obtained from (107) by choosing a,.(0) = —1 for Roy(—m) > 0

and a,(0) = 1 for By(—m) < 0. The following relation is thus obtained
for the minimum possible value of Sy , on the above premise of ao(0) = 1:

Somin = [1 = a(0)] Ro(—1) + Ry(0)

= = 109
= 3 1R —m) + Ro(m), (1%
where R, designates the absolute values. In the above expression a,(0)
would be taken as a,(0) = 1if Ro(—1) < 0 and as a,(0) = —1 if
Ro(—1) > 0. The term [1 — a,(0)]Ro(—1) can therefore be written alter-
natively as Ro( —1) + Ro(—1), in which case (109) becomes

Somin = Ro( —1) + Ro(—=1) + Uwin, (110)
where
Umin = Ro(0) — ;{Rn(“m) + Ry(m)]. (111)

It will be recognized that U/,,i, is the same as the minimum possible value
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of the demodulated voltage with synchronous detection, in the presence
of a mark, as given in a somewhat more general form by (73).

Having thus determined S uin it follows from (108) and (110) that
the two possible associated values of S, i are given by

Suwmin = Ro(—n — 1) + Ro(—n — 1) £ Unin, (112)

where the term [I — auppa(n)]Ro(—n — 1) in (108) has been replaced
by the equivalent representation by the first two terms in (112).

To obtain the minimum value of V as given by (99), each term in the
series must be made to have the maximum negative value. To this end
the negative sign in (112) for U, is chosen if Ry(n) is positive, and the
positive sign if Ro(n) is negative. The minimum possible value of V
thus obtained with (110) and (112) in (99) is

Viin = [Ro(—1) 4 Bo(—1) + UninlRo(0)
+ i [Ro( =n — 1) + Ro( —n — 1)]Re(—n)

w 113
+ X [Ro(n +1) + Ro(n + 1)]Ro(n) (113)

n=1

— Uin 3 (=) + Ruln)),

= lfmin {RD(G) - i [H,U( _ﬂ’) + EU(”‘)]}

n=1

; (114)
+ X [R(=n —1) 4+ Ro(—n — DIRy(—n),

where the first term can also be written Upia’.

In accordance with the discussion in Section 4.2, the demodulator
output contains a bias or pc component Vy given by (103). Optimum
performance is obtained when the threshold level for distinction between
V = 1and V = —1 is made equal to ¥y. When V) is subtracted from
both sides of (114) the following expression is obtained for two-phase
modulation:

]rminn = ‘vmin - ‘YO = l"rmin- + Er (115)

where

4
Il

i Ry(—n — 1)Ry(—n). (116)

Ti=—0u0
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When intersymbol interference is absent at sampling instants,
Ro(n) = 0 forn # 0, and for n = 0 is R(0). In this case V' =
Umin® = [Ro'(0)F". The voltage given by (115) is smaller than in the
absence of intersymbol interference by the factor

ﬂmino = nminz + z/[Rﬁu(O)]E) (117)

where numin applies for synchronous detection.

4.5 Four-Phase Modulation

The basic difference between two-phase and four-phase modulation is
that relation (108) does not apply for four-phase modulation. Returning
to the discussion following (107), if a sequence a,,(0) is chosen in four-
phase transmission, the sequence a,(n) can be chosen independently.
This follows from the (104), which shows that if @,,(0) has a given value,
say an(0) = 1, it is possible to make each a,(n) equal to +1 or —1 hy
appropriate choice of y(—n).

For this reason the minimum value (or maximum negative value) of
the right-hand side of (106) is now, for n # 0:

[Sﬂ - [1 - an+1(n)]Rﬂ(—n - 1)]min

R _ 118
= —Ry(0) — .,,z.:l [Ro( —=m) + Ro(m)]. (118)

The right-hand side of (118) is smaller than for two-phase transmis-
sion as given by (112) by —2R,(0). When this modification is intro-
duced, the following expression is obtained for four-phase modulation,
in place of (115) for two-phase modulation:

Vo' = Unia® = 28:(0) 3 (Ru(—n) + Re(n)]

(119)
+ ;_ Ro(—n — 1)Ro(—n)
or
Vain® = Unin: — 2Ro(0)[Ro(0) — Uwin] + =, (120)

where Z is given by (116).
The voltage given by (120) is smaller than in the absence of inter-
symbol interference by the factor

Ull!inﬂ = [VminD/Ruu(O)]z- (121)
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TaBLE X — MINIMUM AMPLITUDES OF DEMODULATED PULSE
Tramns IN Two-PHasE MobpULATION WITH DIFFERENTIAL
Puasg DEerEcriOoN

a/T 0 1 2 3 4
l']miu2 1 0.730 0.536 0.273 0.120
z 0 0.012 0.058 0.137 0.222
Vo = Ly 0 0.012 0.058 0.137 0.222
Viin® = 7min® +1 +0.74 | £0.594 | =0.41 +0.342
mint = Vmia® + "o 1 0.75 0.652 0.547 0.564
minm = — Vmin® + Vo -1 —0.73 —0.536 | —0.273 | —0.12

4.6 Raised Cosine Spectrum and Quadratic Delay Dislortion

The function Ry(n) for this case is given in Table III. The values of
Uwin for synchronous detection are given in Table IV for [ = 2. In
Table X are given the various quantities appearing in expression (115)
for the minimum amplitudes of received pulse trains at sampling instants
with optimum slicing lead equal to the nc component V,. The values
of Viin® = 7min are shown in Fig. 8.
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Fig. 8 — Factor gmi. for raised cosine spectrum and quadratic delay distortion
as in Fig. 2 for synchronous detection and differential phase detection. Curve 1:
Ideal synchronous detection —applies for two-phase and four-phase modulation
with earrier at midband and pulses at intervals 7', and for vestigial-sideband
transmission with pulses at intervals 7/2. Curve 2: Ideal differential phase detec-
tion — two-phase modulation with pulse interval 7. Curve 3: Ideal differential
phase detection — four-phase modulation with pulse interval 7'.
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TaBLE XI — MiNmMuM AMPLITUDES OF DEMODULATED PULSE
TrRAINS IN F'oUR-PHASE MODULATION WITH DIFFERENTIAL
Puase DETECTION

/T 0 1 2 3* 4
Vo = Ly 0 0.012 0.058 | —0.137 | —0.232
Vmin" = fmin’ +1 +0.53 =+0.33 +0.04 +0.23
minT = Vmin® + Vo +1 +0.54 | +0.39 | 4+0.10 0
Vminm = —=Vai? + Vo -1 —0.52 —0.27 +0.18 +0.45

* Reversal of sign indicates a reversal in sign of the demodulated pulses.

With the accuracy used herein it turns out that £ and V', are numeri-
cally equal but are not identical.

It will be noted that, when delay distortion is pronounced, the bias
component V), is appreciable, and that a significant penalty can be in-
curred if the threshold or slicing level is taken as 0 rather than V. For
example, with d/T = 4 and 0 threshold level the minimum amplitude
of a demodulated pulse for a carrier phase ¢ = 0 would be 0.564, and
the minimum negative amplitude for a carrier phase y = x would be
—0.12. With the optimum threshold level the minimum amplitudes are
+0.342. Hence the tolerable peak noise amplitudes would be greater
by a factor 0.342/0.12 = 2.85.

With four-phase modulation the values given in Table XTI are obtained
from (120). The values of Vi’ = fmin’ are shown in Fig. 8.

In the above illustrative examples it was assumed that pulses were
transmitted at the minimum interval 7' permitted if intersymbol inter-
ference is to be avoided in the absence of delay distortion. The effect, of
delay distortion may or may not be reduced by increasing the pulse
interval, that is, in exchange for a slower transmission rate. By way of

Tasre XII — Funcrion Ry(n) ror Raisep CoOSINE SPECTRUM
AND QuapraTIic DELAY DIisToRTION WITH 50 PER CENT
INcrEASE IN PULSE INTERVAL

a/T
n*
0 1 2 3 4
-2 0 —0.0006 0.0025 0 0
-1 0 0.0053 0.0081 0.0145 0.0202
0 1 0.9633 0.8795 0.7956 0.7336
1 0 —0.0341 —0.1161 —0.2200 —0.2909
2 0 0.0044 0.0020 —0.0231 —0.0584
3 1] —0.0009 0.0011 0.0044 —0.0030

n* = % of the values n given in Table XIX.
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TapLe XIIT — MINIMUM AMPLITUDES OF DEMODULATED PuLses
wITH 50 PER CENT INCREASE IN PULSE INTERVALS

d/T 0 1 2 3 4
Unin 1 0.92 0.75 0.50 0.36
z 0 —0.028 —0.10 —-0.17 —0.08
Vimin® (2-phase) 1 0.80 0.46 0.08 0.045
Vmin® (4-phase) 1 0.72 0.23 —0.40 —0.50

illustration it will be assumed that the pulse interval is increased by a
factor 1.5, in which case the values of Ry are as given in Table XII.

With this modification, the various quantities are as given in Table
XIII.

In Fig. 9 values of Upin and Vi’ are compared with those for the
minimum interval between pulses. It will be noted that there is no signifi-
cant difference in the ecase of two-phase or four-phase modulation with
synchronous detection. With differential synchronous detection some
advantage is realized for small delay distortion in exchange for a dis-
advantage with pronounced delay distortion.
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Fig. 9 — Effect of pulse interval on factor nmin for raised cosine spectrum with
quadratic delay distortion (dashed curves: pulse interval T, as in Fig. 8; solid
curves: pulse interval 1.57). Curves 1: Ideal synchronous detection — applies for
two-phase and four-phase modulation with carrier at midband and pulses at in-
tervals 1.57 and for vestigial-sideband transmission with pulses at intervals 0.757.
Curves 2: Ideal differential phase detection — two-phase modulation with pulse
intervals 1.57". Curves 3: Ideal differential phase detection — four-phase modula-
tion with pulse intervals 1.57.
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V. BINARY FREQUENCY MODULATION (F8K)

5.1 General

As shown elsewhere," with optimum design, binary M or frequency
shift keying requires the same minimum bandwidth as double-sideband
AM. In the absence of transmission distortion from gain and phase
deviations, the optimum signal-to-noise ratio required at the detector
input, for a given error probability is slightly greater than for two-phase
transmission with ideal synchronous detection, but would be expected
to be about the same as for two-phase transmission with ideal differen-
tial phase detection. Binary FM may be preferable to the latter method
from the standpoint of implementation and has an advantage over the
simpler method of binary AM with envelope detection from the stand-
point of signal-to-noise ratio and performance during sudden transmis-
sion level variations.

The performance of binary FM is determined here for channels with
linear and quadratic delay distortion and compared with that of the
other methods mentioned above, In this analysis ideal frequency dis-
criminator detection is assumed, in which the demodulated signal is pro-
portional to the time derivative of the phase of the received wave. This
condition may be closely approached with actual detectors when the
channel bandwidth is small in relation to the midband frequency. How-
ever, when this is not the case, ideal FM detection is only approximated
with conventional frequency diseriminators or zero crossing detectors.

5.2 Basic Expression

Expression (48) for the demodulated pulse train applies for any am-
plitude and phase characteristic of the channel. In the case of a continu-
ing space, a(n) = 0in (46) and (47) and Uo(t) = 0. With a continuing
mark, a(n) = 1in the above expressions and

wl(@) = 3o (=1)"Rilz = ), (122)
Bi@) = 3 (=Gt — ). (123)

Returning to (21), it will be recognized that (122) and (123) repre-
sent the in-phase and quadrature components in a binary amplitude
modulation system when pulses of duration T' and alternating polarity
are transmitted, i.e., a(n) = (—1)"1in (21). The fundamental frequency
of such a pulse train is @ = T/x. Let A(—&) and ¥( —&) be the ampli-
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tude and phase characteristic of the channel at the frequency —a& from
wo; A(®) and ¥(@) the corresponding quantities at the frequency @
from wp . Solution of (122) and (123) for the above steady state condi-
tion of alternate marks and spaces in binary AM gives

ap(z) = A(—a) cos [—at — ¥(—a)] + A(@) cos [of — ¥(a)], (124)
Bo(x) = —A(&) sin [—at — ¥(—@)] + A(@) sin [af — ¥(a)]. (125)

With (124) and (125) in (50), it turns out by way of check that
Uo(z) = 1 for a continuing mark for any amplitude and phase charac-
teristic of the channel.

Tor pulse trains other than continuing marks or spaces, intersymbol
interference will be encountered from amplitude and phase distortion.
In the following section special cases of phase distortion will be examined
further. It will be assumed that the amplitude characteristic has the
appropriate shape so that intersymbol interference can be avoided in the
absence of phase distortion. To this end it is necessary that A(—w) =
A(&) = % or g = 2 as shown elsewhere (Ref. 1, Section V). In this case
(50) becomes with Uy = U:

U(t) = 1%[2(0:“2 + B0°) — aycos y — Bysin y

. R (126)
- L_B (a(,' sin [/ ﬁur COS U) - ::u (.30’010 - ﬂu’.ﬁu)] )
where
D =14 4(a + B) — 4(ag cos y + Bosin y), (127)

in which
ay = day/dl,
Bd' = dBo/dt, (128)
y =mr+ ¥(—ow),

ap = ap(x) = i (=) "a(n)Ro(x — n), (129)

n=—wx

£

> (=1 "a(n)Qu(x — n), (130)

Nn=—u0

By = IBIJ( &)
where

— a(n) = 0 {for space

1 |for mark.
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5.3 Even Symmetry Specirum and Delay Distortion

When the amplitude characteristic of the channel has even symmetry
about wg and the phase characteristic has odd symmetry Qo(x + n) = 0
and (126) simplifies to

2a) — agcos y — (e /@) sin y
7 = . 1
U 1 + 4ay* — 4ap cos y (131)

Optimum performance would be expected when a single pulse is sam-
pled at its peak, a condition which is at least closely approximated with
y = 0. This condition is met when ¢ = {;is so chosen that

bo/T = 29 = —¥(—a)/m (132)
Expression (131) then simplifies to
(1) = ao( o) . 9
Ul) = g3t (133)

IFor further analysis it is convenient to introduce the quantities

w (20) = il (=)™ Ro(e — n) |~ + | (=D Re(w + n) [, (134)

;](*l)nRo(.v — )"+ [ (=1)"Re(x — n) |7, (135)

+
oy (E) =
where | | designates absolute values when (—1)"Ry(x 4 n) is nega-
tive and | |* when it is positive.

It will be recognized that

> (—1)"Ry(x — n) _
n=00 (]"3())

= ap(x) = cosy,

Il

Ry(z) + au'(2) — av ()

where the last relations follow in view of (122), (124) and (128).
During transmission of a space, delay distortion will have an adverse
effect only if U as given by (133) is positive, since only in this case is
the tolerance to noise reduced. To obtain a positive value of U, it is
necessary to have either ay = % or ay < 0. For a space, a(0) = 0 in
(129) and a value of & = % can then be excluded for any reasonable
delay distortion. It will, therefore, be assumed that oy < 0. The maxi-
mum positive value of U, i.e., the maximum adverse effect of delay dis-
tortion, is then obtained with the maximum possible negative value of
ap . This maximum value is obtained by choosing a(n) = 0 in (129)
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whenever ( —1)"Ro(x — n) is positive and choosing a(n) = 1 whenever
(—=1)"Ro(x — n) is negative. The maximum negative value of () thus
obtained is given by (134). The corresponding maximum value of U(#)
in the presence of a space and with sampling at ¢ = {, as defined by
(132) is

I —ay (@) ay (x) ‘ -
Umax S (re) =1 1% Zav-(20) (137)

During transmission of a mark delay distortion will have an adverse
effect only if U/(#,) < 1. This will be the case if ag > 1 or ey < % in
(133). With a(0) = 1 in (129) for a mark, the condition ey < § will
not be encountered with any reasonable delay distortion and only the
case ap > 1 needs to be considered. The minimum positive value of
U(ty) in the presence of a mark is obtained when ay is taken as the maxi-

mum positive value given by ay(x) = Ro(x) + a0 (x), where o' is
given by (135). In view of (136) it follows that, for y = 0,
an(x0) = Ro(x0) + oo (1) = 1 + ao (x0). (138)

With (138) in (133) the minimum amplitude of a pulse train in the
presence of a mark and at the sampling instant # defined by (132) be-
comes:

_ 1+ Cl’n_(-l'nr)ir _ 14 a0 (20)
2“ + a(|7(.l'|))l — 1 1 + 2{!()_(1'0).
The optimum slicing level in the presence of delay distortion becomes

for conditions as discussed in Section 2.9,

IJO = %[l]nmxm) + Umiu“)] = % (140)

The minimum amplitude of a pulse train in the presence of a mark
relative to the optimum slicing level becomes

1 1
21 + 2a0 (20)]

The latter expression also applies for the difference between the slicing
level and the maximum amplitude of a pulse train at a sampling point
in the presence of a space.

Expression (141) shows that the minimum amplitude at a sampling
point is smaller than in the absence of delay distortion (ay = 0) by
the factor

Ijl,min“) (139)

[]:nin(” - LO = (141)

1

Mmin = 77 —7 7 *
1+ 2(10_(;1‘0)

(142)



400 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1961

TABLE XIV — FACTOR nmin FOR RAISED COSINE SPECTRUM
AND QuADRATIC DELAY DISTORTION

a/T 0 1 2 3 4
¥ (—w) 0 —x/12 —/6 — /4 —x/3
To 0 1/12 1/6 1/4 1/3
o (xo) 0 0.07 0.125 0.20 0.35
Tmin 1 0.88 0.80 0.72 0.59

5.4 Raised Cosine Spectrum and Quadratic Delay Distortion

In the particular case of a raised cosine spectrum of the pulses at the
detector input, as shown in Fig. 1, and quadratic delay distortion, the
function Ro(¢/T) = Ro(x + n) is given in Table XIX of the Appendix.
The phase distortion ¥( — &) in this case is given by

- d\ =
V(-a) = ‘("T)Ti’ (143)

where d/7 is defined as in Section 4.5.

In Table XIV are given ¥( —a) together with xy as obtained from
(132), an (xq) as given by (134) and guia as obtained from (142). These
factors are shown in TFig. 10, together with the corresponding factor for
binary double-sideband AM as obtained from Table 1V.

5.5 Raised Cosine Spectrum and Linear Delay Distortion

When both the pulse spectrum at the detector input and phase dis-
tortion has even symmetry about the frequency w, the following rela-
tions apply (see Appendix):

Ro(—t) = Ro(t), Qu(—1t) = Qu(t); (144)
R(—t) = —=R/(1),  Q'(=1) = —Q(1). (145)

The maximum amplitude of a single pulse in this case is at { = 0.
Optimum performance is obtained with samplingat ¢ = 0, in which case
yin (126) and (127) is given by

y = Yo = ¥(—0a), (146)

and:

a0 = ao(0) = ngﬁ (=1)"a(n)Ro(—n), (147)



PULSE TRANSMISSION WITH PHASE DISTORTION 401

1.0 0
N\ QUADRATURE DELAY
RN DISTORTION: 9
YN == FM a
AN \ N A AM WITH @
o8 AN A ,~~ | SYNCHRONOUS OR - 2
. N \ N \ <[ ENVELOPE DETECTION a
\
\ \ z
LAY \ ‘( \\
0.7 X [
\ ) \ \ N z
\\ ‘\ \\ \ g
0.6 A “ \\ \ 4.4 %
\ a
A Y \ =
£ W \ N, S~ =
3 05 .Y z %
& \‘\\ \‘ \ Q
0.4 AR e AN 8 =
! v v
\ \ N 2
1 \ <
0.3 W 1 < ©
.3 \ [
\ LINEAR DELAY \ s
\ DISTORTION: ]
0.2 AM SYNCHRONOUS 14 2
X~  DETECTION x
B FM =
0.1 T \__ AM ENVELOPE
Mol ———T7 v\~ DETECTION
\i" | \
[o] |\ \ | 1 | 00
o 05 10 1.5 20 25 30 35 40 45 50

Fig. 10 — Factor gmia for binary pulse transmission by FM and double-side-
band AM, for quadratic delay distortion as in Fig. 2 and linear delay distortion
as in Fig. 4.

B = A0) = 3 (—1)a(n)Q(—n), (118)
af = a/(0) = 3 (~1)a(mAi (), (149)
80 = B0) = 3 (=1)"a(n)Qi(n). (150)

For the special case of a raised cosine spectrum and linear delay dis-
tortion, the functions Ry and @, are given in Table XX of the Appendix.
The functions Ry (n) and Qy'(n) are related to the functions I, and ¢,
given in Table XXII by

Rui(f)/‘:’ =

BRI

RO, Q06 = a0, (151)

The funections Ry and o are given in Table XV for integral values of
n = (/T and the functions Ry /& and @'/ are given in Table XVI.
In the above case of quadratic phase distortion of the form ¢(u) = e’
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TasLe XV — Funcrions Ry(nT) anp Qo(nT")
FOrR LINEAR DELAY DisTorTION

/T 05 1 2
n Ro Qo Ro Qo Ro ‘ Qo
0 0.9516 0.1941 | 0.8309 0.3306 0.5786 0.3895
+1 0.080 —0.0956 | 0.0726 —0.1792 0.2596 | —0.2439
+2 0.0048 —0.0014 | 0.0112 0.0107 | —0.0383 0.0577
+3 0.0008 0 0.0006 0.0024 | —0.0094 | —0.0052
+4 0 0 0 0 0 0
and linear delay distortion ¢’(u) = 2cu, the phase distortion at u = —&
is given by
d

V(—a) = ¥(a) = (152)

T
T4
Owing to the several quantities ao, 8o, ad’ , B, Bdas, a’Bo and o
involved in (126), it does not appear feasible to derive simple relations
for Upex” and U™, However, it is possible to determine these by
examining several cases, as illustrated below ford/T = 1 and d/T" = 2.
With d/T = 1in (152), relation (146) gives

Yo =V¥(—0a) = /4

and (126) becomes

U(0) = Ny/Dy, (153)
Ny = 2(a0 + 85) — 3 2(a + Bo + /& — B /@)
(154)
— 2B’ /@ — Bod /@)],
D, =14 4(a + B°) — 24/ 2(a0 + Bo), (155)

where ay , 8o, a0’ and By’ are given by (147) through (150).

TaBLE XVI — I'unctions Ry'/e = (4/m)Ry aNDp @Q'/a = (4/7)Qs
FOR LINEAR Drray Distrorrion

4T 0.5 1 2
n R/ Qu'/a Ro'/a l Qv/a Ri'fa ‘ 00'/a
0 0 0 0 0 0 0
+1 +0.1432 | +£0.0624 | 0.2263 | 3=0.0639 | +0.3016 | 20.1053
+2 =+0.0065 | =0.0134 | 2=0.0013 | =0.0272 | +0.0980 | +0.0167
+3 +0.0006 | =0.0036 | 2=0.0051 | =0.0023 | +0.0042 | +0.0188
+4 0 0 0 0 0 0
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TaBLE XVII — Varues or U(0) ror RaisEp CosSINE SPECTRUM
AND LiNEAR DELAY DistorTion witH d/T =

a(—=2) la(=1) | a(0) | a(1} | a(2) an Bo ad'/@ Bo'/@ M Dy U(o)
0 1 0 1 0 [=0.146/ 0.358] 0 0 0.15 (1.0 0.15
0 0 0 1 0 |—0.073| 0.179/—0.227| 0.064] 0.173| 0.87 | 0.16*
0 1 0 0 0 |—0.073| 0.179| 0.227/—0.064/—0.29 | 0.87 |—0.33
1 1 0 1 1 [—0,124| 0.38 0 0 0.136{ 0.90 | 0.15
0 0 1 0 0 0.831] 0.331 0 0 0.78 | 0.90 | 0.86
0 1 1 1 0 0.68 | 0.89 0 0 1.4 | 1.6 0.87
0 0 1 1 0 0.76 | 0.51 |—0.227| 0.064 0.66 | 0.76 | 0.87
0 1 1 0 0 0.76 | 0.51 | 0.227|—0.064| 0.89 | 0.76 1.16
1 1 1 1 1 0.70 | 0.91 0 0 1.21 | 1.43 | 0.84*

For various combinations of marks and spaces, i.e., a(n) = 1 and 0,
the results given in Table XVII are obtained.

The maximum value in the presence of a space is Upax =2 0.16 and
the minimum value in the presence of a mark is Umin” == 0.84, as indi-

.ated by asterisks. The optimum slicing level is 3[Umax" + Uwmin'"] =
0.5. The factor . is in this case

Mmin = {rmin“) - Umm:w) =~ 0.068.

For d/T = 2, (152) gives ¥(—&) = x/2 = yo. In this case (126)
becomes

U(0) = No/Ds, (156)
Ny = 2(a + B) — B — a'/& — 2(aBd'/& — foad /@), (157)
Dy =1+ 4(a’ + B") — 450 (158)

The results in th1'-3 case are given in Table XVIII. In this case Unax" =

057, Unin” = 042, Lo =2 0.5 and nuia = Ui — U’ = —0.15.

TapLe XVIII — VaLves or U(0) ror Raisep CoSINE SPECTRUM
AND Lingar Denay Distortion witn d/T = 2

a(—=2) |a(—1) | a(®) | a(1) | a(2) an Bo ad'/o Ao’ /w N: Dy U

—0.520) 0.488, 0 0 0.526 1.08 | 0.49

0.319| 0.634/—0.302|—0.106| 0.46 | 0.67 | 0.69
0.319] 0.634 0.302|—0.106/ 0.48 | 0.67 | 0.71

0 1 0 1 0
0 0 0 1 0 [—0.260 0.244/—0.302/—0.106| 0.09 | 0.53 | 0.17
0 1 0 0 |—0.260] 0.244| 0.302 0.106/—0.07 | 0.53 |—0.13
1 1 0 1 1 |—0.596| 0.603| 0.07 | 0.06 | 0.837| 1.96 | 0.57*
0 0 1 0 0 0.579 0.390 0 0 0.58 | 1.38 | 0.42*
0 1 1 1 0 0.069| 0.88 0 0 0.66 | 0.56 | 1.17
0 1 1 0
0 1 0 0
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The factors in Table XVIII are shown in Fig. 10, together with the
corresponding factors for binary double-sideband AM with synchronous
detection as given in Table V and with envelope detection as given in
Table 1X.

VI. SUMMARY

6.1 General

The shape of pulse trains at the detector input and output in pulse
transmission by various methods of carrier modulation and detection
has been formulated in terms of a basic function common to all modula-
tion methods: the carrier pulse transmission characteristic. This funec-
tion is related to the amplitude and phase characteristics of the channel
by a Fourier integral, which can be evaluated by numerical integration
with the aid of digital computers for any prescribed channel characteris-
tie. In this way can be determined the effect of specified channel gain and
phase deviations on the demodulated pulse train for any modulation
method, together with the resultant maximum transmission impairment.

The carrier pulse transmission characteristics are given herein for the
representative case of pulses with a raised cosine spectrum at the detector
input, for two cases of envelope delay distortion over the channel band.
In one case delay distortion is assumed to vary linearly with frequency,
and in the other case to vary as the second power of frequency from mid-
band, as indicated in FFig. 11. The resultant maximum effect on the de-
modulated pulse trains at sampling instants has been determined for
various carrier modulation and detection methods, together with the
corresponding maximum transmission impairment. The maximum trans-
mission impairment is expressed as the maximum increase in signal-to-
noise ratio required at the detector input to compensate for the effect of
phase distortion, or corresponding envelope delay distortion. The maxi-
mum transmission impairments specified here apply as the error proba-
bility approaches zero, and actual impairment will be somewhat smaller,
depending on error probability.

In evaluating the effect of phase distortion, idealized modulation and
demodulation have been assumed, together with ideal implementation
in other respects, such as instantaneous sampling of the appropriate
instants and optimum slicing levels.

The numerical results are given in various tables and curves, summa-
rized in Fig. 12 and discussed briefly below.
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6.2 Choice of Transmission Delay Parameters

In the expressions for the carrier pulse transmission characteristic the
phase characteristic of the channel is a basic function. Transmission
impairments from phase distortion could be expressed in terms of some
parameter or set of parameters that would define the type of phase dis-
tortion under consideration. Alternatively, any type of phase distortion
san be specified in terms of its derivative with respect to frequency,
that is, in terms of envelope delay distortion. I'rom the standpoint of
engineering applications the latter method is preferable, since variation
in transmission delay over the channel band is more readily measured
than variation in phase, and it is ordinarily the quantity specified for
various existing facilities.

RAISED COSINE
PULSE SPECTRUM

QUADRATIC DELAY |
DISTORTION

|
o+

LINEAR DELAY
DISTORTION

|
|
|
o
|
|

d = MAXIMUM DEL.AY DISTORTION OVER BAND fyax (CPS)
T = PULSE INTERVAL IN DOUBLE SIDEBAND AM AND FM(SEC)

T=1/fuax d/T= dfuax

Fig. 11 — Pulse speetrum at detector input and types of delay distortion as-
sumed in comparison of modulation methods.
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Fig. 12 — Maximum transmission impairments with various modulation meth-
ods for raised cosine pulse spectrum with linear and quadratic delay distortion
as in Fig. 11,

Linear, quadratic or any other analytically specified delay distortion
can be expressed in terms of the difference in transmission delay between
any two reference frequencies in the channel band. In the present analysis
the difference d in delay between the midband frequency and the maxi-
mum frequency fumax from midband, as in Fig. 11, has been taken as a
basic parameter. The maximum transmission impairments with various
carrier modulation methods have been given in terms of the ratio d/T =
Afmax , where T is the pulse interval in double-sideband AM.

An alternative choice of delay parameter might have been the maximum
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difference d,. in transmission delay between any two frequencies in the
channel band. In the case of linear delay distortion du.x = 2d, while in
the case of quadratic delay distortion dmex = d, where d is defined in
Fig. 11. A third choice might have been the difference in delay d be-
tween the midband frequency and the mean sideband frequency 3fuux ,
in which case d = d/2 for linear and d = d/4 for quadratic delay dis-
tortion.

Tt will be recognized that translation from one basic delay parameter
to another can readily be made. Also, the question of whether linear or
quadratic delay distortion causes greater transmission impairments will
depend significantly on the choice of transmission delay parameters.

6.3 Double-Sideband AM

Maximum transmission impairments are shown in Fig. 12 for systems
employing [ = 2, 3, 4 and 5 pulse amplitudesand ideal synchronous detec-
tion. With envelope detection the transmission impairments are the same
as with synchronous detection, for quadratic delay distortion and for
any type of delay distortion with even symmetry about the channel mid-
band (carrier) frequency. However, with envelope detection greater
transmission impairments are incurred in the case of linear delay dis-
tortion, and for any type of delay distortion with odd symmetry about
the channel midband frequency. The difference between envelope and
synchronous detection in the presence of linear delay distortion is illus-
trated in Fig. 12 for [ = 2 pulse amplitudes.

As noted previously, the maximum transmission impairments indi-
cated in Fig. 12 would be encountered for extremely small error probabili-
ties. For error probabilities in the range normally considered, the maxi-
mum impairments given in Fig. 12 would be rather closely approached
when the impairments are fairly small, say less than 3 db. However,
when the maximum impairments are rather high the actual impairments
may be significantly smaller. For example, with a maximum impairment
of 10 db, the actual impairment would be expected to be about 1.5 db
less for an error probability 107" and about 2 db less for an error proba-
bility 107"

6.4 Vestigial-Sideband AM and Quadrature Double-Sideband AM

Vestigial-sideband AM and quadrature double-sideband AM with
synchronous detection are equivalent methods as regards channel band-
width requirements and signal-to-noise ratios, in the absence of delay
distortion. Both methods may be used in preference to double-sideband
AM either (a) to realize a two-fold increase in pulse transmission rate for
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a given bandwidth in exchange for a 3 db penalty in signal-to-noise ratio
or (b) to secure a two-fold reduction in bandwidth for a given pulse
transmission rate, without a penalty in signal-to-noise ratio.

The maximum transmission impairments shown in Fig. 12 are for the
same bandwidths as in double-sideband AM with a two-fold increase in
the pulse transmission rate. In this case transmission impairments from
quadratic delay distortion are no greater than in double-sideband AM,
and this applies for any type of delay distortion with even symmetry
about the channel midband frequency.

With linear delay distortion, or any delay distortion with odd sym-
metry about the channel midband frequency, transmission impairments
are not identically the same for vestigial-sideband AM and quadrature
double-sideband AM. However, the difference is not significant in the
case of linear delay distortion, as indicated in Fig. 12. For practical
purposes the two methods can be regarded as equivalent for any type of
delay distortion actually expected, as regards channel bandwidth require-
ments and signal-to-noise ratios for a given error probability, assuming
ideal synchronous detection.

With linear delay distortion the transmission impairments with the
above two methods are significantly greater than for double-sideband
AM as indicated by comparison of the curves in Fig. 12 for the two meth-
ods for [ = 2 and 3 pulse amplitudes. This assumes that the pulse trans-
mission rate is twice as great as in double-sideband AM.

When the pulse transmission rate is the same as in double sideband
AM but the bandwidth is halved, delay distortion over the channel band
is reduced. In this case vestigial-sideband AM or quadrature double-
sideband AM affords an advantage over double-sideband AM in the
presence of delay distortion with even symmetry about the channel mid-
band frequency, but not necessarily when delay distortion has odd sym-
metry. With linear delay distortion the ratio d/T is halved, and in this
case there is a slight disadvantage compared to double-sideband AM,
for I = 2 pulse amplitudes. However, with the type of delay distortion
ordinarily encountered vestigial-sideband AM and quadrature double-
sideband AM would afford some advantage in signal-to-noise ratio over
double-sideband AM for equal pulse transmission rates and with ideal
synchronous detection.

6.5 PM with Synchronous Detection

Two-phase modulation or phase reversal is equivalent to double-side-
band AM with equal amplitudes but opposite polarities of the trans-
mitted pulses. The curves in IMig. 12 for double-sideband AM and [ = 2
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pulse amplitudes apply also for two-phase transmission, for the reason
that the transmission impairments for a given peak-to-peak difference
between pulse amplitudes is the same regardless of polarities.

Two-phase modulation can also be used in conjunction with vestigial-
sideband transmission. The curves in Iig. 12 for vestigial-sideband AM
and I = 2 pulse amplitudes also apply for two-phase vestigial-sideband
modulation.

Four-phase modulation is equivalent to bipolar AM on each of two
carriers at quadrature with each other. The curves in Fig. 12 for quadra-
ture double sideband AM and I = 2 pulse amplitudes also apply for the
special case of four-phase modulation.

The maximum transmission impairments with double-sideband two-
phase and four-phase modulation and synchronous detection are shown
separately in Fig. 12 for comparison with PM with differential phase
detection.

6.6 PM with Differential Phase Detection

In phase modulation systems differential phase modulation (described
in Section 4.1) may be used in place of synchronous detection. Differen-
tial phase detection has been implemented in various ways, which in gen-
eral involve some transmission impairments from channel bandwidth
limitations, even with a linear phase characteristic. Such transmission
impairments from channel bandwidth limitation is avoided with the
implementation assumed herein (Section 4.1), and only the effect of
phase distortion is evaluated. Transmission impairments from delay dis-
tortion will be greater with this method than with synchronous detection,
as illustrated in Fig. 12 for double-sideband two-phase and four-phase
quadrature systems and delay distortion. Transmission impairments from
linear delay distortion have not been determined for this case.

6.7 Binary F'M

With optimum systems design, binary M, or frequency shift keying,
requires the same bandwidth for a given pulse transmission rate as binary
double-sideband AM. Maximum transmission impairments with these
two methods are compared in Fig. 12. It will be noted that with quad-
ratic delay distortion the impairments are smaller with I'M than with
AM employing either envelope or synchronous detection. In the case of
linear delay distortion, the transmission impairments are greater with
FM than with synchronous AM, but are somewhat smaller than with
AM employing envelope detection.
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The transmission impairments given in Fig. 12 for FM apply without
a postdetection low-pass filter for noise reduction, and may involve
somewhat greater approximations than for the other modulation meth-
ods. Approximately the same impairments from phase distortion would
be expected with an appropriate low-pass filter.

6.8 Comparisons of Carrier Modulation Methods

Signal-to-noise ratios at the detector input for a given error probability
and various methods of carrier modulation are ordinarily compared on
the premise of ideal amplitude versus frequency characteristics of the
channels, and a linear phase characteristic. The curves in I'ig. 12 indicate
that transmission impairments resulting from phase distortion depend
significantly on the carrier modulation method. The optimum method as
regards signal-to-noise ratio will thus depend on the type and degree of
phase distortion encountered in a particular application. For example,
two-phase modulation with synchronous or with differential phase detec-
tion may have a slight advantage in signal-to-noise ratio over binary
frequency shift keying in the absence of delay distortion. However, the
advantage in signal-to-noise ratio would be expected to be with fre-
quency shift keying in application to channels with pronounced quad-
ratic delay distortion or other types of delay distortion with essentially
even symmetry about the carrier frequency.

In comparing the performance of various methods of carrier modula-
tion it is necessary to consider other factors than signal-to-noise ratios
and channel bandwidth requirements as discussed here. Among them
can be mentioned the adverse effects of sudden or gradual level and phase
variations and the complexity of instrumentation.
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APPENDIX

Determination of Carrier Pulse Transmission Characteristics

As mentioned in Section 2.2, the in-phase and quadrature components
of the carrier pulse transmission characteristics for any carrier frequency
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w, can be determined from those for any other carrier frequency wq, for
example the midband frequency of the channel. Basic Fourier integrals
are given here for the carrier pulse transmission characteristics for a
reference or carrier frequency o, . In addition, special integrals are given,
applying for a raised cosine pulse spectrum with linear delay distortion,
quadratic delay distortion and the type of delay distortion introduced
by flat bandpass filters with sharp cutoffs. For these three cases the
carrier pulse transmission characteristies have been determined by nu-
merical integration and are tabulated here.

A1 General Formulation

The shape of Rq(t) and Qo(t) depends on the shape of the transmitted
warrier pulse and on the transmission-frequency characteristic of the
channel. If the earrier pulse is assumed of sufficiently short duration, the
spectrum will be essentially flat over the channel band, so that the shape
of the received spectrum is the same as that of the amplitude character-
istie of the channel. The functions Ry and @, are then obtained from ex-
pression given elsewhere (Ref. 2, Section 2) in terms of the amplitude
characteristic A (u) of the channel, where w is the frequency measured
from the carrier frequency o, as indieated in I'ig. 13. In the more general
case of carrier pulses of any shape and any channel transmission-fre-
quency characteristice, the functions Ry and @ are obtained by replacing
in the above expressions A(u) with the spectrum Sy(u) of the pulse

AMPLITUDE
CHARACTERISTIC OF
SPECTRUM AT CHANNEL _CARRIER FREQUENCY
QUTPUT =~

| FREQUENCY, @ —>

~ PHASE CHARACTERISTIC OF
SPECTRUM AT CHANNEL
OUTPUT

Fig. 13 — Amplitude characteristic So(u) and phase characteristic ¥o(u) of
pulse spectrum at channel output (i.e., detector input) for carrier at frequency wo.
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envelope at the channel vi.tput (detector input). The following expres-
sions are thus obtained in place of (2.10) and (2.11) of Ref. 2:

Ry = Ry + Ro", Q= Q — Q" (159)
Ry = ;jmn So( —u) cos [ut + ¥o( —u)] du, (160)
R = 1fm So(u) cos [ut — Wo(u)] du, (161)

wJo
Q = -}r /‘un So( —u) sin [ut + ¥y( —u)] du, (162)
Q" = 1 jm So(u) sin [ut — ¥o(u)] du. (163)
7 Jo

The various quantities in the above expressions are as shown in Flig. 13.
It will be recognized that the upper limit wy in (160) and (162) can for
practical purposes be replaced by o, since Sy( —wy) = 0.

A.2 Fven Symmelry Spectrum and Delay Distortion

Let the spectrum at the detector input have even symmetry about
wp and the phase distortion odd symmetry, in which case
So(—u) = Sn(u), (1(54)
o —u) = —Wo(u). (165)
Delay distortion will then have even symmetry about wp , i.e., ¥'( —u) =
W' (u).
With (164) and (165) in (159) through (163), the following rela-
tions are obtained when the upper limit « is replaced by oo :

Il

Ro(t) 1% fum So(u) cos [ut — ¥o(u)] du, (1667

Qu(t) = 0. (167)

A.3 Even Symmetry Spectrum and Odd Symmetry Delay Distortion

When the phase characteristic has a component with even symmetry
about the frequency wy, so that

To( —u) = Tolu) (168)

the corresponding delay distortion will have odd symmetry.
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With (164) and (168) in (159) through (163), the following relations
are obtained:

Ru( —t)

Ry(t) = ?r./; So(u) cos ut cos ¥o(u) du,  (169)

f So(u) cos ut sin V() du. (170)

)

Q=0 = Qulv) ==

A.4 Raised Cosine Pulse Spectrum

For reasons discussed elsewhere (Ref. 2, Section 5) it is desirable in
pulse systems to employ raised cosine pulse spectra, as shown in Iig. 1
and given by

. I A
So(—u) = So(u) = 5 008 1=, (171)
where @ is the mean frequency from midband.
The corresponding carrier pulse transmission characteristic obtained
from (159) through (163) with ¥o(u) = 01is

sin 2at
2alll — (2at/7)Y

Py = R(t) = (172)

Pulses can in this case be transmitted without intersymbol interference
at intervals T such that

oT = m (173)

A5 Quadratic Delay Distorlion

It will be assumed that the phase characteristic contains a linear com-
ponent, which can be disregarded, and a distortion component given by

V() = e, (174)

where ¢ ig a constant. The corresponding delay distortion is then quad-
ratic or parabolic, as given by

W' (u) = 3eu’, (175)
In this case Qo({) = 0 in accordance with (167), while (175) in (166)

gives

x/2
Ry(t) = %fu cos® x cos (ax — ba’) de, (176)
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where
t 16 d
a=4—, b = 6,, .
1 3T
The ratio £/7" is the time measured in pulse intervals and the ratio d/T
the maximum delay distortion measured in pulse intervals, with d de-
fined as in Iig. 2 or I"ig. 11.
In certain cases, as in connection with pulse transmission by frequency
modulation, the time derivative of Ro(t) is involved. This derivative is
given by

(177)

=~

where
Ry(1) = dR/da

and is given by
4 x/2
R(t) = —= f v cos® x sin (ax — ba®) de. (179)
™ Yo
The functions Ro(t) and R,(t) obtained by numerical integration of
(176) and (179) are given in Table XIX. The function Ro(t/T) is
shown in Fig. 2.
A.6 Linear Delay Distortion
Tt will be assumed that the phase distortion component is given by
Vo(u) = e’ (180)
which corresponds to a linear delay distortion given by
¥y (1) = 2cu. (181)

In this case expressions (169) and (170) give

w2
Ry(—t) = Ry(t) = ;1"_ f cos” z cos ax cos ba’ dx, (182)
[1]
4 xl2 ”
Qu(—1t) = Qolt) = - f cos’ x cos ax sin bz’ dx, (183)
™ Jo
where
t 4d
a=dgp  b=Im

in which the delay d is defined as in Fig. 4 or Iig. 11.
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The values of Ry and @, obtained by numerical integration of (182)
and (183) are given in Table XX.

It will be noted that Qy(0) # 0. From the standpoint of analysis, it
may be convenient to modify the phase such that QQ(O) = (. The modi-
fied values are given by

Roo(t) = [RE(t) 4+ Qo' (1] cos [Wo(t) — ¥(0)]

(184)
= k]_R(](t) + kﬂQO(l))
Qu(t) = [Ro’(1) + Q' (D] sin [¥o(t) — Fo(0)] (185)
= kQo(t) — kaRo(t),
where
b = R,(0)
P [Re(0) 4+ Qr(0)]Y
(186)
by = Qu(0)

[R?(0) + Q*(0)]¥

The modified values are given in Table XXI. The functions Re(¢/T)
and Qu(¢/T) are shown in Fig. 4.

The time derivatives of Ro(t) and Qo(¢) are of interest in connection
with frequency modulation and given by

dRy/dl = idno/da - ‘5 R(D), (187)
dQo/dt = 7 dQU/da, =75 Ql(t) (188)
where
4 xl2
Ri(t) = —= f x cos” x sin ax cos b’ dr, (189)
™ J0
4: wl2
Q.(t) = - f x cos’ z sin ax sin ba’ dx. (190)
0

The functions R, and @, obtained by numerical integration are given

in Table XXII.
The following funetions oceur in connection with binary FM:

1 dRo(t)

LR _ L g = 2R, (191)
1 (ng(t) _
AT ‘:71;01(‘) = — Ql(t) (192)

These funetions are given in Table X VI for mt.egral values of n = ¢/7T.
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A.7 Delay Distortion from Flat Bandpass Fillers

Let a bandpass filter have an amplitude characteristic 4, between
—w; + wo and wy + w. and A, outside this band. When the bandwidth
2w, is small in relation to the midband frequency wp, the phase charac-
teristic is closely approximated by

_ B 1+ u/w,
wo(u) = ;loga m; (193)
where
B = log. (Ao/44). (194)

The corresponding envelope delay distortion is D(u) = dyo(u)/du and
delay distortion relative to the midband frequency becomes

2B (u/w.)’
mo, 1 — (u/we)?
_ 2B

mc[(%)er (li)‘ + (£)5+ ] (196)

It will be noted that the first term in (196) represents quadratic delay
distortion, which is approximated for u/w. << 1.

Let the pulse spectrum at the detector input have a raised cosine
shape, as given by (171), in which case the maximum radian frequency
to each side of midband is 2&. With a phase characteristic as given by
(193), the carrier pulse transmission characteristic is in this case ob-
tained with (171) and (193) in (166) and becomes

Dy(u) = D(u) — D(0) = (195)

4: w2
Ro(—t) = R(1) = ;rfo cos’ = cos [ax — yYola)] dz, (197)

where
a = 4/T,
2
B k + — (198)
Yo(x) = = log. 5 |
o™
k— ==z
™
e W
k= 5% = T (199)

in which W, is the bandwidth of the raised cosine spectrum and W,
that of the flat filter, as indicated in Fig. 14.
In Table XXIII are given the values of Ry({/T") obtained by numeri-
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Fig. 14 — Carrier pulse transmission characteristics for raised cosine pulse
spectrum and phase distortion resulting from flat filters with sharp cutoffs.

TasLe XXIIT— Funcrion Ro(t/T) ror RamsEp COSINE SPECTRUM
AnD Puase DistorrioN Resurting FroM FraT FILTERS
wiTH SHARP CUTOFFS

k= W/, 1.05 1.25

Ao/Ay 102 104 104 108
Ao/Ar, in db 40 80 80 120
—1.0 —0.002 ~A 0.001 ~0
—-0.5 0.048 0.001 —0.001 ~0

0 0.525 0.092 0.168 0.018

0.5 0.994 0.554 0.758 0.285

/T 1.0 0.481 0.979 0.903 0.888

1.5 —0.051 0.464 0.192 0.789

2.0 0.004 —0.110 —0.060 0.059

2.5 0.003 0.005 0.020 —0.059

3.0 —0.003 0.001 —0.008 0.028




422 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1961

cal integration of (197) for certain cases as indicated in the table. The
funetions Ro(t/T') are shown in TFig. 14.
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