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Some aspects of the transmission of Gaussian pulses in a frequency-divi-
ston multiplex system have been calculated. It is assumed that each channel
transmatter includes an amplifier, which may be nonlinear, with input and
oulpul fillters, and that ecach channel receiver includes a linear amplifier
with a thermal notse source at its inpul plus input and oulput filters. The
influence that (a) transmitling amplifier compression, (b) maximally flat
channel-dropping fillers of first or second order, and (c) distribution of
filtering in the system have on the signal-to-noise ratio, time crosstalk, and
frequency crosstalk is calculated.

I. INTRODUCTION

A proposed long distance waveguide system! will transmit a large
number of wideband PCM channels via a single waveguide by means of
a frequency multiplexing arrangement. In previous papers?? an idealized
frequency multiplex system was analyzed. These papers considered a
system in which ecach channel signal, consisting of on-off carrier pulses,
arrives at a detector together with three unwanted signals: (a) time cross-
talk, due to leading and trailing edges of neighboring pulses; (b) fre-
quency crosstalk, which is the interference from neighboring channels;
and (c) thermal noise* generated essentially in the first amplifier of the
receiver. Since these unwanted signals cause errors in the reading of the
pulses, the filtering characteristics are closely related to the probability
of errors. It has been shown that for any given probability of error it is
possible to design the filters in such a way that a very desirable result is
achieved—namely, the simultaneous minimization of time spacing be-
tween successive pulses, of frequency separation between neighboring
channels, and of signal-to-noise ratio.

* Throughout the paper, when we talk about ‘“‘noise’” we mean thermal noise.
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These conclusions were derived by analyzing a linear system consist-
ing of a transmitting filter and a receiving filter. Such a scheme does not
give quantitative answers to three practical questions:

i. Because RF power is expensive it is desirable to drive the trans-
mitting amplifiers as hard as possible, and consequently they must
operate in the nonlinear portion of their characteristic. What is the in-
fluence of nonlinearity on the system’s performance?

ii. Tilters between transmitting and receiving amplifiers reduce the
signal without changing the noise. Consequently, in order to increase
signal-to-noise ratio it would be desirable to have no filter between those
amplifiers. But then the frequency crosstalk would be prohibitively high.
How much filtering before and after each amplifier makes a reasonable
compromise?

iii. All of the immediately available channel-dropping filters that
conneet transmitters and receivers with the transmission media*®*® are
approximately Butterworth filters of first or second order. Pulses belong-
ing to one channel will lose part of their power in passing through neigh-
boring channel-dropping filters. How is the frequency spacing of channels
affected by this loss?

The object of this paper is to answer those questions. More specifically,
we want to find out the influences that compression, distribution of filter-
ing with respect to the amplifiers, and the use of the available dropping
filters have on time crosstalk, frequency crosstalk, and signal-to-noise
ratio. The results extend those already derived previously.*?

In Section 1T the system to be analyzed is described and the funda-
mental formulas are introduced. The influences of neighboring channel-
dropping filters and nonlinearity of amplifiers are described in Sections
111 and 1V. Signal-to-noise ratio is evaluated in Section V, and some de-
sign examples are given in Section VI. Section VII contains a résumé
of results and conclusions.

1I. SYSTEM DESCRIPTION AND ANALYSIS

The system to be analyzed, Fig. 1, is ideally phase-equalized. The ef-
fect of imperfect equalization can be derived’ as a perturbation of the
results obtained in this paper.

Table I shows that the transfer characteristic of each transmitter,
excluding the amplifier is Gaussian and that that of each receiver is
given by the sum of two slightly displaced Gaussian functions, which
approximates the characteristic of a maximally flat Butterworth filter
of third order and is easy to handle mathematically. Quantitative rea-
sons for the selection of these filters can be found in a previous paper.?
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Fig. 1 — Block diagram of system (see definitions of filters in Table T).

Qualitative reasons are that these filters make a good compromise for
low time crosstalk and frequency crosstalk. In effect, in order to mini-
mize the tails of the output pulses and eonsequently the time crosstalk,
it would be best to have both filters Gaussian. On the other hand, in
order to minimize frequency crosstalk, it would be best to have both
filters maximally flat (Butterworth) of high order. A reasonable com-
promise is achieved by making one of them Gaussian and the other
maximally flat of high order. A transfer characteristic relatively easy to
achieve without too much midband attenuation is that of a maximally
flat filter of third order, which we adopt.

If the transmitter and receiver are centered at the same frequency,
the transmission through them measures the insertion loss through a
channel. If they are centered at different frequencies, the transmission
through them measures the frequency crosstalk.

Each transmitter includes three filters and a nonlinear amplifier. The
filter la preceding the amplifier and the combination of the two fol-
lowing it, 18, are Gaussian. Each receiver consists of a linear amplifier
between two filters 2« and 2y whose combined transfer characteristic is
approximately maximally flat of third order. This scheme allows one to
evaluate the effects of the amount of filtering preceding and following
each amplifier.
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The channel-dropping filters 1vy, 2v, 3y, and 4y connecting the trans-
mission medium and transmitters to receivers are maximally flat of first
or second order. No channel-dropping filters have been indicated in Fig.
1 to the left of the transmitter nor to the right of the receiver, because
such filters will not influence the transfer characteristic between trans-
mitter and receiver.

A Gaussian pulse modulating a carrier is the input to the system. The
amplitude has been selected in such a way that the amplitude of the
pulse reaching the nonlinear transmitter’s amplifier is unity. The en-
velope of the output pulse reaching the detector has been calculated
under the following assumptions:

i. Of all the neighboring channels, only those with center frequencies
immediately adjacent to the carrier influence the output pulse.

il. The transfer characteristics of the channel-dropping filters of the
neighboring channels can be approximated by the first three terms of
their power series expansions around the carrier frequency.

The envelope E(t) of the pulsereaching the detector has been calculated
in (79) of Appendix A:

z i aly 1 &Iy
E0 ot vl
Before detailing the exact meaning of each letter we will give a rough
functional interpretation of this expression: ¢; and ¢ have to do with the
presence of neighboring channel-dropping filters; if these filters had no
influence ¢, and ¢; would be infinity and the envelope K(f) would be re-
duced to

E(t) =

|

S (2)

The infinite number of terms is due to the nonlinearity of the transmit-
ting amplifier, since in general the output is given by a summation of
powers of the input. Those powers are an odd number 2N + 1, and, if
the term with N = 0 is the only one different from zero, the amplifier
is linear; if only the terms with N = 0 and N = 1 are different from zero,
the amplifier has compression of third order; if only the terms with
N =0,N = 1,and N = 2 are different from zero, the amplifier has
compression of third and fifth order; and so forth.
Now we define the symbols in (1):

E(t) =

(npA,"’JzBN—ipzb(l —bu? AZBN)—By(t/T) 2

J1"1*1/(1+s><1+1?)

(3)
-cosh l:.?np(l — bu’A*By) + inuABy %:',
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1+S7 14+ R
_ hi—fa
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(2 ®
" I{.'l')' )EU
S=—F ) 10
(f1 =) (10)
a = 0.346 is a parameter normalizing the bandwidth of a Gaussian
filter,

b = 1.3 and n = 1.61 are parameters that normalize the bandwidth of
an approximately maximally flat filter of third order,

fy is the center frequency of the transmitter and the carrier frequency,

f» is the center frequency of the receiver,

fs and f; are the center frequencies of neighboring channels,

2F, is the transmitting bandwidth measured at half power assuming
a linear amplifier,

2F, is the receiving bandwidth measured at half power assuming a
linear amplifier,

2F,. is the half-power bandwidth of the Gaussian filter preceding the
transmitting amplifier,

2Fs is the half-power bandwidth of the Gaussian filter following the
transmitting amplifier,

2F,, is the half-power bandwidth of the transmitting Butterworth
channel-dropping filter,
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2F,, is the half-power bandwidth of the receiving Butterworth chan-
nel-dropping filter,

g is the order of the Butterworth channel-dropping filter at the trans-
mitting end,

r is the order of the Butterworth channel-dropping filter at the re-
ceiving end,

27 is the width of the input Gaussian pulse measured 8.686 db down,

_.F]'

=2 11
e T (11)
is the ratio of transmitting to receiving bandwidths,
_ A =1
P="9F, (12)
is the ratio of channel spacing to receiving bandwidth,
and
1
N W’I’Fl (13)

aay4y are the odd coefficients in the power series
o0
voo= D ay v (14)
0

that relates the input and output amplitudes »; and », of the nonlinear
transmitting amplifier.

Where double signs are indicated, the upper one is to be used if
fs = 2fi — fi (neighboring channels at opposite side of carrier f), and
the lower one if f; = fi (neighboring channels at the same side of car-

rier fi).
If the transmitting amplifier is linear (a, = 0 for » # 1) and there is
no interference from neighboring channels (f; = f; = =), expression

(1) measures the transmission through a channel (if fi = f») or the fre-
quency crosstalk (if fi # f»), as calculated previously.?

III. THE INFLUENCE OF NEIGHBORING CHANNEL-DROPPING FILTERS ON
SIGNAL-TO-NOISE RATIO AND CROSSTALK

Assume:
(a) Linear transmitting amplifier. Then

Ay =0 for N = 0, (15)

and only the first term of the summation (1) remains.
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(b) Transmitter and receiver centered at the same frequency,

fi="F. (16)

Call F\(t) the output envelope (1) when conditions (15) and (16) are
satisfied, and normalize this output to the value Zy(0) that measures the
peak of the output (¢ = 0) that would occur if the channels were in-
finitely spaced, (f; = fi = «). Then

1 62 —(t/T)2 By }LAB{]?L!}Z
E() _ {{[1 + 2m,,)2a¢2]" T
Ey(0) (1+8)1+R)

(17)
[ 1 9 mwmim oo ﬂ@]g |
+ 27y, At T
(I1+ 81+ k) ’
Fort = 0,
2Bﬂ 1 2
E(0) \/(1 + 81+ R)

The insertion loss in db due to the proximity of neighboring channel
dropping filters is measured by

E(0)
E\(0)°
This function has been plotted for maximally flat channel dropping

filters of first order (g = r = 1) in Fig. 2 and for maximally flat filters
of second order (¢ = r = 2) in Fig. 3. The abscissas

— |f1_f3| — ”‘1 “.ﬂi
2F, 2F,

20 log

are proportional to channel spacing. The rows correspond to different
ratios Fi,/F; between the bandwidth of the channel-dropping receiving
filter and the bandwidth of the receiver. The different columns corre-
spond to different ratios F,/F; between the bandwidth of the channel
dropping transmitting filter and bandwidth of the transmitter. The solid
lines correspond to the ratio between the transmitting and the receiving
bandwidths F,/F; = 1.3, the dashed lines to the ratio F\/F, = 1; the
upper solid and dashed lines in each set of curves correspond to xTF, =
0.5 and the lower solid and dashed lines correspond to #TF; = 1. We
have chosen not to include as another variable the selection of signs in
the expression for ¢ , (8), because its effect is small. The two possible
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Fig. 2 — Insertion loss due to first-order neighboring channels.

choices of signs correspond to frequencies f; and f; of the neighboring
channels on the same or different sides of f; . The first case introduces
less insertion loss, but for the ranges of values selected in Figs. 2 and 3,
and for small abscissas, the difference in ordinates for the two cases is
smaller than 0.5 db. As a compromise, Figs. 2 and 3 have been caleulated
by averaging the results.
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Fig. 3 — Loss due to second-order neighboring channels.

Let us concentrate on Fig. 2, (¢ = r = 1; that is, channel-dropping
filters of first order). What parameters yield a system with low insertion
loss due to neighboring channels? For a given abscissa (normalized chan-
nel spacing p), the smallest ordinate occurs in the lowest line in the upper
left set of curves. This line is characterized by

Fl-, = F'_JT = F[ = Fg; 1rTFl = 1.
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As could be expected, the system should have

(a) long input pulses,

(b) wide and equal bandwidths in transmitters and receivers,

(¢) narrow and equal channel-dropping filters at transmitting and
receiving ends,

In order to compare Figs. 2 and 3 we compute an example:
For

Fl_l FH_FQ-,

Fiy _ Py, (h=1) _y
F ’ F]_ 1‘12 ]

=15, nTF, =1, and p = “oF.
'

the insertion loss due to neighboring channels is 1.25 dbif ¢ = r = 1 in
Fig. 2 (channel-dropping filter of first order) and 0.25dbif ¢ = r = 2in
Fig. 3 (channel-dropping filter of second order). Second-order filters
make the insertion loss due to neighboring channels 1 db better than
that of first-order filters. But this does not necessarily mean that the
total insertion loss will be 1 db better in a practical case. There are two
reasons for this statement:

1. A second-order maximally flat filter, has more cavities and conse-
quently more heat loss than does one of first order. We don’t know how
much the difference is, but assuming it is 0.5 db, the increase of heat loss
in the two channel-dropping filters is 1 db, and consequently the ad-
vantage cited previously is only apparent. This point becomes more im-
portant for smaller tolerable insertion loss due to neighboring channels
(large p).

il. Consider the transmitter’s total Gaussian transfer characteristic

nh = oS =T F? (19)
and the transfer characteristic of its ¢th order channel-dropping filter
1
(20)

"

The transfer characteristic of the rest of the filter should be y1/y1, . There
are values of the frequency f for which this funetion is larger than unity,
and therefore it is impossible to realize a passive filter with the desired
transfer characteristic. The difficulty is solved by allowing the transfer
characteristic of the transmitting filter to be not (19) but

gl F =i 0IF?

7 , (21)

I

where K is a constant greater than unity and equal to the maximum
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value that /i1, can achieve; K expressed in db is an added insertion
loss.

The previous reasoning applies also to the receiver, but, since we are fi-
nally going to be interested in signal-to-noise ratios, the value of K ap-
plied to the receiver drops out.

In order to have an idea of the values that K may achieve in Gaussian
transmitters we have calculated some examples:

Iy,
A 20 log K
1 0.3 db
First-order maximally flat channel-dropping 15
filter (g = r = 1): a
|2
r < 01db
1
Second-order maximally flat channel-drop- 15
ping filter (¢ = r = 2): 2
‘ 2

In general, the broader the channel dropping filter and the flatter the
transfer characteristic of the transmitter or receiver, the smaller the
added insertion loss 20 log K. This added insertion loss can be neglected
except when Fy, = andg =71 = 1.

Now we turn to the increase of time and frequency crosstalk that is
introduced by the presence of neighboring channel dropping filters. It is
shown in Appendix B that, for systems in which the increase of insertion
loss due to neighboring channel-dropping filters is not very large, (around
1 db), the increase of both time and frequency crosstalk is negligible.

1V. INFLUENCE OF THE NONLINEARITY OF THE TRANSMITTING AMPLIFIER
ON SIGNAL-TO-NOISE RATIO AND CROSSTALK

Let us assume that, in Fig. 1, (a) the transmitting amplifier is driven so
hard that the input signal is not linearly amplified, and (b) the presence
of neighboring channel dropping filters can be neglected; this means that
fs = fi = o and, from (7) and (8),

Q1= 2 = 0. (22)

Call Es(t) the output envelope (1) when (22) is satisfied and normalize
this output to the value Ey(0) that measures the peak of the output
(t = 0) that would occur if there were no compression (4y = 0 for N #
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0), and with the transmitter and receiver centered at the same frequency,
fi = fo. Then,

02(1) _
Ey(0)

el m n
Ay Ty /&. (npA/2)2 (By—Bo)—4p2b(1—bu2 A2 By )—By (1] T)?

AT, B,

(23)

- cosh I:‘Zrzp(l — br’A*By) + inuABy %:H
As explained in Appendix A, this expression has a simple physical
interpretation. The Gaussian pulse of unit amplitude and width

/ a
YT Grry

entering the nonlinear amplifier Fig. 1 produces an output that is a sum-
mation of Gaussian pulses each characterized by the integer N. The
larger N is, the smaller are the amplitude and width of the corre-
sponding pulse. Because of the linearity of the circuit following the
amplifier, the envelope of the normalized output of the system (23) is
the envelope of the sum of the transients produced by the Gaussian
pulses.

For

t=p=0, (24)

(23) measures the normalized maximum output intensity through a
channel (p = 0) which, expressed in db, we call output compression:

20 log % = 20 logi [l + NZ=1 % %v g—: e(""‘”mw“'_g")]. (25)

Naturally, if there were no compression (linear amplifier), Ay would bhe
zero for all N and the output compression would be zero db.

The amplifier compression characterizes the nonlinear amplifier. Tt
measures in db the ratio between the amplitude of a sine wave input and
the amplitude of the output without harmonies. It is derived from (25),
(), (6), and (13), making T = =:

20 log g;gg; = 20 log (1 + 21: i:) (26)

Assuming the summations in (25) and (26) to be small compared to
unity, it is possible to expand the logarithms in series and to retain the
first term; then the ratio between output compression and amplifier
compression is
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E3(0) - é_}_\r By (nuA/2)% (By—Bg)
g >4, ¥ @+ DB -
o E4(0) Z”:AN
& 7:(0) ™ 4,

Furthermore, if the amplifier has only compression of order 2N + 1,
the previous expression becomes

log E5(0)

Eq(0) _ By o (MHAID? (BN—By) (28)
log E4(0) (2N + 1)B,

Ey(0)

This function has been plotted in Fig. 4. In abscissas we carry both
(Fy/Fi5)%, the square of the ratio between the total transmitting band-
width and the bandwidth of the filter after the amplifier, and Fi./Fis,
the ratio between bandwidth of the filters preceding and following the
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Fig. 4 — Compression of output pulse due to nonlinearity of amplifier.
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amplifier in the transmitting end. The two functions are related by the

following expression:
691
Fl,q Fl ’

The upper and lower sets of curves correspond to different ratios be-
tween transmitting and receiving bandwidths u = F;/F,. The solid
lines correspond to amplifier compression of third order (2N + 1 = 3)
and the dashed lines to amplifier compression of fifth order (2N + 1 = 5).
The parameter =T F, is proportional to input pulse width 27, and trans-
mitting bandwidth 2F, .

Let us use these curves for an example. Suppose that the amplifier
compression 18 —2 db. This means that the amplifier output is 2 db be-
low what it would be if the amplifier were linear. Let us assume further
that the amplifier’s compression is of third order (N = 1) and that

_I'1l— - P"laf - _—
5=l b TF = 1

For these parameters the upper curve in Fig. 4 yields

output compression

: — = 0.763,
amplifier compression

and, since the amplifier compression is —2 db, the system output com-
pression is —1.53 db. This means that the amplifier compresses more
than the system of which it is a part.

The output compression can be reduced by decreasing #T'F; and by
inereasing Fy/Fs, Fi./Fis, and N. In other words, for given input pulse
width 7', the output compression is reduced by placing as much filtering
as possible after the amplifier and by using an amplifier that works like
a limiter (large N). These conclusions were to be anticipated if we recall
that the compression of order 2N + 1 introduces a spurious Gaussian
pulse in the output of the amplifier. Its effect on the output can be re-
duced not only by filtering as much as possible but also by making that
spurious pulse very narrow (large N). Using the example elaborated
previously and making N = 2, the output compression is reduced from
—1.53 db to —1.4 db.

Because of the compression of the top of the output pulse, time and
frequency crosstalks are increased by

E5(0)

20 log (0)

db,
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and the signal-to-noise ratio is reduced by the same amount with respect
to the values that would be obtained if the amplifier were linear.

The crosstalks are different from the linear case, not only because of
the compression of the top of the output pulse but also because the tails
of the pulses are changed, thus modifying the time crosstalk (extra time
crosstalk), and because the narrow spurious pulses have a wide spectrum
that change the frequency crosstalk (extra frequency crosstalk). It is
shown in Appendix C that in computing time crosstalk it is slightly con-
servative not to take into account the extra time crosstalk, and in com-
puting frequency crosstalk it is conservative to ignore both the output
compression and the extra frequency crosstalk.

V. SIGNAL-TO-NOISE RATIO

We want to calculate the maximum signal-to-noise ratio in the system
shown in Fig. 1. Assume (a) the transmitter and receiver tuned at the
same frequency fi = fu, (b) the nonlinearity of the transmitting ampli-
fier of order 2N + 1, and (c) small insertion losses (about 2 db) due to
compression and proximity of neighboring channel-dropping filters.

Then, except for a constant measuring the insertion loss of the trans-
mission media, the signal-to-noise ratio in db is derived from (1) and
(100) of Appendix D:

E0) _ . E(O):I o 1 B1(0) E4(0)
20 log — = 20 log [T | + 20 log 7,(0) + 20. log Fo0) (29)

in which the first term,

20 log [1%0_)] =

' a (nud /2By (30
20 log (g){ /‘/ [1 ! (TTFM)z:I o , :
L3 1. 1 F2 2r £ 1+ en"'.fzb i
{W”F : [1 i (—2)f(FT,) aT] Vb

measures in db the reference signal-to-noise ratio in the system — that
is, the one that would be obtained if there were no compression and no
neighboring channels. The other terms are already-known corrections.
The second term measures the insertion loss due to neighboring channels
(18) and is plotted in Figs. 2 and 3; the third term measures the in-
sertion loss due to compression (25), and can be derived from Fig. 4.
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Fig. 5 — Relation between tolerable crosstalk filtering and pulses.

Before plotting the first term we are going to establish a functional
relationship among several parameters. This relationship answers the
following question: Given the tolerable time crosstalk at the detector of
a system in which the input is a train of Gaussian pulses 27T wide and
7 seconds apart and the sampling time is 27, , what are the possible
combinations of bandwidths 2F, and 2F., of the Gaussian transmitter
and maximally flat receiver respectively, that satisfy those demands?
The answers have been given in Figs. 4 and 7 of Ref. 3. We reproduce
them in a convenient way in Figs. 5(a) and 5(b). They correspond to 25
and 30 db of time crosstalk per tail. The parameter for the solid curves
is

.

27T = _)T’ (short pulses)

and for the dashed curves it is

.
2T =
1.25

(long pulses).

Straight lines of constant ratios p = F/F; have been added for con-
venience. The curves have been limited to the region between the straight
lines p = 1 and p = 1.5 because, as will be seen later, that is the region
where the signal-to-noise ratios pass through desirable maxima.
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Fig. 6 — Reference signal-to-noise ratio in db.

The values of Fy, Fy, and T from the curves in Fig. 5 have been sub-
stituted in (30), and this reference signal-to-noise ratio expressed in db
has been plotted with arbitrary reference in Fig. 6. The first and second
rows of curves correspond to receiving channel-dropping filters of order
r = 1 and r = 2 respectively. The first and second columns of curves
correspond to 25 and 30 db of time crosstalk per tail. The solid lines
correspond to shorter input pulses than do the dashed ones, and the
parameters on each curve are different ratios between the bandwidths
2F 5 and 2F,, of the filters between amplifiers and transmission mediums
and the bandwidths 2F; and 2F, of transmitter and receiver.
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Let us examine how sensitive the signal-to-noise ratio is to each
parameter.

Any curve in the first row (r = 1) and the corresponding one in the
second (r = 2) differ only by a few tenths of a db, and therefore the sig-
nal-to-noise ratio is fairly insensitive to the order r of the receiving
channel dropping filter.

Corresponding curves in the first and second columns (different time
crosstalk) have similar ordinates. This means that crosstalk can be re-
duced at the expense of bandwidth without changing signal-to-noise level.
Signal-to-noise level is improved by changing from short input pulses
(solid lines) to long input pulses (dashed lines), but the advantage is
paid for in channel bandwidth.

Finally, we find that signal-to-noise ratio is very sensitive to the
parameter

Fig _ F 2

R
which is essentially proportional to the bandwidth of the filter connecting
transmitting and receiving amplifiers. The signal-to-noise ratio grows
by widening this bandwidth, but it cannot be widened indefinitely be-
cause it increases the insertion loss due to neighboring channel-dropping
filters, Figs. 2 and 3. Nevertheless, curves corresponding to

Y3 F.

have been included in Fig. 6 to show the maximum achievable signal-to-
noise ratio.

VI. DESIGN EXAMPLES

Given

(a) 1/7 = 160 me, pulse repetition rate;

(b) T = T,, equal sampling time and input pulse width;

(¢) 25 db time crosstalk per tail;

(d) 2 db, third-order amplifier compression;

(e) ¢ = r = 1, channel-dropping filters of first order;
caleulate 2T, 2Fy , 2F., 2F1. , 2Fs, 2Fy, , 2Fs , | fi — fi |. In order to
have low insertion loss due to neighboring channels and large signal-to-
noise ratio we select

k==L, (31)

Fly = Flg = Fg-y. (32}
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From (a), (b), (31), and Fig. 5(a), we obtain for short input pulses

TF, = 0.54, (33)
27T = 3.125 millimicroseconds, (34)

From (c), (e), (33), and Fig. 6, the reference signal-to-noise ratio re-
sults:

44db  forZE Tl _Th_g
' F,_ F T
20 log [@]ﬂ - F‘ ' L (36)
32db for— =15
F

From (d), (31), (33), and Fig. 4, we caleulate the insertion loss due to
compression and consequent increase in time crosstalk per tail:

Fiy

07 X2 =144db for7=2
20 log 1“,‘“(0) = ' (37)
-E’3(0) . _ Fl? _
0.68 X 2 = 1.36db for-f:f,—- =15
1

From (e), (31), (32), and (33), the insertion loss due to neighboring
channels is given approximately in the upper dotted curves in the center
and lower right set of curves in Fig. 2. The abscissa which determines
the frequency occupancy fi — fs, should be selected as small as possible.
We will elaborate two examples:

Example 1.
We select
— fl - f-" - 9
=\"sm |2 (38)
The insertion loss due to neighboring channels is
() ~ 4 db for % =2
; 1
20 log =t = . 39
og R0) P, ) (39)

1.7 db for 7

The total signal-to-noise ratio (29) derived from (36), (37), and (39) is
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44 — 14 —4 = —-1db forF—“=2
E(0) Fy
20 log =
a
3.2 —136 — 1.7 = 014 db for };1” =15
1
Because of the better signal-to-noise ratio we adopt
Py
b
and deduce from (32), (34), (35), (38), and (41):
27T = 3.125 millimicroseconds,
2F| = 2F2 = 220 me,
2F1 = 21‘113 = 2F2-r = 330 mec,
2F,
2]4‘10‘ = ———————— = 205 me,

V1=

|fi — fi| = 440 me.

FEzample 2.
We select

_Ifl_f3|:3'

P = "5R,

The insertion loss due to neighboring channels is (Fig. 2),

1441

(40)

(41)

(42)

(43)

(44)

(45)

1.3 db for =2 P _ 2
Ey(0) _ Fy
20 log -
LI(O) F,
0.7 db for ¥ = 1.5
Fy
Then from (29), (36), (37), and (44), the total signal-to-noise ratio is
‘ Fl'y
44 — 14 — 13 = 1.7db for — T 2
20 log B _ 1
a
32 — 136 — 07 = 1.14db fo I‘};f’ = 1.5
1

Selecting the best signal-to-noise ratio, we adopt
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%‘1’ = (46)
and deduce from (32), (34), (35), (43), and (46):
2T = 3.125 millimicr.oseconds,
2F, = 2F, = 220 me,
2F,, = 2Fg = 2F,, = 440 mc, (47)

2F,

2 = -T_T = 254 me,
1— —1)
/‘/ (Fhf

| fi = f3| = 660 me.

In the first example, the signal-to-noise ratio (40) and the channel
spacing (42) are 0.14 db and 440 mc respectively. In the second example
these values, (45) and (47), are 1.7 db and 660 me. The first example
provides better frequency occupancy and the second provides greater
spacing between successive repeaters.

VII. RESUME OF RESULTS AND CONCLUSIONS

The influence of (a) neighboring channel-dropping filters, (b) non-
linearity of transmitting amplifiers, and (c) filtering preceding and fol-
lowing the transmitting and receiving amplifiers on the signal-to-noise
ratio, time crosstalk and frequency crosstalk in a frequency-division
multiplex PCM system has been calculated.

Neighboring channel-dropping filters reduce the reference* signal-to-
noise ratio by increasing the signal insertion loss, Figs. 2 and 3. If these
filters are of first order, the channel spacing is determined by the tolera-
ble insertion loss they introduce and not by the frequency crosstalk, as
caleulated in Ref. 3. If these filters are of order higher than one, the chan-
nel spacing may be determined by the tolerable insertion loss or by the
tolerable frequency crosstalk, (Figs. 5 and 8 of Ref. 3), depending on
which demands more channel spacing. Neighboring channel-dropping
filters have no practical bearing on time crosstalk.

Nonlinearity of the transmitting amplifiers decreases the reference
signal-to-thermal-noise ratio and increases time crosstalk by the same
amount, Fig. 4, but it is conservative to ignore its effect on frequency
crosstalk.

* Signal-to-noise ratio in the absence of neighboring channels and with linear
amplifiers.
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The tolerance to compression is increased by concentrating as much
filtering as possible between the nonlinear transmitting amplifier and
the detector.

Even for compression as large as 2 db the increase in frequency and
time crosstalk is smaller than the amplifier compression. This means that
the system can be readily designed to take advantage of the greater
power available from an amplifier operating in the nonlinear region.

Finally, reducing the filtering between transmitting and receiving
amplifiers increases the reference signal-to-noise ratio, Fig. 6, but it also
increases the signal insertion loss due to the presence of neighboring
channel-dropping filters, Tligs. 2 and 3

APPENDIX A

Transmission Through Nonlinear Amplifier and Filters

Given a system consisting of five filters and a nonlinear amplifier, Fig.
1, we want to calculate the envelope of the response to a certain input.
The transfer characteristics of the cascaded filters are:

Yie = c-a[f\fl—f:)ff‘luﬂ, (48)

g = ¢ NVI=IOTF I (49)

Yo = c‘bl(l.l"\'J’z‘t‘!i‘-:l2 cosh n |f| 1— f‘l’ (50)
Fy

(51)

UM:V”( )
| (

- — 3 (52)
1+ )
V1+ (75
where
a = 0.346,
b = 1.3,
n = 1.61,

and fi, f, f3, fi are the center frequencies of the different filters;
2F1a, 2Fyg, 2Fy, 2F, |, 2F,, are their half-power bandwidths; and ¥
and s are Gaussian transfer characteristics and y» is the transfer char-
acteristic of an approximately third-order maximally flat filter.?
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The characteristic s, is the transfer function between two ports of a
three-port channel-dropping filter*® proposed for use in a long dis-
tance waveguide communication system.! This filter 3y (see Fig. 1) has
port 1 matched at all frequencies, and the transfer function between
ports 1 and 3 is that of a phase-equalized maximally flat filter of order
¢, bandwidth 2F,, , and center frequency f; . Because of conservation of
energy it follows that the phase equalized transfer function between
ports 1 and 2 is (51). ¥4y is similar to ya, .

Between the first two filters 1o and 18 in Fig. 1 there is a nonlinear
amplifier. Its infinitely wide band output voltage vo(f) as a function of
the input v.(f) is

s

po(l) = 2 afoit)]. (53)

0

The input to the system,

i(t) = 1/1 + (_ﬂ#ﬁ ¢ cos 2xfil, (54)

is a Gaussian pulse 27T seconds wide, at 8.686 db down, that modulates a

carrier f; . The amplitude
L, a
1/ U iy

has been selected to make the maximum amplitude of the signal v:(t)
reaching the amplifier unity.

In order to evaluate the system’s output we start calculating the am-
plifier’s output e(¢). This is achieved in (53) by expressing v;(f) in terms
of the input () to the system

w(t) = 2 av[f_w g(Nrae™™” df]”, (55)
in which
o) = Vs 1/ L ooy O ST (56)

is the Fourier transform of () of (54).
Substituting (48) and (56) in (55), performing the integration, and

assuming
PEELE P R (57

one derives the explicit value of the amplifier’s output:
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] 2
w(t) = 2 a, cos” 2nfit exp | — —r (i) . (58)
0 1 + a T
(7TF,)*
Sinece
cos 2wfit = % (:J) cos (v — 2r)2xfit, (59)
2" =0
where

(:) - {TZ’JITIFI ) (60)

(58) becomes

w(t) =
i ’Z: (‘; (y) exp| — _ (i)] | cos (v — 2r)2xfil. (61)
=0 r=0 & r 1 + a T
(nTF,)?

A further simplification: assume that only frequencies in the neighbor-
hood of f; are allowed to pass through the filters following the amplifier.
Physically, this means that all harmonies of f; are filtered out; mathe-
matically, this is translated by keeping in (61) only the terms in which

v — 2r = £1. (62)
Consequently,
vo(t) = cos 2mfil Z Ay e Hm* (63)
where
"l V 1
Ay =27 ( ;\jﬂ )a'.!N-H , (64)
4‘/ a'
R Ty
- / (WT]':'&)‘z =
Ty =T /‘/ NI (65)

The output from the nonlinear amplifier »(f) is, then, a summation of
Gaussian pulses each of amplitude Ay and width 27y measured 8.686
db down.

Using vy(t) as input to the second filter 18 in Fig. 1, we calculate the
Fourier transform of each term with the help of (56) and deduce the
system’s output:
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0

(‘-(t) — }/2__'"' ;ANTN ‘[_m ylﬁy‘lya-ry‘?e—[rTN([fl_f1]]3+iﬂrft df (66)

We perform a change of variable,
f = ¢ + fl ) (67)

and assume
eIV (68)

Then the envelope of the output (66) becomes

E(t) = vV« ;A““j‘f“””””%wmmhw ., (69)

where 4, ¥, Usr, Usy are deduced from (49), (50), (51), (52), and
(67) to be

e = ¢ "N, 70)
Y2 = e osh ‘p_+—}f£~:—r] ) (71)
2
1
O @
1 —F 7
+(+7=7)
1
Yoy = (73)

/ e *
Fo 2r
()
/‘/ + (‘P + =i
In order to solve the integral in (69), we simplify part of the integrand
by noticing that, on account of the exponential funetions, most of the

contribution to the result comes from small values of ¢, and consequently
Ys, » Yy can be expanded in power series. We keep the first three terms

ERO)
©1 o2 , (74)
V(1 +8)(1+ R)

Yaxllay =

where

s- (7). (7)

R (=) (7)
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_ fi— 1
o= ¢S T riR (77)
I+8 1+R’
_ fr — fs
“ a2+ DS _ r2r+ DR, SR e
20+8) 20+ R) ~ (A1+8A+R) (78)

EEARED

2\1+ 8 2\1+ R

Where double signs are indicated, the upper one is to be used if f; =
2f1 — fi (neighboring channels at opposite sides of carrier f;), and the
lower one if f; = f; (neighboring channels at the same side of carrier f;).

Substituting (70), (71), and (74) in (69) and integrating, one obtains
the output envelope

= i aly 1 am]
B = NZU [‘r” 2oy Ot + (2mea)? 0 ||’ (79)
in which
IN am N & BN e(unA“/2)BN—-4p2b(1—bp2A2n~)—(¢,tq-):ﬂ~.
T 1+ 8)(1+R
( )( ) t (80)
-cosh [an(l — bi*A’By) + inuABy T]’
1
BN = T CR
1 + A%(a + bu?) — 2N (7—7’:’) (81)
u = %i (82)
. Léiiigil' (83)

APPENDIX B

Influence of Channel-Dropping Filters on Crosstalk

We want to compare the frequency and time crosstalks of the system
in Fig. 1, assuming a linear amplifier with the already known? frequency
and time crosstalk of the same system obtained assuming not only
linear amplifier but also no neighboring channel-dropping filters.

The maximum frequency crosstalk between neighboring channels is
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deduced from (69), making
Ay = 0for N # 0 (linear amplifier),
fi # fo (transmitter and receiver centered at neighboring frequen-
cies),
fs, {1 # [i (fs and [y are the center frequencies of neighboring channel-

dropping filters),
{ = 0 (in order to maximize the integrand).
Then
E(0) = V7 ATy f_ Ty gy de. (84)

We eliminate the effect of neighboring channel-dropping filters by
assuming f; and fi to be infinitely large frequencies. Then s, and iy
given in (72) and (73) become unity and

EQ(O) = \/;A()Tuf 67‘11‘0¢]!y|ﬂy2 d(p. (85)

This result has been calculated elsewhere® and consequently is known.
The reader can check that F1(0) is slightly smaller than Ey(0), because
the product ys,ysy, in (84) is slightly smaller than one for values of ¢ for
which the rest of the always-positive integrand contributes substantially
to the result. Therefore, it is slightly conservative to ignore the effect
of the neighboring channel-dropping filters on frequency crosstalk.

In order to evaluate the influence of neighboring channel-dropping
filters on time crosstalk, we must compare the maximum values of two
transients during the sampling time. The first transient (17) is that of a
pulse through a system with neighboring channel-dropping filters; the
second transient is that of the same pulse through the same system ex-
cept for the removal of the neighboring channel-dropping filters. The
last transient is obtained from (17) making fas = fi = <=,

Eo(t) _ _men uA Bnt (86)

B(0) e 008~
and the time crosstalk that is derived from this expression is known.?

If the pulses must be closely spaced, the maximum time crosstalk
must be fixed by the sloping part of the transients, and consequently
the broadening of the pulse due to the presence of the neighboring
channel-dropping filters indirectly measures the time crosstalk. For
small values of ¢, (17) and (24) yield, after power series expansion,

Ei(t) _ 2B(1 + %n“#EAZB)] I3
E(0) (27 T)* B ™’ (87)

~1—(1+ *%°A’B) [1
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Eq(1) 22 0 £

——=~1— (1 +inwAB)B __..

Eo(0) — ( + nu T2 (88)

Since expressions (87) and (88) have the same functional dependence,

the transient of a system with neighboring channel-dropping filters is

equivalent to that of a system without neighboring channel-dropping

filters that operates with a wider input pulse

1 12242
+ nwAB (89)
(2men 1)

27, =27 [1 + B
It is possible to prevent any widening, Ty, = T, by making ¢, = =.
This is achieved in (6) by selecting the center frequencies f; and f; of
the neighboring channels at opposite sides of the center frequency f, of
the channel in which the time crosstalk is being studied. But even if
@1 is finite, the relative pulse width increase (71/7) — 1 is negligibly
small for typical cases. For example, if one selects the parameters of a
system with 1 db insertion loss due to neighboring channel-dropping
filters (center set of curves, Fig. 2):

ﬁ‘la _ F‘la _ =
?11' = 1*:2 = 1.0,
H = E - 11
gq=r=1,
T'Fy = 0.5,
|fl"fs| ‘fl—fll_zﬁ
2F, 2F, ’
it follows from (89) that
T, .
T 1 = 0.025.

APPENDIX C

Influence of Nonlinearity of the Transmitting Amplifier on Frequency and
Time Crosstalk

The nonlinearity of the transmitting amplifier changes crosstalk by
compressing the top of the output pulse and because the spurious pulses
generated by the amplifier change the tail of the main output pulse
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(extra time crosstalk) and part of their spectra is fed into neighboring
channels (extra frequency crosstalk).

The time crosstalk at the instant ¢ = ¢ 7 is by definition the ratio be-
tween the envelope of the channel output at that instant and the
maximum output expressed in db. From (23), calling Es(t) the value
acquired by FE.(1) if p = 0 (fi = f»), it is

20 log %‘53(_{(?)4) = 20 log ¢ ™% | cos nuABof |
_ An Ty E;; (npA[2)2 (By—By)
20 log [1 + Z T T (90)
Ay Ty By [uar2?—21(8y—B0)
+ 20 log 1+ZA.} Tﬂ,‘/;e
cos npA Byt

" cos nuABot |

The first term is the main contribution to time crosstalk and has been
computed elsewhere.® The second term is the contribution due to output
compression, 20 log [#5(0)/Eq(0)], (25), and the third term is what we
called extra time crosstalk in the text.

Assume:

(a) only one term of nonlinearity (only compression of third, fifth,
ete. order),

(b) small output compression (2 db at most),

(¢) such a pessimistic combination of parameters that

cos nuABo = cos nuABy{ = 1. (91)

Then (90) becomes

E;(0)

B0y 9%

Es(¢T) ¢ —t2 (By—By)

2 =201 Bt (1 — N=RY 201
OIgEJ(O)_ZO oge ( e ) 20 log
For the range of values of the different parameters given in Fig. 4

and { > 2,

g NI (93)

and consequently it is a slightly conservative assumption to neglect
the extra time crosstalk due to compression.

Now we turn to frequency crosstalk. The maximum frequency cross-
talk is by definition the ratio between Fj3(0), the maximum of the en-
velope output in a neighboring channel, and FE,(0), the maximum output
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in the channel. E.(0) is calculated from (23), making ¢ = 0, and E;(0)
is also derived from (23), making ¢ = p = 0. The ratio expressed in db is

1,(0)
13(0)

Ay Tx /‘/B_v (nuA /)2 (By—B )]
_ 1 1 Dy (nu N—Bo
20 og[ + El A, Ty B -
420 log | 1 + Z Ay Ty 1/]5'—\ WA (N4 2) (By—By)
4‘10 TU

_cosh Inp(l — bpzAaBN):l
cosh 2np(1 — bu2A2B,)

The first term is the main contribution to frequency crosstalk and it
has been computed elsewhere.’ The second term is the contribution due
to output compression 20 log [F;(0)/Eq(0)], (25), and the third term
is the extra frequency crosstalk.

Assuming that the amplifier has only one term of nonlinearity and
that the output compression is small, the second term of (94) is simpli-
fied to

20 log = 20 log ¢TI G ooh Onp(1 — bu®A’By)

(94)

E,(0) ~ A Ty By (np.qm)zw,v—ao)
ED(O)_S()S( i, T, Boe

20 log (95)

and consequently (94) can be rewritten

20 log E:Eg; = 20 log Ot Aty 2np(1 — bu*A’B,)
5(0) l: Ey(0)  uapm?By—sg
— 201 20 1 1 2.3 log s N0
BRy0) T 20 B[ F 23 R By (%6)

_cosh 2np(1 — b;uEAzBN)]
cosh 2np(1 — bu*A2B,)

If the channels must be crowded, p is small, but in that case the extra
frequency crosstalk can be expanded in series and the second and third
terms tend to cancel each other. In the limit, for p = 0, 20 log [E2(0)/
E,(0)] = 0, as it should be, since by definition F.(0) and E3(0) coalesce
to the same value.

On the other hand, for large values of p the extra frequency crosstalk
(third term) becomes more important than the frequenecy crosstalk due
to compression (second term), but then the total frequency crosstalk
20 log [#2(0)/F4(0)] is negligibly small.
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Consider, for instance, the following system, in which the parameters
xTFy = 0.5, Fi/Fy = 14, Fig = Faa = ©,N = 2, and 2 db of amplifier
compression have been chosen to exaggerate the influence of nonlinearity
on frequency crosstalk. Substituting these values in (96),

1,(0) _
Ea(O)

—29.1 + 1.04 — 2.9 = —30.96 (in db) for p = 2,
—67.2 4+ 1.04 — 37.1 = —103.26 (in db) for p = 3.

20 log
(97)

The first term corresponds to frequency crosstalk for a linear amplifier,
the second term is the frequency crosstalk correction due to output
compression, and the third term is the extra frequency crosstalk. For
small p (p = 2) it is conservative to ignore the second and third terms.
For large p (p = 3) the total frequency crosstalk is negligibly small.
Therefore, for all values of p and for all practical purposes the total
frequency crosstalk can be calculated as if the amplifier were linear.

APPENDIX D

Noise Level at the Detector.

The distribution of the filtering before and after the first amplifier
of the receiver, Fig. 1, is important because it determines the thermal
noise power reaching the detector.

If the noise from the amplifier is white and the power density is Wo
watts per cycle, then the mean noise power received by the detector is

= Wo [ e, (98)

where

You = lg_ = g‘M(Ia"l-J’z]le]" cosh n %_fg /‘/W (99)
2

Yoy

is the transfer characteristie of the filter connecting the amplifier and the
detector. This characteristic has been found as the ratio between y., the
transfer characteristic of the receiver (approximately third-order maxi-
mally flat), and ys,, the transfer characteristic of the receiving channel-
dropping filter (maximally flat of order r).
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Performing the integration (98), the average noise power received by
the detector is

e _ )7 L (BN o (7 + 1,
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