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In the automatic control literature, a feedback system is frequently
said to be stable if, regardless of the initial state of the system, each
hounded input applied at ¢ = 0 produces a bounded output. The pur-
pose of this brief is to present a sufficient condition for the feedback
system of Fig. 1 to be stable in this sense.

Our diseussion is restricted to cases in which gy, f, u, and v (in Fig. 1)
denote real-valued measurable funetions of ¢ defined for ¢ = 0. The
block labeled ¢ is assumed to represent a memoryless time-varying
clement that introduces the constraint w(t) = [f(¢),t], in which ¢(x,t)
is a funetion of @ and ¢ with the properties that ¢(0,t) = 0 for¢ = 0 and
there exist a positive constant 8 and a real constant « such that
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for all real x # 0.
The block labeled K represents the linear time-invariant portion of
the forward path, and is assumed to introduce the constraint

v(t) = [f Bt — m)ulr)dr — ga(1), t 0 (1)
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in which % and ¢, are real-valued measurable functions such that
[ [ k() | dt < =,  sup |g(0)| < =.
Jo tzn

The function g, takes into account the initial conditions at ¢ = 0. We
do not require that « and v be related by a differential equation (or by a
system of differential equations).
Assumption: We shall assume that the response v(f) is well defined
and such that for all finite y > 0
sup | o(t) | < =,
D=t=y
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Fig. 1 — Nonlinear feedback system.

for each initial-condition funection g» that meets the conditions stated
above and each input g, such that

sup | gi(t) | < .
t=0

Definition: We shall say that the feedback system of Fig. 1 is ‘€ _-stable”
if and only if there exists a positive constant p with the property that the
response v satisfies

sup |v(t) | = psup | gi(t) + ga(2) | + sup | ga(2) ‘
120 t=0 =0
for every initial-condition function g, that meets the conditions stated
above and every input g; such that
sup | gi(t) | < .
120
Clearly, if the system is £_-stable, then the response is bhounded
whenever the input is bounded.
Theorem: Suppose that
() with K(s) = [ k@®e"dt for Rels] = 0,
Jo

1 + 3(a+ B)K(s) = 0 for Re[s] = 0, and
(#7) with h(-) the tnverse Laplace transform of

K(s) *
1+ 3(a+ B)K(s)’

18 - a) f:m(mdt <1

Then the feedback system of Fig. 1 s £_-stable.
It is of interest to note that condition (77) is satisfied whenever
condition (¢) is met, & > 0, h(¢) = 0 for¢ = 0, and

[ kyae>o,
=0

* Condition (7) and our assumption regarding k(-) imply that k(.) exists, and
that its modulus is integrable on [0, ) [see Ref. 1].
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for then
16— KO |
1+ 3(a + B)K(0) )

The theorem can be proved with the techniques discussed in Refs. 2
and 3. More specifically, consider the relation between f and (g, + g.):

4G — a) f:lh(tﬂdt -

@) + g(1) = f(O) + fu k(t — o)9lf(e),7ldr, 20 (2)

and suppose that

Su%]){gl(!‘) + lt) | < .

Arguments very similar to those used to prove Theorem 1 of Ref. 2
and Theorem I of Ref. 3 show that if (a) f satisfies (2), (b)

sup | f(H) ] < =
O=zt=y
for all finite y > 0, and (c) conditions (7) and () of our theorem are
satisfied, then there exists a positive constant p, (which does not de-
pend upon g, or g,) such that
sup [ f(t) | = pusup | gi(t) + go(8) |
tz0 t=0
Our theorem is a direct consequence of this fact, in view of (1) and the
relation between u and f.
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