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I. INTRODUCTION

Occasionally encountered in the calculation of power spectra are
limits of the form!

N
lim 2 (1 + F(n,N)ein=,
N-=+oo n=[0
where

M

FmN) = 2 an(N)n™ M < =

m=0
an(N) = o(1) (N — =) Ym
x € (—w,®), {=+/—1
It is shown here that these limits exist as distributions, or generalized

functions,®** and have several simple and useful representations.
Specifically, we prove the following

Theorem:
N had y "
m® 3 (1 4 F(n,N))e™ = % +7 3 6(x — 2en) + 5 cot &
N+ n=0 n=—o0

. (D —a ir—1
= lim™ [1 — ¢ %" ,

a—+0

Re a>0

where lim™ and §(-) denote respectively a distribution limit??* and
the Dirac delta function.

II. ANALYSIS

Concerning notation, let C™ represent the space of infinitely differ-
entiable scalar functions defined on the real line (—w,mw); C3, the
space of “rapidly decaying’ test functions, viz., the linear vector space

Ca= fole € C*, 20" (@) = 0( x| - =)Vj, k = 0};
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and @, the space of generalized functions defined relative to the test
functions of Cy. Finally, let Fg signify the generalized Fourier trans-
form?® of ¢ € G with

oo

Fe = f gp(x)efhiwd;t‘ e € Cq.

The theorem under discussion is now established in terms of the
following three lemmas:

Lemma I:
N N
Em® > [1 + F(n,N)]e = him®™ 3 e = h(z) € G.

N—+w n=0 N—=w n=0

Proof: Inasmuch as Fh € G, then b € G and

limfwam(N)l:i einx:|¢(;y)d.t = [lim a,(N)] lim fm[f e""*].p(a:)dx

N vY—w n=0 o | n=0
=0 Vm.
Hence,
N
lim®™ [a,,.(N) > efm] =0 VYm,
N n=0
and
N . M N .
Hm™ X [1 + F(n,N)le'™ = h(z) + > {lim(m [a,,.(N) > n"e’"z]}
N=+w n=0 m=0 N n=0
M
TR S
m=0 d‘l:m
N .
-I:lim(D) a,(N) E e'"’]} = h(z).
N n=0
Lemma I1:

h(z) = Hm®™ [1 — e “ei] ™.
Rua:gﬂ
Proof: Setting
Lyz0

u(ﬂ)E{
0,y <0
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guly) = 20 ¢ ™u (y - 22)
n=0 m
go(y) = lim g, = [Z u (y - 23)] €a
a ™

n=0

and noting that

-

[ lawemdy < = Ve e, w

[ga| =0 Vye(—wm®), VYRea >0,

one obtains by means of Lebesgue’s dominated convergence theorem?®
the condition

limf_ ga(y)e(y)dy = f_w go(We(y)dy Ve € Cy. (2)

Consequently,
lim® g, = go, (3)
and
- 4 od o od .
hiz) = FL. 6‘—£)=F1-ﬁl e ™,
(2) nz=n (Il o &y go=F @y 111:‘1 g
= lilnm’-z e ™ = lim™[1 — %"\
a n=0 @
Lemma IIT:
. —a fr1— 1 - ) T
Hm™ 1 — e %™ = >+« E 6(x — 2mn) -{-E—cotf
a—+0 2 n=—00 2 2
Re a>0

Proof: From the definitions

. L, 2
i =l ar g (5]
tan~ [ e “sinx ]
1 —e¢e=cosax

Jolz) = T[i ulx — 2mn) — i u(—z — 21rn):|

n=0 n=1

dr:( x)

it is found that
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. T 1
]C,Ié log SmEI——jI
< T
| da| =3
lim Cy = [log m%u €G
lim d, = I:fu(:c) —g:l cG

for all & € (0,1) and almost allz € (— =, ). Therefore,as in (1), (2), and
3,

1im™ C, = log sing

Hm™ d, = folz) — =,

o N 2
and
lim® (1 = ¢ = Zlim®™ fo + i log (1 — ¢7%")
= -d;-lim"” [v + da(z) + iCalz)]
—+ ™ Z 8(x — 2mn) -1-—cot§
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