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The optimum signal and receiving fillers for a data fransmission system
with a fived channel and detection process are found. The criteria of opti-
mality are: (i) the minimization of mean sguare error between the input
multilevel data signal and the output to the decision threshold and (i7) the
minimazation of nmoise power output with no inlersymbol interference.
Explicit frequency characteristics are obtained for the separale and joint
signal and receiver opttmization problems. For the joint problem 1t 1s seen
that some freedom exists in assigning phases to the transmitter and receiver.
In addition, explicil equations are obtained for the oufpul signal-to-noise
ratio for the problems considered. The optimization procedures are carried
out in detail in some examples. In comparing binary and correlative multi-
level signalling (e.g., duobinary), it is seen that there may be channels for
which the optimum multilevel system is superior lo the oplimwm binary
system.

1. INTRODUCTION

In most instances a data system designer is faced with the problem of
transmitting through a noisy channel over which he has no control.
In other words, the designer must concern himself with transmitter and
receiver terminals which reduce the disturbing effects of the channel.
Nyquist’s classic paper! considered over-all system designs which elimi-
nate intersymbol interference. Others (see, for example, Ref. 2) have
also reduced the effects of noise by designing the transmitter and
receiver to minimize the noise output for a given Nyquist characteristic
and an ideal channel. Tufts’ recent work®-® has recognized that trans-
mission without intersymbol interference may not be the most desirable.
He has considered the problem of optimizing transmitted signal wave-
forms or receiver filters under the criterion of minimizing the mean
square error (thus minimizing the joint contribution of noise and inter-
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symbol interference). His attempt at joint optimization of the trans-
mitter and receiver was successful only with the added condition that
the transmitted waveform be time limited to one bit interval. This is an
important case, but the unsolved joint optimization problem without
this constraint is also important. The joint optimization solution would,
in effect, provide a performance bound for a given channel.

This paper extends Tufts’ results by solving the joint optimization
problem (mean square error criterion) for a time-invariant transmitter
and receiver subject only to an average power constraint on the trans-
mitted waveform. Explicit equations are obtained for the signal, re-
ceiving filter, and the output signal-to-noise ratio for both the separate
and joint optimization. In addition, the optimum signal and receiver
are found for an arbitrary channel subject to the constraint of no inter-
symbol interference. The output signal-to-noise ratio for this case is
obtained and is found to be only slightly less than the optimum for
usual noise levels. The results show clearly the importance of the ratio
of the noise spectral density to the square of the channel amplitude
characteristic on the design techniques and the performance bound.
The phase characteristics of the channel are irrelevant to the bound
and there is some freedom in assigning phase characteristics to the trans-
mitter and receiver in the joint optimization problems.

An important reason for the solution of the joint optimization problem
is in the notation used. The frequency domain is broken into disjoint
intervals and the characteristic within each interval is considered as a
separate function. The equations to be minimized are easily stated and
the constraints (such as no intersymbol interference) are compactly
and completely represented by this notation. Finally, the joint solution
is easily obtained with the notation used here whereas with the standard
approaches,’ the solution is obscured.

II. GENERAL CONSIDERATIONS

Fig. 1 illustrates the general linear, time-invariant, noisy (zero mean)
multilevel transmission system considered. One may assume that the
information is contained in a random sequence of impulses (of weight

ar,ar = {—2M, -0, --- 2M — 2,2M}
or
f—oM — 1, -+, —1,1, -~ 2M + 1}

and spaced T seconds apart) at the input of the system. Thus, a signal,
s(t), having an amplitude of a, is transmitted every T’ seconds. The
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Fig. 1 — General digital transmission system.
noiseless system output, 7(¢), has the Fourier transform
R(w) = 8(w)T(w)E(w) (1)
A sequence of input signals

I.Z a;s(t — lT)

(all sums from — = to =« unless otherwise noted) will, in general,
produce a sequence of overlapping output pulses

; ar(t —1T).

The total output at the sampling time (taken at ¢ = 0 without loss of
generality) is

v = agr(0) + #ZO ar(—IT) 4+ n(0) (2a)
or
v = agro + 2 ar_s + g (2b)
=0

where 7;, [ # 0 represents the intersymbol interference and ry is the
output value at the main sample point.

In order to assess the performance of such a data system, it is neces-
sary to choose a criterion of quality. One useful measure which Tufts®-*
has used extensively is the mean square error. This paper considers a
slightly different criterion by using a normalized mean square error

E{[normalized input sample — output sample]*}



2366 THE BELL SYSTEM TECHNICAL JOURNAL, DECEMBER 1965

or

E{[GDTO — (aoro + zz;eu ar— + "’VO)]Z}

where a simple change of amplitude between input and output has been
eliminated as a factor. Then

M.S.E. = E{[awo — (aro + ; ar— + mo) [’}

= E{n} + E{2n0p_ ar} + E{(X ar_)?} (3a)
10 10
= E{n’} + E{ X aiar—ir_;} (3b)
1,770
= 0’2 +(1.__,2 E T'.‘.z '+' 22 E{»m Z Tl i4m (30)
150 m=1 1#0,—m
where
g = E[nnz}.

This expression cannot be an absolute measure of quality but should
be related to the output level r, . Much of the remainder of the paper
will be concerned with the design of the transmitted signal and the
receiver filter (both separately and jointly) to minimize the mean
square error given by (3c) for a given value of ry. In addition, this
expression will also be minimized subject to the constraint that the
intersymbol interference be zero, i.e.,

Z r 12 = 0

10

1t is particularly useful for our purposes to work with the frequency

characteristics of the system. Appendix A gives the details of the trans-
formation of the mean square error expression from a time domain to a
frequency domain function. In terms of the system component trans-
forms

Transmitted signal S(w) = A(w)e™™
Channel characteristic T(w) = B(w)e”™™
Receiver filter E(w) = C(w)e™™
Noise spectral density = &(w)

and the shorthand notation Alu + (2n«x/T)] = A.(u) ete., the mean
square error may be written
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MS.E. = f " {Z C2 ()@, (u)
—x|T

n

+ 21 £ 4w B 0uta) cos an(a) + Buw)
] = 22 [P (@)
+ 27—7r [E A (u) By (w)Co(w) sin [aa(u) + Balu)

+ Ya (u)]:I-F(u)} du

where
Flu) =af+ 2 Z_:l a,a;+m cos umT. (5)

In (4) the frequency range has been split into disjoint bands of width
27/T and the characteristic within each band is treated as a separate
function [e.g., A.(u) = Alu + 2nr/T)] is A(w) for 2n — )7/T <
w < (2n + 1)x/T}. For simplicity, the argument, u, will not be made
explicit (except for the dependence of the Lagrange multipliers) through-
out the rest of the development.

The last two terms on the right side of (4) represent the intersymbol
distortion. By simultaneously making these terms zero, one has the
necessary conditions for transmission without intersymbol interference

?"QT (6)

> AB.C,cos (a, + Bu + va) = 5

Z A"B"C" sin (aﬂ + 671 + 'Yn) =0
n (7)

1A
IIA

.
“=7

-3

which have been discussed in a previous paper.’

In the remainder of the paper, the optimum signal and equalizer
(receiver filter) will be determined (separately in Section IIT and jointly
in Section IV) under the constraint that the average signal power is
limited and the output level is fixed. That is, the mean square error

/T 2
f {E C n ZWF (E A.B,C, cos (an + Bn + V) — ﬂ)

T /T n 21|'

2
i 2WF(ZABC sin (an+ﬁn+vn))}
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will be minimized subject to

T
[ > AuB,C, cos (an + Ba + ¥a) du = 1o (8)

/T n

_a_pd the average power constraint which may be written® (assuming
a; = 0)

P= [: Flw)A*(w)dw = f: F 5_} A, du. (9)

Note that this differs from Tufts’ development® in that he considers a
fixed pulse energy as the constraint.
In addition, the suboptimum signal and equalizer which eliminate
intersymbol interference will be found by minimizing
/T

3 ¢, du

/T =n

subject to the constraints given by (6), (7), and (9).
Note that (6) contains the constraint on rq, given by (8).

ITII. RESULTS OF THE SEPARATE OPTIMIZATION OF SIGNAL AND RECEIVER
FILTER

3.1 Stmultaneous Reduction of Noise and Intersymbol Distortion

Appendix B shows the details of the minimization of the M.S.E.
given by (4) subject to the constraints of (8) and (9). For a specified
receiver filter the optimum signal characteristics are given by

sin (ax + Br + &) = 0 (10)

and
_ T(27‘o —_ )\2/F) BkC'k

i E BJC,& -+ );_T
3 T

where it is assumed that F # 0 at any point. The constants A\, and A
may be determined by using the constraining equations.
For a fixed signal, the optimum receiver characteristics are given by
sin (ax + Be + 7)) = 0 (10)
and
O = T(2rg — A/ F) ArBiF [ ®;
' 4r Fy 4B T (12a)
k

®; +21r
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The coeflicient is found in Appendix B to be

T(2?‘o — XQ/F)
4r
ASBS¢ T
'i[)_Tj f'r,fT Zk: &, du 1 T 27‘_ du

2 | For g g A;:;Bf " Flor

T

k 2‘JT
Ay'By

>

f'r,fT ‘I’k
= /T ; A;Bkz T
d LZ & 1 2n

The ratio of the signal output to the square root of the mean square
error is

ASBE T
F ’;I)* + 5= (12b)
k k m™

du

To

vV M.S.E.

ASBY B
[frfr Fu T ; o du N T ([r,v-.v d_u)2 (132)
_ 2_71' e A Lgyr A 20 \l=/r A
T A -2B -2
/T Z -A—i du
f . P
— A
where
AlB? T
=F — .
A ; b, + 2T
This funetion may be approximated by
o 27 f’“’T du T T du -
VMSE ™ T|Lr 5 ACBE T 2n Lo P (Z A,fo)“ (13b)
o D E by

for large transmitted power to noise power ratios

211’ AkQBkE
= F .
T { ; Py >1

In each case, the variable phase should be adjusted to produce zero
phase (with any fixed delay removed) across the band

(e, ar = —Bx — vi).

The amplitude characteristics may be considered to be the product
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of a term which depends upon « and & and one that only depends upon
u, e.g.,

Ci(w) = [Br(w)A(u)/®i(u)lg(u) (14)

()= o+%)

for all k, I. The function ¢(x) may then be considered as the output of a
tapped delay line

where

2o e
D
o

since this function satisfies the condition on g(u). Thus, the solutions
may be interpreted as linear filters matched to the signal and channel
followed by a tapped delay line, e.g.,

C(w) = [B(w)A(w)/®(w)] q(w). (15)

3.2 Minimization of Noise Output Power with No Intersymbol Distortion

The minimization of

w/T

>0, du + Ns(u) D AuBoCl o (an + Ba + ¥a)

—r /T =n n
/T
+ M) X AuB,Cosin ey + By + v2) + N [ S Al
subject to the constraints of (6, 7, 9) is similar to the previous case and
will not be presented in detail. For a fixed receiver filter, the optimum
signal characteristics are given by

sin (e + B + ’Yk) =0 (10)
and
_ —Ns(u)
k= INF B.C:. (16a)

The coefficient is easily found and
ToT BkC;;
k= p. Z Bk20k2 . (16b)
k

Tor a fixed signal, the optimum receiver characteristics are given by
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sin (ax + B + vx) = 0 (10)
and
_ —Ns(u) AeBs
Ck = — D) By . (17&)
Again, the coefficient is easily found and
AB;
_nl_a
Ck - 271' W- (17b)
& by

The ratio of signal output to the noise output is

o 2 f"”" du B

Vet Tl 3 APBy | . (18)
PR Y

This function is seen to be identical to the first term of (13b). The differ-

ence between (18) and (13b) is small under the condition that

M Asz kZ
TF; & > 1

and one does not sacrifice much in designing for no intersymbol inter-
ference. In this case, there is no significant advantage in using the true
optimum design with large signal-to-noise ratio systems.

The interpretation of the above results is the same as for the previous
minimization problem.

IV. JOINT OPTIMIZATION OF SIGNAL AND RECEIVER FILTER

4.1 Simultaneous Reduction of Noise and Intersymbol Interference

The over-all optimization requires the minimization of (4) with re-
spect to both the signal and receiver functions 4, Ckx, ar and v, .
From the minimization details in Appendix B, this requires the solution
of

sin (ax + B + 7)) = 0 for all k, (10)

A, = _—Z’erC,, {EA B.Cc, — L (2ru _ %)} (19)

and
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_ —2r AB,F T(, R_z) .
Ce = —5 o {Z A.B.C. zﬂ(m“ 7 forall &k (20)

where it is assumed F 5 0. In some correlation schemes F' may be zero
at certain points and it is easily seen that A, = C = 0 at these points.
Tor (19) and (20) to have nontrivial solutions it is necessary that the
determinant

2‘11' : BkEF E( , Rz)lz
1-— (T) m {; AliBJIC?I - 47[' 2?0 - _FT I

vanish. This requires

> AB.Cy — (2?-0 - "—2) e IN® ke (21)
n T

F/ = 27 B.*

In general (unless ®,}/ B} is a constant with &) for any u the equation
can only be satisfied for one k. This means that for any u there is only
one value of k for which there is a nontrivial solution and for the other
values of & the solutions vanish.

The question now becomes one of choosing, for each u, the proper
A and € which leads to the true minimization. Combining (19) and
(20)

3,

A = AP Cy (22)
and using
T Ao —T 2:n'e,
B.C, — — (29, — 22) = =21 &
AiBiCi 4 ( "o F) 47 B F* (21)
one gets
s _ T N 2n'e| e
A= 2 = F T B | B (23)
. T [ a o 2ajef| M
Ck = EI' {210 — F BkF% (I)k%Bk. (24)

Equations (23) and (24) represent the nonzero solutions. The best &
(frequency region) for any w is the one which minimizes the function

[0 ]2 ccwm + % {kz Au(u) Bu(w) Culw) — %g} Ja

/T

where the dependence on u has been reinserted for clarity. For every u
there is at most one ('} and A, with a nonzero value so the function
may be written
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>/ I:ckﬁ(u)q)k(u) 2% p(w) {Ak W) Be(w) Culu) — ’”—f}]du

where L; is the subinterval within the interval
((2k — 1) (=/T), (2k + 1) (=/T)]

over which A ,(u) and C'x(u) have a value. It is necessary for the true
optimum that L, be chosen to minimize the above expression. The true
minimization may not require the use of the total interval —«/T < u <
/T, i.e., it may be possible to decrease noise output faster than inter-
symbol distortion is increased by using a smaller interval. Because this
situation only arises when ®,!/B) in the optimum L, regions have large
variation, and is cumbersome to consider in detail, it will be assumed
that nonzero A, and (', will exist over —#/T < uw < «/T (unless
F = 0). Using (21, 23, 24) the above function may be written

T N 2'M(w) | Me (w)F (u)
] [E{z’“‘ﬁ(u‘)‘B,.-(um(u)} Bi(u)

T '() As 2\t (u) \?
T {‘F(m - Bk<aa)F%(u)} ] du.

The constants may be evaluated by using (21, 23, 24) and the con-
straining equations. Thus,

/T
_ f S ABC du (8)
—x /T k
T W zxﬁq:,,‘)
=ru—?i2—r€2f o _ T)“Zf du (25b)
4r T I, F u B

since the total range of all L, is the interval on w (—«/T, #/T) and

%__qu /szkd“ (26)

Using the average power condition

/T
P= F Z A du (9)

— /T

T Ao 2003 @R
= Zlop — 0220 Tk Tk D
2 f,* 4#{ "TF T B } NEB; (27a)
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roT F‘q:k f
Tl - P _
PISW ; w B T o Z du

VDY P} (27b)

2 k
t o e L, B ™
Combining (27b) and (26) one gets
T F'a,}
M o= L du| P
' 2 ; 1. Br v + Z Lg BL
(28)

(Z B )1

21r f du J '
k Ly T
Finally, combining (21-23, 25 and 27)

(?‘OTZ f F’fI:;, )

T (Z Y B,,Fa ) (29)

21r E Jig Bk du
 J, F

M.S.E =

Equation (29) represents the mean square error in the transmission
and L, must be chosen to minimize this expression. This is rather
complicated but to a close approximation, the minimization of

ot
d
2 w B

corresponds to the minimization of (29). The minimum mean square
error results by choosing for each value of u

(-52u=3)

& (u) FH (u)
Bi(u)

IIA

the & for which

is a minimum. The interval L, is that region of u for which
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& (u) F* (u)
Bi(w)

is a smaller than any other

& (u) ()
Bj(u)

Sinee F(u) is independent of j, L, may also be defined as the region
for which ®,%(u)/Bi(n) is smaller than any other &;}(u)/B;(u). Thus,
the choice of L, to minimize

— du
Z‘ Ly Bk
also corresponds to the minimization of the M .S.E. and the regions in
~which power is transmitted are independent of the correlation properties
of the data.
Once the L; are chosen, the resulting characteristics are

Al =
T du
P+ Z Isz wﬂ(kz 1'.,‘1'_:5’&1‘71 )/Z Ly T
B, P
; o B du (30)

®;! T / f du] o' T &
Xgm T [2_ 2 ,LBm /2| T | 5w~ 2 Bap

and

o =My (22)
P,
where \; is given by (28). For (30) to be a solution requires that A" = 0
or

li)k IX-:
pom < Ko+ 3 (31)

for the regions defined by the L, . Taking into account the difference
in problems considered, this equation corresponds to Tuft’s condition
for a solution [Ref. 5, (28)]. Equation (31) states that the solution
must be limited to regions without sharp peaks in the ®,.}/B,F? char-
acteristic. The phases, a; and v, , may be arbitrarily assigned to A,
and (' subject to the condition of (10). The ratio of the signal to the
square root of the mean square distortion is
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To _2_7!'
VMSE T
T & T / 1
X Pras fnkadu 2m (Z LkBkF*du) an (32)
Z Fq:k du
7 Jr, B

It is difficult to make a general comparison of this result and (13) be-
cause of the arbitrary signal, A, , which appears in (13). A comparison
for a specific case is found in the examples of Section V.

4.2 Minimization of Noise Output with No Intersymbol Interference

From the previous results, the minimization of the noise output with
respect to both the signal and receiver functions, A, Ci, ar and vy
requires the simultaneous solution of

sin (ar + Bx + ) =0 forallk, (10)
_ —a(u)
Ay = F By (16a)
and
_ —Xs(u) AeB; .
C, = 5 for all k (17a)

where again nonzero F' is assumed (if F = 0, Cx = 0, Ax = =). A non-
trivial solution of (16a) and (17a) requires that the determinant

1 — )\32(‘11') B_kz
AMF By
vanish. This requires
i i
M(u) = + 2 BE (33)
B

Again, for a particular u, the right hand side of the equation depends
upon k and can only be satisfied for one value of k. For the other values
of k, (16a) and (17a) have trivial solutions. At each value of u there
must be at least one nontrivial A, and (', because of the condition

?'()T

m

IIA

(6)

u

IIA
=38
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Thus, for each value of u there is one and only one nonzero 4, and C,
and the question becomes one of finding which & leads to the true
optimum.

Using the same techniques as shown in the previous section, the noise
output is given by

. 2 i i 2
f CE () () du = (%) %{; Lk%fm}. (34)

This expression is minimized by choosing for each value of u, the &

for which
p (o )
is & minimum. The interval L, is that region of u for which
&, (u)
Bi(u)
is smaller than any other
3, (u)
Bi(uw) -’
The resulting characteristies are easily found to be
A, =P [; %du:l o (35)

and

‘I)g-}Bki

CA — T[IT P_j [Z f F)d)k ]I_Fi_; . (36)

Note here and in the previous case, the bound depends upon the ratio
®,3/B; but the transmitting and receiving filters required to achieve
the bound depend upon @, and B separately.

Again, the phases, a; and v, , may be arbitrarily assigned to the
transmitter and receiver subject to the condition of (10). The ratio of
the signal output to the noise output is

2 N 7o, .
TP [Z F . du] ‘ (37)
% L, B

‘\/a

Comparing this equation and (32) shows the degradation in the per-
formance bound to be expected when no intersymbol interference is
allowed. This degradation is small under the usual condition of low
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noise. The two equations are identical if

&' (u) _ K

Bi(w)  Fiu)’
If this condition holds, the optimum solution is one with no intersymbol
interference. This condition is especially useful with uncorrelated data
where F' is a constant.

V. EXAMPLES

Consider the problem of transmitting uncorrelated binary data
(a; = — lorl,and F = 1) at a rate of 1/7 bits per second over the
channel whose amplitude characteristics B{w) and noise spectral density
function ®(w) are shown in Fig. 2. For ease of presentation these func-
tions are limited to the region (—2x/T, 2x/T) and the phase character-
istic is assumed to be zero. The preceding discussion will be illustrated
by assuming a fixed signal and then finding the optimum receiver filter.
The bound for the utilization of this channel will then be found by
finding the joint optimum receiver and signal combination. For this
purpose, the function

I | i i
| @ |
B(w):cos"i—T I |
| I | I
| l |
I I
| |
(b) |
q;(m):Ncos“ifT I I | :
!/—N
I I
| ! | |
I | | |
&' (w)/B(w) |
/ I o | | |
I £ | |
_2m _m o o 2m
T T ©— T T

Fig. 2— (a) Amplitude characteristic; (b) noise spectral density; (c) optimum
operating region.
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)
B(w)
is given in Fig. 2(c).
The various quantities of interest are given in the figure and it will
be assumed that the initial choice of a signal gives a cosine roll-off and
produces no intersymbol interference

Alw) = :cos— (38)

where the signal normalized to the average power restriction. The
initial receiver filter is assumed to be flat. For this system

27T
N 1/PT fmf Sy dw Pr _ 88 1/E (39)
Vet 2N I:f““ wT dw] o ‘ N

-2x T

For no intersymbol interference, the optimum receiver filter is given by

ArBy
7ol P,
Cph = — —"° 17b
i YRIX (17b)
k ‘f’k
T 2 By T L <
eos — — sin® —
4 4
_nT B <u<t
Ce=or ¥ PT T CEUSET (40p)
cos T + s T

and

T[T Z

k ‘i’k

27 P f I du —
NT |~y 1uT caul (41a)

+s 4
~ 2P [ 247 _
P~ 1/ WI:T:I = (.91

] .
Vet T |L A’By (18)

2_%

(41b)
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For the optimum filter where intersymbol interference is allowed,

U
T /‘/17,1}, B,

Cr = — e
/T cos’ ?iz + sin’® u—T w 1 + sin Y + P
¢ 4 4
Zf (42)
"ot ¥ 2T N
4 4 P
0=u= %

which will not be much different from the result with no intersymbol
interference for low noise. The optimum detector with no intersymbol
interference (40a,b) is shown on Fig. 3(a).

The joint optimization requires constraining C(w) and A(w) to the
region —x/T < u < =/T. From Fig. 2(c) this is seen to be the region
for which

' (w)
B(@)
i @ | | '}
Clw) | 5 | I
1 |
| |
—— ] .
(b) /T ‘
Aw)
} (©) \/
Clw) |
|
__2‘_|"{ _m 0 o 2|_1r
T T © — T T

Tig. 3— (a) Optimum receiver shaping for given 4 (w); (b) signal shaping for
joint, optimization ; (¢) receiver shaping for joint optimization.
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is a minimum. The optimum signal and receiver for no intersymbol
interference are, using (35, 36),

Pt 1
Au = /T du Y 1uT
Lr”_ COSHE cos’ —~ (43)
4
fwff du )}
— [T %ﬂw
Y €08 3 (44)
v 27 Pt %uT
[da ) 'E-

and are shown in Figs. 3(b) and 3(c). The resulting ratio of signal-to-
noise is from (37)

v _ 2w P f’” du_
s T Ni| L, cos? TLTJ (45a)
4
- P
~ 0.95 R (45b)

The true optimum filters, with intersymbol interference, will be close
to the previous results for low noise. The improvement in signal-to-
noise ratio may be obtained from (45b) by replacing P by

P-{—z du

- N Tf’” Nt du \?
21]' —:r,l'TCOS uT - é:l'

e yul
— cos —4—
which is greater than P.

As a further illustration, consider the utilization of the channel whose
amplitude characteristic B(w) and noise spectral density function ®(w)
are shown in Fig. 4. The main point of this example is that the solution
of the joint optimization problem is not confined to the interval
(—«/T, #/T). Tt is, as a matter of fact, split up into three regions;
Lifor —z/T £ u < —a, Lofor —a <u <a,andL_,fora < u = »/T
as shown in Fig. 4(c). These turn out to be the regions of minimum

®}(u)

By (u)

as can be seen by the curve Fig. 4(c). The optimum receiver and signal
are given in I'ig. 5 for the case of no intersymbol interference.
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|
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(cos—ﬂ’?ﬂ_T +cos4T) /\}\
‘ ]
|

0"*(w)/Blw)

Fig. 4 — (a) Amplitude characteristic; (b) noise spectral density; (c) optimum
operating region.

The previous two examples have considered the problem of finding
the optimum regions, L, , for transmitting energy. Once these regions
have been determined it is of interest to examine the effect of F'(uw)
(the one parameter over which the designer may exercise some control)
on the performance bound. In particular, since it is generally considered
that a binary system is optimum for transmitting data in fixed time
slots, it is interesting to ask if some sort of correlation scheme leads
to a better output signal-to-noise ratio than binary for the same average
input power. In other words, using (37) [the case for no intersymbol
interference] are there cases in which

F(uw)dH (w) @' ()
- L —Bk(—u)"— d‘u é ; i Bk(u} du? (46)

It should be emphasized that the signal-to-noise ratio is being exam-
ined and not the error rate. Tor correlative multilevel schemes which
lead to a solution of (46) the error rate may be greater than or less than
that of the binary system. In addition, there are certain error detecting
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Fig. 5— (a) Signal shaping for joint optimization; (b) receiver shaping for joint
optimization.

features of the correlative multilevel systems" which make it difficult
to compare its error rate to binary.
Equation (46) will be easier to consider if it is written

frif' Ir‘](u)cbj(u) < /T q)%(u)
e B(u) = Lar B(u)

where ®(u) and B(w) are the composites of ®.(u) and B.(u) in the (gen-
erally) disjoint regions L, in w. The total interval over which the L,’s
extend is —7/T < w < #/T. For the case shown in Fig. 4 one would
have

du (47)

' (u)/Bi(u) —x/T

. <u = —a,
;((::)) = tﬁui(lu)/Bu(u) —a=u=a,
b_ ' (u)/B_y(u) a=u<x/T.

As a specific example, consider correlated data which is formed by
adding binary (—1, 1) bits separated by T seconds (i.e., adding con-
tinuously the present bit and the immediately preceding bit). Such data
(duobinary) has three levels (—2, 0, 2) and

F(u) = 2 + 2 cos uT.

It is easily shown that if
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&t (u) uT
W = du —_ d] CcOS8 7
where
8§ —2
doZ dy Z 57 dy R 075 do

(47) is satisfied. This means that for the above characteristic the opti-
mum duobinary transmission system operates with greater output S/N
than the best binary system. It is obvious that for

@' (u)
B(u)

constant, (the usual case considered) binary transmission is optimum
(with duobinary poorer by a factor of x/4 as pointed out by Bennett").

This example is not intended to exhaust the possibilities but to point
out that for deviations from flat channels and white noise there is the
possibility that signaling with correlated multilevel data is superior to
binary.

VI. CONCLUDING REMARKS

The joint receiver and signal optimization has been carried out
for the general data transmission system. The optimization considers
simultaneously the noise and intersymbol distortion. The results may
be applied to bandpass (baseband transmission, not carrier) or gradual
cutoff systems as well as the sharp cutoff systems illustrated in the
examples. Unfortunately, the joint solution is unrealizable, but it does
provide a bound on the transmission performance with a fixed channel.
Thus, with a given channel, one can do no better than (32) for the ratio
of signal mean square error, and no better than (37) for the output
signal-to-noise ratio with no intersymbol interference. From these
equations, the importance of the ratio

! (w)

B(w)
is clearly seen. It is the only contribution to the bound other than the
signal correlation function F, and the average signal power. Notice that
the phase characteristic of the channel is irrelevant to the bound.

In the first example, it is seen that the original choice of signal and
receiver was close to the optimum bound. Hence, there is little improve-
ment to be gained with more complex processing. The second example
illustrates a case where a more complex signal and receiver would be
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theoretically useful. The signal and receiver of the first example would
not effectively combat the noise in this case. The last example illustrates
an advantage of correlative multilevel signaling in matching certain
channel characteristics.

In the examples, the suboptimum (no intersymbol interference)
solutions are presented in detail for three reasons:

(7) The solutions are of simpler form but just as illustrative as the

optimum solutions.

(#2) The solutions depend only on the shape of B(w) and ®(w) and
not upon the relative noise and signal powers.

(742) The optimum and suboptimum solutions are nearly identical
in the standard situation of large signal-to-noise power.

The explicit results for the suboptimum case are possible because of
the explicit and complete statement of conditions for no intersymbol
interference [Equations (6) and (7)].

APPENDIX A

Frequeney Domain Representation of Mean Square Error

By writing the time domain samples, r;, in terms of the Fourier
transform of r(f) one gets

r(2) =f Rlw)e™ d (48a)
" =[ R(w)e™" d (48b)
o0 (w/T)(2n+1) .
= f R(0)e™" dw (48¢)
n=—w% ¥ (r/T)(2n—1)

= 0x(

z R (1 + ?ﬂ) julT

is a uniformly convergent series

?,W) ™' du. (48d)

Assuming that

(lR(wH—ajq, g =2 aSw—>oo)

o T & 20w\ juir
r o= > Rlu+=2")e™" du (48e)
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Noting that r; is just the lth coefficient of an exponential Fourier series
expansion of

2r Z R( 2n1r) _1%

T o

IIA
/\
~ly

2'";?] T } : —ju

or

O O B

N T 27 27 1=0

and

i * . .
[ Z R (u + 24”’11) _ &]:I 6Jum'I' — 211‘2?'16!“”'81“”‘7.- (490)

p—o T 2 T 120

Multiplying (49b) and (49¢) together and integrating one obtains,
using the shorthand notation

Ru(u) = R (u n 23}”),

27'17‘1+m=2%r ZR()—D—

170,—m n

Further,

<]
_ . -
a2 2+ 22 G, Do TWim
10 m=1 1540, —m

cos umT du. (50)

—x /T

0 (51)
m
5 JLIOR RO
where
F(u) = af 4+ 2 2 a,a;0m cos umT. (5)
m=1
The noise variance may be written
Bind) = [ | B 9() do (52)
where ®(w) is the channel noise power spectral density
/T (2n+1) \
Bt = [ 1B 8) da (52b)
T /T(2n—-1
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ik 2\ |* 2nar
:Z[ Eu-i—T +—du (52¢)
n /T

- [iT S| Bu(w)[ ®a(u) du (52d)

if > .|E.(w)* ®,(u) is a uniformly convergent series. The mean
square error expression may then be written

T
MB.E. = f_ , {Z | Eu(u)[F ()

: (53)
4+ T{Re > R.(u) — —] Flu) + 5 l:Im ZR,,(u):I F(u)}du
In terms of the system component functions
S(w) = A(w)e™
T(w) = Bw)e™
E(w) = C(w)eh(m)
(53) may be written
w/T
M.S.E. = f_ , {Z Co*(u)®a ()
+ 2% [Z A(u) B (w)Crlu) cos [an(u) + Ba(u)
] =" rw) (4)

o [2 A () Ba () Ca ) sim o () + B (20)

+ n(u)]} F(u)} du.

APPENDIX B
Stmultaneous Reduction of Noise and Intersymbol Interference

The funetion

/T
[ [ch) +2”F{2Agocos(an+sn+yﬂ) ”;T}
—7r|T ™

n

o ?
% {Z AuBaC, sin (an + Bn + vn)} ] du
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f‘Jr,'T .
+N [ FX A du

[T n

/T

+ A > AuBaCy cos (an + Ba + va)du

—x /T n

is to be minimized subject to the constraints

T
ffFZAnzdu=P (9)
—r/T
and
T]T
f 3 A,B,C, cos (an + Bu + va)du = 7o. (8)

/T n

For the optimum signal, this minimization is carried out with respect
to A and a; . Using the standard techniques of the calculus of varia-
tions? the minimization with respect to e« yields

A ByC) sin (ak + Bk + 'Y.'c) l:z 4,B,C, cos (an + B + 'Yn)

— 4—T— (2?‘0 — ;f)] — ABCi cos (ar + B + ) (54)
T

[Z A,B,C, sin (an + Ba + m] =0,

assuming that F # 0. The special case when F' = 0 will be considered
Iater. Summing over all & leads to

(21‘0 - )—;—3) ; AeBCrosin (e + Be + 1) =0 (55)

since A, depends upon the constraints
2. AuBiClsin (o + i + 1) =0 (56)
and

A._r;Bka sin (a;; + ﬁk + ’Y.k:) [Z AuBnCn COs (an + IBn. + 'Yn)

T Y

Minimizing with respect to A one gets

(57)
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o PBCy cos (e + B+ 70) [Z A,BaCy cos (an + B

+ ) — @E:I + 4—Irl*"[JB'kC'k sin (ax + Be + )]
27 T (58)

[Z A,.B,C, sin (a, + B, + 'rn)]

+ 2\ FA, + XoBiC cos (e + Be + &) = 0

or using (56)

[BiCy cos (e + Br + vi)] [Z A.B,C, cos (an + Ba + va)

T A 2,7 (59)
2 1 —
gr (27’0 “F—)] + ? Ak 0.
Comparing (57) and (59) it is seen that a nontrivial solution requires
sin (ar + Be + vi) =0 (10)

and

. 2m T N
Ak = )T-,ﬁﬁ BkC}: {; AHB,,CH 4—7'_ (21'[) F)} . (19)

Multiplying each side of the equation by B:C and summing one gets

S B = —2T 3 B {Z A,B.C, — L (2ru — A } (60)
k n

M % 4 F
T (2?‘0 - %) Z B;Ckz
> ABiCy = o k T (61)
* E B0 + 51*
P T

and

* Z Bkzckz + ;\21—1‘_

%

Finally,

g, = T _@ro = W/F)

B.C . (11)
4r 22, MT
2B + 5o
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For the optimum receiver filter, the minimization with respect to
v« again yields (56) and (57) and with respect to C'y leads to

&1& F[AkBk cos (ak + Bk + 'Yk)] [Z AanCn cos (Qn -+ .Bn + 'Yu)

- ;’g—’:l + ;—T F[ABy sin (o + B + )] (63)
[Z A.B,C, sin (an + B + w,,)]
+ 20:®; + A2AiBi cos (ax + B + vi) = 0
or using (56)

[AxBy cos (e + Br + vi)] [E AnBiC, cos (an + Bn + va)
T N 2T i
E(n-P)]+ 5% -0

Again, comparing this equation and (57) reveals that a nontrivial solu-
tion requires

(64)

sin (ax + Br + v1) = 0. (10)
Then

- 27 AkBkF _ T - RE

Multiplying each side of the equation by 4B and summing one gets

__2r ASBy [ T A
; AxBiCy = ?F; T > A,B.C, o 2rq 7 (65)

n

21"0 — Z\E)FZ AkuBk-
F k ‘I’k (66)

ASBE T
F; ®; + Py

> ALBiCy = r (
k 41!'

and
(-3)
0 — —
D AwBiCi — T (21’0 — h) - T (E) ———TE—- (67)
% 47 F 47 \27 A B, T
FY + —
PR Y 27

Finally,
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(12a)

t P 27
The coefficient, T'/4w(2r¢ — A2/F) may be determined from the con-
straint
/T

f ZA-kBka du = To- (8)

—r/T k
Multiplying both sides of (12a) by A;B,, summing, and integrating
one obtains

2 2
T (™" A F2 Athk
Yo = — f (27'0 — —2) k k du (68)

47 —r/T F Aszkz T
F; by, + 2
or
T Aa
= o —22
47 ( o F)
ABY T
T(;T fﬂ'/?‘; B, | du ‘ + 1 f'lr!T v 7 2——7rdu-l
F ] ] 7] 2 2
27 —xT FZ A By + ‘_T_ F sz F Ay By + ‘T J (12b)
= k by 2 k P 2
1.2RB.2
/T Z 4L :
PR 7 ]
[ o ARBE T
T & D 4
25 T3

The mean square error

i 9 2rF roT*
f Cid + i > AiBiCy — 5 du
k k m™

—‘T,I'T

may be found using (12a,b) to be

ABy
.’ fr,f'r E@ /T ; by ﬁ 4 T_("”’T d_u)2
(10_’1")‘ —wir A g A 2 \J—z/r A
2 ASB,)}
T/ £ Dy
d
f ZA: 5 T

A

—x/T

where
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