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A precise theory of the simultaneous measurement of a pair of eon-
jugate observables is necessary for obtaining the classical limit from the
quantum theory, for determining the limitations of coherent quantum
mechanical amplifiers, ete. The uncertainty prineiple, of course, does
not directly address this problem, since it is a statement about the vari-
ances of two hypothetical ideal measurements. We will adopt the ap-
proach that there exist instantaneous inexplicable ideal measurements
of a single observable. Just as von Neumann' uses an ideal measurement
together with an interaction to explain an indireet observation, we use
ideal measurements together with interactions to explain the simultane-
ous measurement of an ohservable and its conjugate.

The joint measurement described helow is complete in the sense that
all pertinent past history is subsumed under the meter readings. A pre-
cise formula for the joint probability distribution of the results of the
measurements is given. The variances given by these distributions
satisfy an inequality like the uncertainty prineiple but with an extra
factor or two. It is also shown that this inequality governs any con-
ceivable joint measurement. The single measurement of an observable
is a limiting case of the joint measurement when the variance of one of
the measured variables is allowed to approach infinity.

Sinee we are trying to measure two observables, we will introduce two
meters, that is, two one-dimensional systems which will be coupled to
the object system. Since the two meter positions commute, we can make
ideal simultaneous measurements of them. Our interpretation will be
that these two measurements will constitute a simultaneous measure-
ment of the two noncommuting observables of the object system. We
will see that we cannot let the strength of our interaction become in-
finite, unlike the indireet measurement of Ref. 1, but must adjust it to
a certain critical value. We will find that after the interaction and the
measurement of the meter values that the system is left in a state which
is completely determined by the meter readings and a certain parameter
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which we will call the “balance,” having to do with how near our joint
measurement, is to either of two ideal measurements.

To effect the desired measurement, the coupling must be deseribed
by the following Hamiltonian:

Hint. = K(qu+PPy) (1)

where p,q are the pesitions and momentum we wish to be measured and
P, , P, are the momenta of the two single-degree-of-freedom systems
we are using for meters. The positions of the two meters will be x and
y. In addition, we require that the meters initially be in the states M (x)

and N (y), where
N 2 ' —2 /b
Mx) = (E) e

v = (2) e
™

and b is the “balance.” The strength of the interaction K is assumed to
be sufficiently large that other terms in the Hamiltonian can be ignored.
Hence the Schrédinger equation will be (7 = 1)
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(2)

with the initial condition
elg,r,,0) = FlgM ()N (y) (4)

where F(g) is the state of the system to be measured and the system and
the two meters are assumed to be independent prior to the interaction.
Equation (3) is solved by Fourier transforming on y. The solution is

elguyt) = [ Flg — wtk) M (x — gtk + 3wlk*)
2 3)
exp — (w'/4b)

(4mwb)t

To obtain the results we desire it is necessary to make ideal measure-
ments of x and y at { = 1/K. In the following, ¢ will be assumed to be
equal to 1/K and the time will be suppressed in the notation.

The joint probability distribution for the commuting observables x
and y, P(x,y) is given, of course, by

exp (fwy) dw.
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Then, using (5), we have

3 )
P(xy) = (ﬁ) _[u F(q) exp — [2—15 (x — q)2:|

@
-exp — (iqy) dq
or, if G(p) is the momentum wave function of the system
b ! * i b 2
P(xy) = (4—#3) Hm (' (p) exp — [§ (y — »p) ]
, 8

-exp — (ixp) dp

That is, the joint probability distribution is the Fourier spectrum of the
wave function multiplied by a Gaussian window whose width is related
to the balance of the measurement.

The new wave function for the system after the measurement is given
by substituting the results of the meter readings in the wave function
and renormalizing. If we denote the measured value of x by x.. and the
measured value of ¥, ym , the new state of the system is given by

x 1\
F'( = w(‘I:Lm y ym) _ ()
v Sl (qam ym) |Pdg b

. (9)
-exp — l:g—b (q - :L‘m)z + iqym].

Notice that the measurement is complete, in that the state of the system
after the measurement is dependent only on the meter readings and not
otherwise on the state of the system before measurement. We also notice
that the system is left in & minimum Gaussian packet after the measure-
ment, with mean position x, and mean momentum ¥, , which is an
intuitively satisfying result.

From (7) or (8) it is easy to verify that the expected value of x is equal
to the expected value of g before the interaction and that the expected
value of y is equal to the expected value of p before the interaction. The
variances of x and y are related to the variances of ¢ and p before the
interaction by

0. = o, + b/2

2

o = o, + 1/2b.

Hence the variances are individually larger than those of the wave fune-
tion F(q) due to the disturbances caused by the joint measurement. From

(10)
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(7) and (10) it can be seen that in the limit b — 0 distribution of x is the

same as that of an ideal measurement of position and the system is left

in an eigenstate of position. Similarly, if b — « we have an ideal momen-

tum measurement and the system is left in an eigenstate of momentum.
From (10) and the uncertainty principle

g0, = 1/2 (11)
we can deduce
ooy = 1 (12)

which is the proper uncertainty principle for the joint measurement.
The minimum can actually be met when F(g) is a minimum Gaussian
packet and the balance b is suitably adjusted. It is interesting that, when
F(q) is a minimum Gaussian packet, (8) shows that the meter readings
are distributed as independent Gaussian random variables.

We will now show that the bound expressed by (12) is valid for any
joint measurement that meets certain reasonable requirements.

Let us consider a joint measurement from a more general point of
view. As before, we will have a meter (a system with at least two degrees
of freedom) interact with our system. The initial wave function for the
meter plus system will be the produet of the system wave function F(g)
and the meter funetion M (wws , ...). After allowing the interaction to
proceed for ¢ seconds we will measure two observables, say x(t) and y(1),
which will hopefully measure the system position and momentum. In
the Heisenberg representation we may write without loss of generality

a(t) = q(0) + A
y(t) = p(0) + B.

If we normalize with a scale factor of unity on both measurements, it is
natural to require that the expectations of x(t) and y(f) satisfy

(x()) = (q(0))
() = (plo))

uniformly for all initial states of the system, i.e., for all F(g). This im-
plies that

(13)

(14)

(4) = 0
(BY = 0

(15)

identically for all F(g). From this and the fact that the initial wave
function for the system plus meter factors, it can be shown
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(qA) = {(Aq) = (Bq) = (4B) = 0
(pA) = (Ap) = (Bp) = (pB) = 0.

Secondly, we require that x(f) and y(t) ecommute so that they may be
simultaneously measured. I'rom this and (13) we have

(B,4] = [g,p] + [g,B] + [4,p]. (17)

Squaring both sides of (17) and taking expectations, it follows from (16)
that

(16)

(—[4,BF) 2 1 (18)
which implies
(A*BY =z 1/4. (19)
Using (13) and (16), we obtain
00 = 00 + (ANB) + 0B + a,X4 (20)

where .2 = ((x — (2))2), ete.
From (11) and (19) it follows that

ooy = 1 (21)

which is the desired result.
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