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An approach to the calculation of z'ntermodul‘ation noise in FM systems
due to imperfect transmission media is presenled in this paper. The lech-
nique 1s essentially that originating with Ca:‘soriand Fry. In this paper we
extend a formulation due to Rice to include an arbitrary continuous pre-em-
phasis characteristic as well as an arbitrary gain end phase shape transmis-
ston medium which arve representable by low-orden polynomial series in radian
frequeney. Series approximations are carried out far enough fo ensure ac-
curate results for transmission characteristics normally encountered in
broadband microwave radio systems. In many cases, only the second- and
third-order noise is significant in broadband microwave radio systems. Hence,
the analysis carried out in this paper considersjgonly the second- and third-
order distortion terms. A digital computer program concerning the inter-
modulation noise has been written. This analysis and the digital computer
program are of aid in the design of microwave radio systems. With a slight
modification, the calculation of noise due to AM-to-PM conversion caused by
transmission deviation can also be accomplished. An oplimum design of
the pre-emphasis network may be achieved by using the computer programs
through an tterative approach. \

I. INTRODUCTION

In the course of designing FM systems, intermodulation noise is an
important factor which deserves special attention. Many people have
made contributions to this subject.:!° In this paper, we extend their
results to include an arbitrary continuous pre-emphasis characteristic
as well as an arbitrary gain and phase shape transmission medium which
are representable by low-order polynomial series in radian frequency.
Series approximations are carried out far enough to ensure accurate
results for transmission characteristics normally encountered in broad-
band microwave radio systems. The multichannel baseband signal of an
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FM system is represented by a band of gaussian random noise with flat
power-density spectrum. The noise due to imperfect transmission me-
dium can be calculated at any frequency in the baseband. In many
cases, only the second- and third-order noise is significant in broadband
microwave radio systems. Hence, the analysis carried out in this paper
considers only the second- and third-order distortion terms. Extension
to a higher-order distortion becomes unmanageable. A digital computer
program concerning the intermodulation noise has been written. A
typical problem can be solved at a very low cost. This analysis and the
digital computer program are of aid in the design of microwave radio
systems. With a slight modification, the ecalculation of noise due to
AM-to-PM conversion caused by transmission deviation can also be
accomplished. An optimum design of the pre-emphasis network may be
achieved by using the computer programs through an iterative approach.
Several examples are given for illustration.

II. DESCRIPTION OF SYSTEM

A portion of an FM system can be represented by the block diagram
shown in Fig. 1. An FM baseband signal, ¢’ (t) = dg:(t)/dt, is fed into
a pre-emphasis network. The output of the pre-emphasis network is
the pre-emphasized signal ¢’ (f). This signal passes through an FM
modulator to yield the FM wave, cos [wi + ¢ (¢)] where w, is the angular
carrier frequency. When this FM wave goes through an imperfect
transmission medium, the output is distorted and becomes V (¢) cos
[wet + w0 (t)]. Let the transfer function of the transmission medium be

Y(w) = exp [—a(f) — ()], (1)

where @ = 2af. Its impulse response is

]
g(t) = f Y(w) exp (iwt) df. (2)

—a0
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Fig. 1 —Block diagram of a portion of an FM system.
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Using the complex notation, the input and output of the transmission
medium can be written, respectively, as
vi(t) = exp [twet + te(t)] (3)
and
w(t) = V() exp [twet + teo(?)], (4)

where V (t) is taken to be positive and ¢, (¢) is determined to within
2nm, n is an integer.

The output and input of the transmission medium are related by the
convolution integral

w(®) = [ nlt = 2) g(z) da. (5)
From (3), (4), and (5)

V(t) exp [igo(t)] = j: exp [ip (t — 2) — iwer] g(z) da. (6)

Let
V(t) = exp [a(t)]. (7)
Then
a(t) = Reln fj exp lip(t — x) — dwex] g(z) dx (8)
@o(t) = Im In f_m exp lip(t — z) — iwe] g(z) dx. (9)

The AM distortion term expressed in dB is 20 X 0.4343 a(¢) and the
PM distortion term expressed in radians (or degrees) is ¢o(t) — ¢ (t).

Assume that the transmission medium passes only frequencies in
the neighborhood of the carrier frequency, +f. + b, with b/f, < 1.
Thus, to a high degree of approximation, we have

b
exp (—iwa) gla) = j;b Y(w: + w) exp (twz) df. (10)

Let

k(z) = Yo )exp( —twez) glx). (11)

Substituting (1) and (11) into (8) and (9) we obtain
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a(t) = —a(f,) + Re 1nf exp lig(t — )] k(z) dz  (12)

eo(t) = —B(fe) + ImIn j: exp [ip(t — 2)] k(x) de.  (13)

The quantity k(z) may be regarded as the normalized envelope func-
tion of the impulse response g(z). We shall discuss now the logarithm
of the integral in (12) and (13) in detail.

III. DERIVATION OF DISTORTION TERMS
Let
exp [tp(t — x)] = M (t,z). (14)

A delay i, is often introduced in order to improve the degree of approxi-
mation of various series with the first few terms. Then M(¢,x) can be
expanded about z = {4 as

Mtg) = M(tg) + &= td)[ M“”L:

( , ) s (15)
T =l
TCE [37 M“’”],.,, + ...
One choice of {; is
ts = Re L 2h(z) dr = 5 [dﬁg)]f_f (16)

Using (14) and (15), the integral in (12) and (13) can thus be expressed
as

oo oo

f exp [ip(t — z)] k(z)dx = ?‘:‘]% [a:c“ M(t’x)]z-u , (17

where m, is the nth moment of k(z) defined as

ma= [ (@ — )" k(z)ds, mo=1 (18)

or equivalently,

(=1)"

My = m‘ [d—dz— Y(w. + w) exp (T-Wtd)] . (19)

()™

The series (17) is equivalent to the Carson-Fry series with delay {4 .
It may not converge in certain eases. However, when the characteristic

=
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of a transmission medium can be truly represented by a polynomial,
from (19), the higher moments become zero and the series reduces to a
polynomial. The logarithm of (17) can be written as

3

In f_ explie(t — z)] k(z)dz = ip(t — ta)

+ln[1+i #Fn(z—td)],

n=1

(20)

where

F.(t — t3) = (=1)"exp [—do(t — £)] [ax

a" M(t,:r)] .
=ty

Using Taylor’s series expression, we have*
]

o 2
In (1 +> aﬂ(t)a:"/n!) . a + l (ar — o)
1 1! 21
3

;—:j (Ofﬂ — 3aic + 20513)

+

4

+ % (s — donaz — Sy + 120’a; — 6ey’) + + - - .

With 2 = —1 and @, () = m.F,( — ta), substituting the above series
into (20), after considerable algebra, one obtains an asymptotic series
which has been written by S. O. Rice in an unpublished work as

]

In f_w exp [tp(t — 2)] k(z)dz = il:sa - %fp’ + g!—aqoﬂ = g—?som

1

-i-z—l,"p — i

bt % (m; - 2m1m3 —m;
Fomim)g ] 21)
+ [—3 Mp” + F(mg

- mlmi’)ﬁa"P” — &(my

- mlma)‘sﬁ’iﬂm —% (my

—m')e" + P ket -,

* Notice that this is not the approximation In (1 +- ) =2 y which can be a poor
approximation and yet has been quite widely used in FM work.
P



1542 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1966
where ¢ stands for ¢(t — #;) and A,’s are the semi-invariants which
are related to the moments by

e = ma — my

A = my — 3myma + 2m,’

A o= my — dmumy — 3my® + 12m"ma — 6m,".

Taking the real and imaginary parts of (21) and substituting the result
into (12) and (13) gives, respectively,

Ma; Mg rer Mas 1 +

a(t) = — a(f.) + mue — "+

21% Tar’ ar®
- @ il le -

l;}r 1o r H2+h4r l’4

4

m2, 7] ma,. e Mar rirr

eo(t) = —B(f.) + ¢ — mye +57 +ope’ =

+ E 13 _ %¢p’2¢p” _ ?\ t' + @ ! H _ Eé-“qa’tp’” (23)

lﬁ; o ?\41 u
g7 + + ’

where the subseripts r and 7 denote the real and imaginary parts of the
corresponding coefficients and

ll = My — Zmlma — mf + 2m12m2,

ls = mg — mymy,

la = my — mumg,

za = My — mzz.
From (22) and (23), amplitude and phase distortions are divided into
linear, second- and third-order terms and are shown in Table I. The
terms —a(f.) and —g(f.) in (22) and (23) do not appear in Table I.

This is due to the fact that they are constants and introduce only con-
stant amounts of amplitude and phase distortions.

IV. PRE-EMPHASIS CHARACTERISTIC

The multichannel baseband signal of an FM system is represented
by a band of random noise. Assuming that the bottom baseband fre-
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TABLE I — AMPLITUDE AND PHAsE Distorrions DUE To
ImpERFECT TRANSMISSION MEDIUM

Order of Distortion Amplitude Distortion a(#)
B Mizg Mai My
Linear ml'r,o' -+ — A g L
i 21 31 ¥ 41
k! lz la lﬁ
Second-order 2’ o + L e — _é'q;,p"f _ E'“’"’ + .-
. Nai I
Third-order — E‘ o+ Z‘ PR T R

Phase Distortion ¢o(t) — (1)

: ey 'm,a Mar
Linear — M’ + AT m+ A
Second-order M' o? +3 b e — l—a' Pt — bi g 4.

6
. RJ ll
Third-order Er 3 I',P’E,t,” + ...

quency is much smaller than the top baseband frequency, the power-
density spectrum of the baseband FM signal is expressed as

‘Sw’("-’)=Pﬂa lfléfb:

where f, is the top baseband frequency.

A pre-emphasis network is used in an FM system in order to optimize
the noise across the baseband. Let Z(w) be the transfer function of the
pre-emphasis network, we write

| Z(w) |* = a0 + a@f + af' + af’, || = fo,

where the a’s are real constants either given a priort or determined by
the least squares fitting from an actual curve. The power-density spec-
trum of the pre-emphasized baseband "M signal is

Sy (w) = | Z(w)|? 84 (w)
= Polao + aof’ + asf' + asf*), [fl = f.

In the case when the pre-emphasis coefficients ao, @2, as, and as
are determined by the least squares fitting from an actual curve, the
following weighting function of normalized scale has been found useful
for better approximations near the bottom channels

(24)
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W(f/fy) = 10700

where Z is the difference of relative power (in dB) of top and bottom
channels of the given pre-emphasis characteristic.

The rms frequency deviation, ¢, due to noise loading can be expressed
as

(2r0)* = ave (0] = [ S8,:(o) df.

Using (24), the relation between P, and ¢ can be expressed as
(27o)?

Py = 2 F} [ y (I‘ad/SeC)E/HZ,
o () + (45) + ()]

where the units of ¢ and f; are Hz.

V. TRANSMISSION MEDIUM

Within the band of interest, f, = b, let the gain and phase of the
transmission medium be, respectively,

exp [—a(f + f)] = 1 + g + g” + goe’ + g’

¥ (25)
+ :;1 i €08 (Preo + )

—B(f + fo) = bw” + ba’ + bue” + ; v sin (g0 + 1), (26)

where the g’s and b’s represent coarse shape transmission deviation;
the u’s and #’s represent fine shape transmission deviation. It should be
emphasized that the fine shape transmission deviation is restricted to
be a slowly varying ripple characteristic, hence this analysis does not
apply to the noise due to single echo in general. The fine shape representa-
tion is useful when we study the effect on the noise of a given system
due to the shift of the carrier. Since a constant delay does not introduce
intermodulation noise, the linear term in w is not included in (26). The
transmission medium coefficients ¢, b, u, v, p, ¢, 6, and ¢ in (25) and (26)
are either given directly or obtained approximately by a curve-fitting
computer program.
Substituting (26) into (16), we have

N
ta = — Z UrQr COS o0} .
k=1
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From (19), we can evaluate various moments, hence, the coefficients
associated with the distortion terms in Table I in terms of transmission
medium coefficients, as given in Appendix A. In the following sections
we shall derive expressions for intermodulation noise calculation due to
second- and third-order distortion terms.

VI. NOISE POWER DUE TO SECOND-ORDER DISTORTION TERM
Since

d 2
0 = 200"
dtw e,

2
7ot

12 "
Y =200 +2¢,

the second-order PM distortion in Table I can be written approximately
as

d d
ea(t) = (*‘é?\zs + i P Tlgla;dftg

) ¢ + deliue™, (27)
where
l4i = 4131‘ - 3l5i .

The second-order PM distortion term of (27) can be represented by the
block diagram shown in Fig. 2, where

Hi(w) = (Feliw” — ) + i(3liw),
Hy(w) = o5l -

The power-density spectrum of ¢ (¢) is"

Sey (@) = Hi(—w)H;(0)Sy2(w) + Hi(—w)H:(w)Sy2,2(w)

(28)
+ Hy(—w)H; (0)Syrr2p2(w) + Ha(—w)Ha(w)Se2(w),
g H, (w)
@alt)
L Ho(w)

Fig. 2 — Block diagram representation of the second-order PM distortion term.
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where S,2(w) and S,.»(w) are the power-density spectra of ¢ and
"2, respectively, and Sgrapre(w) [or Sgrgea(w)] is the cross-power-
density spectrum of ¢"2 and ¢”? (or ¢”? and ¢'?). These quantities can be
derived as®?

S,2(w) = F[2R, (r) + R, (0)],
812,712 (w) = F2Rp " (1) + Ry (0)Ryr (0)],
Sprapr1(w) = F2Ryre” (1) + Ry (0)R, (0)],
Syrr2(w) = 2Ry (1) + R’ (0)],

where R, (r) and R,-(r) are the autocorrelation functions of ¢’ and
¢”, respectively, and R,/ (1) [or R, (7)] is the cross-correlation func-
tion of ¢’ and ¢” (or ¢” and ¢'), and F stands for “the Fourier transform

Of”

The Fourier transform of a constant function is a delta function at
zero frequency. In the situation of evaluating noise power in the base-
band, this quantity is not of interest. Also, it can be shown that

Serapra(@) = Sprrapra(w).
Thus, (28) can be simplified as
Spp (@) = 2| Hi(w) | 'SR ()] + 2| Hz(w) | *FIRy" (7)]
+ 2[H, (—w)H: (w) + Hz(—w)H1(w)IF[Ry " (1)].

The intermodulation noise to signal power ratio due to the second-order
distortion term expressed in dB is, therefore,

N,/S(dB) = 10 log [&"S,, () /S, (@)]. (30)

(29)

VII. NOISE POWER DUE TO THIRD-ORDER DISTORTION TERM
Since

d 3 I

& o = 3%

di ¢ (2

the third-order PM distortion in Table I can be written approximately as

dy .
ipa(t) = (éMr - Tl‘sllr a) (‘4 3-

The above equation can be represented by the block diagram shown in
Fig. 3, where
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g3 Palt)

—= Hiw)

Fig. 3— Block diagram representation of the third-order PM distortion term.

Hy(w) = (§hsr) + i(—T5lyw).
The power-density spectrum of ¢;(2) is
Sey (w) = | Hy(@) | *Syrs (w),

where S,3(w) is the power-density spectrum of ¢'* which can be derived
ﬂ.Slz

8,1 (w) = 6F[Ry’ ()] + 9R,*(0)S, (w).

In the above equation, the term 9R,.*(0)S, () is merely a scaled power-
density spectrum of the input baseband FM signal, hence, it does not
contribute to the intermodulation noise and can be neglected in the
computation.

The intermodulation noise to signal power ratio due to the third-order
distortion term expressed in dB is, therefore,

N3/S8(dB) = 10 log [w’S,, (w)/Sy ()], (31)

where

Ses (@) = 6| Ha(w) | *F[Ry" (7). (32)

In (29) and (32), the Fourier transforms of R,*(r), R, *(7), Re (7),
and R, (r) may be obtained by taking the convolutions in the frequency
domain. However, this requires numerical integration. For given pre-
emphasis characteristics and Py (or o), these Fourier transforms ean be
expressed in algebraic forms as shown in Appendix B. Hence, no nu-
merical integration is necessary. A digital computer program has been
written to ealeulate the second- and third-order intermodulation noise
due to second- and third-order distortion terms in dB. A typical problem
can be solved at a very low cost.

VIII. EXAMPLES

Several examples are considered in this paper. Calculated results are
compared with measured data when they are available. Expressions for
noise caleulation are derived for simple cases. For more complicated
situations, the noise calculation is best earried out by using a digital
computer.
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8.1 Ezample 1

In this example, we wish to demonstrate how the intermodulation
noise across the baseband can be optimized using an appropriate pre-
emphasis network. To simplify the ecalculation, we assume that the
transmission characteristic consists of linear delay distortion (b)) only.
From Appendix A, we obtain

Ao; = —252 B llr = —8b22
and all the other coefficients are equal to zero. Hence,
Hl(w) = bz y Hz(o.)) = 0, Ha(w) = i%bzzw.

In practical cases, the third-order distortion term [H;(w)] is negligible
(say, 50 dB less) compared with the second-order distortion term. From
(30) we write
N. B 2b,"w” R, ()]
< (dB) = 10 logm)r——

For simplicity, we let
Sp(w) = Po(l + af?), |f| = fi.
IFFrom Appendix B, we obtain
FR,A(r)] = Pofn(f),

where
7(f) = —do ALY — AL + (F4. + 2) A0
— (1 4+ A2)°Q + (F54° + 542 + 2)
As = aofi?
Q= f/f.
Since
P, — (2':a'cr)i4
2ﬁ,(1 + ?)
consequently,
(2m)*(baf")? (}‘i)z (/)

A—;(dB) = 10 log n
(1 + g)(l + A,07
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Specifically, we let
by = 7.962 X 1077 (linear delay of 1 nanosec/MHz)
fo=1MHz
¢ = 1 MHz,

After several computer runs, the optimal choice of as is 7. The inter-
modulation noise with no pre-emphasis and with the optimal pre-empha-
sis are plotted in Fig. 4. The noise has been reduced to more than 5 dB
and is evenly distributed across the baseband by using the optimal pre-
emphasis network.

-40
NO
o -50 PRE -EMPHASIS
-
—

E ___,.----""""'----'I
[¥] OPTIMAL
a -60 //,/ PRE-EMPHASIS
z / /
~
zlo

-70 //

-80

) ol 02 03 04 05 06 07 0B 09 10

FREQUENCY, f, IN MEGAHERTZ

Fig. 4 — Intermodulation noise due to linear delay with and without pre-
emphasis.

8.2 Kxample 2

In this example, we use a typical radio system pre-emphasis charac-
teristic shown in TFig. 5. The top baseband frequency is f, = 5.772 MHz.
Since the given pre-emphasis characteristic is expressed as relative
power in dB versus baseband frequency, it is first converted to ratio
versus normalized baseband frequency, @ = f/fs .

The weighting function is

W(Q) — 10—(9.5[10)(9—1)

A least squares approximation program is used to obtain the approxi-
mating polynomial

ap + ﬂ--.'_f2 + ﬂ-«iﬁ + aﬁfﬁ,
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where
ap = 0.99894166
as = 11.944252/f;2
ay = —5.5771705/f*

ag = 1.4396088//".

Consider a transmission characteristic consisting of a linear, a parabolic,
and a slowly varying sinusoidal delay as shown in Fig. 6. The expres-
sions for the noise due to second- and third-order distortion are too com-
plicated to write down. However, by using a digital computer, the
results are plotted in Fig. 7 for ¢ = 0.771 MHz. Clearly, a better
pre-emphasis network should be used to optimize the noise across the
base-band for this particular transmission characteristic.

8.3 Example 3
As a final example, we consider a single pole 1T filter with

1
140

w

Y(w + ‘-‘-’c) =

where w is the 3-dB half-bandwidth of the filter. Using a least squares
approximation with appropriate weighting function, the magnitude and
phase of ¥ (w + w,) are expressed by

10

s /

2 /|

P4

RELATIVE POWER IN DECIBELS
AT_
\\

L1
1
0.01 0.02 0.04 0.06 0.1 0.2 04 0608 1 2 4 6 8 10

FREQUENCY, f, IN MEGAHERTZ

Fig. 5—Pre-emphasis characteristic of a typical radio system.
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8 /
6 A
b.=0.797 x10~'8
a ba=0.847x10-24
g al—— o=ms /
5] -7
o Qy =2 %10
o v,=5x10"2
2. =°
z /
z -7
-
<
30
w
o /
_2\\ .
\-.._.-/
-4
-5 -4 -3 -2 -1 0 ] 2 3 4 5
FREQUENCY, f —f; IN MEGAHERTZ
Fig. 6—An arbitrary delay characteristic of a transmission medium.
-25
-30 //
SECOND —]
ORDER _____..-/
=35 /,_..-—f
9 -40 ,/
w
@
(v
w
(a]
z 45
THIRD "]
zio SRR
-50 e
//
-55 //
-60
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
f/fo

Fig. 7 — Intermodulation noise due to the delay distortion of Fig. 6.
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exp [—a(f + f)] = 1 4 g + gt = 1 + Ga(f/w)? + Gu(f/w)?
—B(f + fo) = bw + by = Bi(f/w) + Bs(f/w)?,

where

g1(2mw)*

Il

Gy = g2(2rw)? = —0.42009, Gy 0.08027
B1 = hi(2mw) = —0.9529, B; = by(2qw)® = 0.1294.

The actual and approximated transmission characteristic are plotted in
I'ig. 8. Since a constant delay does not introduce intermodulation noise,

Il

[Ke]

0.9 /
0.8
APPROX-
E{‘ACTA k IMATION
1

07 A7

MAGNITUDE
-

0.6
/
/II

-
~

0.5 \ #

04
1.25

1.00

1
APPROX- 3,
0.75[~ IMATION

0.5¢

|
I
|
|
1
[
|
|
0.25 ! \
|
|
|
!
I
b

F‘HA‘SE IN RADIANS
o
Y]
4]

\

-0.50
EXACT

! 7
A X L
N U
|-f‘b/w fb/w|
-1.25 I 1
-25 -20 -5 -10 -05 O 05 10 15 20 25
f/w

-0.75

-1.00

Fig. 8 — Gain and phase characteristic of a single pole filter.
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b; is not ineluded for calculation. Using the expressions in Appendix A,
the coefficients associated with the second-order distortion term are

Az,— = 0, lo,‘ = 0, lai = 0, l;,' = 0.

Hence,
Hy(w) = Hy(w) = 0.

The noise contribution due to second-order distortion is, therefore, zero.
The coefficients associated with the third-order distortion term are

A3, = 6b;, Iy, = 24g4 — 4g7°

Assuming no pre-emphasis, that is, az = a3 = ag = 0, from Appendix
B, we have

F[R,A(1)] = Pdifital(3 — @), e =1
where
Q=1ffs.
Using the relation
_ (27o)?
PU h 2fb [+ 2%

the intermodulation noise to signal power ratio due to the third-order
distortion term ean be derived from (31) as

(dB) =10log2 (fb) (") @ (3 — ) [Bf + (3;)2(20 — %“’2)2]

Forf, = 1 MHz and w = 1.25 MHz, N3/ S (dB) is calculated atf = 0.084,
0.36, and 1 MHz as a function of (¢/fs). The dotted lines in Fig. 9 repre-
sent the caleulated value (S/N;) while the solid curves represent the
measured data taken by W. F. Bodtmann.”® The discrepancy between
the measured and calculated values can be attributed to several reasons:
(z) The power-density spectrum of the multichannel baseband signal
used in the experiment was not perfectly rectangular, (7%) During the
measurement, a non-ideal limiter was used which caused some AM-to-
PM conversion, (#17) The actual transmission characteristic was approxi-
mated by few parameters in a limited region, and (#v) the formulas (30)
and (31) derived in this paper involved approximations. Nevertheless,
the measured and caleulated results are close enough to show the utility
of the analysis even for cases beyond the application for which if was
originally intended.
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Fig. 9 — Measured and calculated intermodulation noise due to the single
pole filter.

IX. DISTORTION DUE TO AM-TO-PM CONVERSION

Let K be the AM-PM conversion factor of a device expressed in de-
grees/dB, then the phase distortion due to AM-PM conversion is

Phase Distortion due to AM-PM Conversion = 20 X 0.4343K a(?)
8.686K a(t) degrees,

where a(f) is given by (22).
Similarly,

8.686

d
_211" K d—t' a(t)

Frequency Distortion due to AM-PM Conversion =

d
= 1382 K 7 a(t) He.

In Table I, the second- and third-order terms of amplitude distortion
cause intermodulation noise while the linear term causes video roll-off
or enhancement. Using the same approach discussed previously in this
paper, noise caleulation due to AM-to-PM conversion which is caused
by transmission deviation ecan also be accomplished.
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APPENDIX A

Coefficients Associated with the Distortion Terms
The moments defined in (19) can be expressed as

'ﬂ’m=1

i)

m= (=2 + i)

m= (5 +4) +5(= 1)

f’h" I
_ "2 urr 44°B GA”B”
my = ( 3B + ) + 1 ( + v + 7 ) ,

where

N
A =14 D w cos b
k=1

N
A’ =1 — )GZ; UrPr sin ﬂk

N

A" = - UpPr” oS O
k=1
N

A”’ = Gga ‘+‘ J.;Z ’M,\-pkﬂ sin 0
=1

N
A" = g, + ?‘_,1 wpi' cos B
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N
B" = 2, — 2. v;,grk2 sin oy

k=1

N
e 3
B = ﬁba - E VUrQr COS o}
k=1

N
B"" = 24b, + ,,Z vegi SiD oy, .
=1

The coefficients associated with the second-order distortion are

Mg = '—'B”
AIH’ AIA”

b= =gt

_ e BAIBIH GA”B” 3AIQB”
I = B + 1 + T~ 4

_ 1t 12A”B” AlﬂB”
luy=B8B"+ 1 12 T

The coefficients associated with the third-order distortion are
Ay = Bru
” AHH Af!z AlAI.H Asz”

e el A ERL N Ca

APPENDIX B

Fourier Transforms of Ry*(7), Ry (1), Re*(1) and Ry3(r)

The Fourier transforms of R,2(7), Ry (1), By *(r) and R,4(r) can
be derived in a straightforward manner. However, considerable amount
of algebra has been involved during the derivation. Without writing out
the details here we merely present the final results.

F[R,Hr)] = Pofol Du(f — 2fu) + 2Du(f) + Du(f + 2f)
— Duo(f — 2s) + 2Dx(f) — Duo(f + 2fo)
+ 2D5(f — 2f) — 2Ds(f + 2fi)}

FIR,A(r)] = PIf{3Ef — fi) + Ea(f — 3fs) + Eu(f + 3fi)
+ 3E\(f + o) + 3E(f — fu) —3Eu(f — 3f)
— 3E4(f + 3fs) + 3E(f + fo) + 3Ea(f — 1)



F{Ry2(r)] =

where

Di(f) =

Do(f) =

Dy(f) =

Ef) =

Ex(f)

By(f)

By f)

Ji(f) =

Jo(f) =

Jo(f) =

Ki(f)
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+ 3E3(f - 3fb)
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— 3E(f + 3f) — 3Es(f + fo) + 3E:f — o)

— Ex(f — 3fe) + Eu(f + 3fu) — 3E(f + fo)}

F[Ry o 2(1)] = Am* PR3 {J(f — 2fe) + 2J.2(f) + Jof + 2fs) — Jo(f— 2f0)
+ 2Jo(f) — Jof + 2fo) — 2J5(f — 2fs) + 2J5(F + 2fu))

167 PRfd{Ka(f — 2f) + 2KG0(f) 4+ Ku(f + 2fi)

— Ku(f — 2fo) + 2K(f)
= 2Ky(f + 20},

niﬂ( 1)“2(2nd1: 1)1(%,
,,Z:,( l)nz(zndzi 1)1(%,
Z g (d)
ia (—=1"373 = 1)1(%,,

=2 2(2n)| b).
B ,.IZ; (=17 2(2::— 1! (%,

> (0 e

2 -0 gt

% o (1)
-3 (-1

- K2(f+ an} + 2K3(f - 2fb)

_ = n+1 €on (f)ﬁn
=2 (=1 5on)1\Fy sgn f

_ ’ __qyntl Can 1
=2 (=1 (f

sgn f

2n—1
) sgn f

2n—1
) sgn f

]
L

sgn f

sgn f

lln f e
2(2n — 1):@1) sgn f
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Kol = 2 (1" gt (D) o

n=1 2(2n —
3 (e ke (FYT
Ki(f) = EE=1( n*r 2(2ﬂ)1(fb) sgn f.

The coefficients in the above equations are given as
dir = ¢, diz = 2e162, du = & + 2016
dis = 2605, dig = 5
dn = ¢, dy = 2ci5, day = c5& + 2e46s
dos = 2e4e7 + 20505, dos = 68 + 2cscr
doyg = 2¢cc7, dor = ¢7°
dyn = €164, dsz = €165 + €ats, dsz = €16 + Cacs + CaCy
dss = €161 + CoCe + €a6s, dss = a7 + €3Cs, dzs = CaCr
€13 = 013, ey = 3¢’ , €15 = 3eica® + 3eiles
eie = Beicacs + ¢, e = 3eies® + 3e’cs, e = Scacs’
e = ¢, ey = ¢, exn = 3cic

ess = deacs® + 3cics, ew = 3eder + Bescses + 6

e = Beace® + Geacser + 3cs’cs, e = Ocaceer 4 3esedd + 3es’er

e = 3cacr® + Bescacr + 6, e = 3eser® + 3eg'er

e = 3ceCr%, e = €, en = Cr’cy

ess = 2e10004 + er’cs, en = cfey + 2oy + 2eicecs + ei’co

tas = 2CaC3Cq + Co%cs + 2616365 + 2e10006 + Cicq
e = Cy°Cs 1 2cacscs + ces + 2eicacs + 2e10067
esr = €3°C5 + 2020366 + CoPcr + 2c1c367

e = C%cs + 200501, ew = 1, ep = &

Cy3 = 2(310405 + 02642, ey = 01652 + 2610.:05 + 2626405 + 03(.‘,4,2

ess = 2c10071 + 2010506 + CaCs® + 2eaCacs + 2caCaCe
Cig — 61652 + 2616567 ‘I— 2026407 + 2628565 + 63652 + 2036465

esr = 2e10607 + €068 + 2eacser + 2e3car + 236560



Cag
Cay

Ju

Jaz

j:s-;
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cierr + 2esc6c7 + e3ce® + 2escscq
e + 2escec7,  Ca0 = Cac7
eff, Ji2 = 2e4(cs — 2¢1)
(cs — 2c1)? + 2c4(cs — 4c2)
2¢i(cr — Bes) + 2(cs — 2¢1) (c5 — 4es)
(cg — 4e2)* + 2(c; — 2¢1) (¢7 — Bes)
2es — 4e2) (61 — Bez), jiw = (e7 — Gey)?
(e1 + €, Jos = 2(er + €4) (€2 + 3cs)
(e2 + 3cs)* + 2(er + 1) (e3 + Bes)
1des(er + co) + 2(cs + 3es) (ca + 5es)
(es + 5c6)® + 1des(es 4+ 3es), Jor = ldei(es + Hee)
49¢?, ju = ala + c)
eales + 36s) + (e + o) (s — 261)
ea(es + Beg) 4 (o + 3es) (cs — 2c1) + (o1 + 1) (e — 4e2)
Teser 4 (e — 2e1) (s + Beg) + (cs — 4e2) (2 + 3es)
+ (v — 6es) (a1 + 1)
Teoles — 2¢1) + (3 + Hes) (c6 — 4e2) + (c2 + 3es) (¢ — 6es)
Ter(es — 4e2) + (e3 + Bes) (er — Ges),  jar = Tea(er — 6ea)
(c1 4+ 2e), ki = —2(e; + 2¢) (661 — o — 6cs)
(Gey — e — Ges)? — 2(er 4+ 2¢4) (2000 — ¢ — 10cg)
2(6ey — 2 — 6e5) (200s — ey — 10c5) — 2(c1 + 2¢4) (425 — 14eq)
(20c; — ¢y — 10c6)? + 2(6ey — 2 — bcs) (425 — 14e7)
2(200; — ¢z — 10¢q) (42¢5 — 14e7), ks = (42¢; — 14¢7)?
e, ke = —2c4(der — o5 + 2e4)
(4der — 5 + 2¢4)? — 2¢4(8es + 12¢5 — )
2(der — 5 + 2¢4) (8ea + 1265 — c6) — 2¢a(12¢; + 30c5 — €1

(8ex + 12¢5 — )2 — 112e407 4+ 2(4c1 — 5 + 264) (12¢5 4 30cs — ¢x)
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fog = 112¢7(de; — 5 + 2¢4) + 2(8ex + 12¢5 — c) (12¢5 + 30cs — e7)
kar = (12¢3 + 30c6 — ¢1)® + 112¢:(8cs 4 125 — ¢5)
kos = 112¢:(12¢5 + 30cs — ¢1), kag = (Bbey)?
ks = eu(er + 2¢4)
kae = —(c1 + 2e4) (dey — 5 + 2¢1) — es(6c1 — co — 6cs)
sz = —(e1 + 2¢4) (8e2 + 12¢5 — ¢5) + (61 — 2 — 6¢s) (der — ¢5 + 2cq)
— ¢4(20e; — ¢3 — 10¢q)
Fa = —(c1 + 2¢) (12¢5 + 30cs — ¢7) + (6ey — €2 — 6c5) (8ce + 12¢5 — ¢cg)
4+ (20c; — e3 — 10cq) (der — 5 + 2c0) — ca(42¢5 — 1der)
ks = —506er(cs + 2¢1) + (6e; — e2 — Ges) (12¢5 + 30cs — ¢r)
+ (2062 — ¢z — 10¢g) (8es + 12¢5 — cp)
+ (42¢; — 14er) (der — 5 + 2c0)
fess = B56er(6er — ¢ — bes) + (2002 — ¢5 — 10cq) (12¢5 4 30¢; — ¢x)
+ (42¢; — 14c7) (8e2 + 1205 — co)
kyr = 56¢:(20cs — ¢3 — 10¢s) + (423 — 14er) (12¢5 + 30cs — ¢x)
ks = B6er(42¢; — ldcy),

where
[ Z(szbz + 2a4fi* + 3asft.s)
Cy = —24:(024fb4 + 5ﬂafbﬁ), C3 = 720‘16be

ey = ao + aof* + aufit 4 acfif
¢ = —2(afi + 6asfit + 15asfi®)
24(0/4qu + 15a3ﬁ,5), Cr = —720ﬂﬁfbﬁ.

Il
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