Injection-Locked-Oscillator
FM Receiver Analysis

By C. L. RUTHROFF
(Manuseript received April 18, 1968)

The major components of an injection-locked-oscillator FM receiver
are a linear mizer and a van der Pol type of negative resistance oscillator
in a phase-locked configuration. In this paper the nonlinear differential
equalion describing the recefver output is solved and explicit expressions
oblained for the output signal, noise, and controlling second and third
order distortions. The input signal carrier s both amplitude and frequency
modulated. Signal-to-distortion ratios have been computed and are presented
for the case of a noise modulated FM input signal. The results indicate
that excellent performance may be expected of such a recetver.

I. INTRODUCTION

It is well known that a conventional phase-locked loop can be
used as a frequency modulation receiver.!® It is perhaps less well
known that the locking performance of the phase-locked loop and
the injection-locked oscillator are described by the same differential
equation.* These two facts suggest that an FM receiver using an
injection-locked oscillator is possible. It is. And such a receiver is
described here.

The principle of operation of the two receivers is the same but
there are important practical differences. The baseband bandwidth
of the phase-locked-loop receiver is limited by delay in the feedback
loop to frequencies of about 1 MHz. The baseband bandwidth of the
injection-locked-oscillator FM receiver can be as large as half the
locking bandwidth of the injection-locked oscillator. With existing
solid state oscillators such as the tunnel diode, locking has been
achieved with bandwidths in excess of 200 MHz,” indicating that
operation with basebands of about 100 MHz is possible.

This type of receiver is not used in present day systems and there
has been little or no interest in it for about 20 years.®** Woodyard?
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is credited by Edson' with the first explicit receiver operating on the
locking prineiple but the beginnings go back to Appleton in 1922.°
Beers® and Bradley® reported excellent measured performance in con-
figurations using vacuum tube oscillators; in the light of these results
it is surprising that interest has flagged in recent years.

The existence of solid state oscillating devices such as the tunnel
diode, the avalanche diode, and the Gunn diode is sufficient cause
for renewed interest in injection-locked-oscillator FM receivers. They
are especially attractive at the higher microwave and millimeter
wave frequencies, where conventional receivers are difficult to build.
This paper describes the prineiple of operation of a receiver configura-
tion suitable for dominant mode transmission lines. Applications at
optical frequencies are also of interest.

The distortion analysis which follows requires a mathematical
description of the locking behavior of an oscillator. For this purpose
the van der Pol sine wave oscillator model is used; there is abundant
evidence in the literature that all oscillators which have nearly
sinusoidal outputs are adequately described by the van der Pol model.
The receiver output is derived in the form of a nonlinear differential
equation. The solution of the equation gives the output signal and
distortions explicitly in terms of the frequency and amplitude modula-
tion on the receiver input carrier.

An example of receiver performance is computed in some detail
for the case of a carrier modulated with a band of gaussian noise.
Such a modulation signal is often used to simulate the output of a
multichannel telephone multiplex terminal. The receiver input signal
is corrupted by additive noise and the distortions resulting from the
effects of envelope noise are computed in addition to those caused
by signal-sensitive nonlinearities inherent in the demodulation process.

II. DESCRIPTION AND ANALYSIS

The receiver is shown in block form in Fig. 1. This circuit configura-
tion is eonvenient for description and is suitable for the microwave
frequency range. Many other configurations are, of course, possible.

Let the input signal be a carrier, modulated in amplitude and
frequency:

() = I(t) sin [pt + 6(2)]. 0

The frequency modulation is df(¢)/d¢; the envelope I(t) is usually
nearly constant with a small variable part representing noise or other
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Fig. 1 — Injection-locked-oscillator FM receiver.
undesired amplitude modulation. Let

It = I + 1@, L®HKL],. ()

The function of the directional coupler in Fig. 1 is to divide the
signal into two parts which are 90° out of phase. Letting the amplitudes
be equal, the output of port 1 is given by (1), and the output of
port 2 is

ia(t) = I(t) cos [pt + 6(t)]. 3)

The output of the injection-locked oscillator is

5(t) = I.(t) cos [pt + 6(t) — «(B)], @)

where () is the phase tracking error. The receiver output is contained
in (t) and is discussed in detail later. The envelope variations in (3) are
reduced in the passage of 7,(f) through the oscillator. The output of the
oscillator is used as the local oscillator for the linear mixer of Fig. 1, and
since small envelope variations on the local oscillator port do not appear
in the output, the envelope of (4) can be regarded constant, that is,

%(t) = I, cos [pt + 6(t) — o(B)]. (5)

The envelope variations on the input to the linear mixer signal
port are not suppressed however, and the low frequency output of the
mixer, from (1) and (5),is

() = MI() sin o(2), (6)
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where M includes the linear mixer conversion constant. The receiver
FM output is contained in the term sin ¢(%).

The differential equation describing the locking behavior of the
van der Pol sine wave oscillator has been derived in many places.** **
With the input signal of (3) it has the following form.

o' = 6'd) + (p — w) — A(?) sin ¢(t), ()
where: the prime indicates differentiation with respect to the argument,

(1)
I8 (wo)

Al =

wo is the natural resonant frequency of the oscillator,

|p—WQ|<<OJc|,ﬂ-D.d

@' (w,) is the phase slope of the passive oscillator circuit at the
resonant frequency.

Now, the injection-locked oscillator locking bandwidth is 24, where
Ay = Io/[I:® (wy)), so the expression for A(f) becomes

Al) = 1‘}—0 10). ®)

A solution of (7) has been found by an iteration procedure and
substituted into (6) to obtain the receiver output.

iot) = M1y + p - ) - 50
L [0 + 4O + p = o)
A(H"
 [AOE O + p — w) + OO0 + p — 0)'/2]
AdD?
[6777(8) + 30(1) A'(2)]
+ A(t)a + - } (9)

When the locking bandwidth 24, is much larger than the baseband
bandwidth, that is, when Ay 3> & (f)me= , the distortion will be small
and the series (9) will converge rapidly. For this case the first few distor-
tion terms will dominate. Expression (9) can be rearranged to identify
these terms. Let p = w,, and let

A(t) = A, + A(b). (10)
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From (2) and (8) it follows that A,(f) << A, . The following relations
will also be used.

1/a(y = L0/ & (D[ - a)
9”(!’) BIH(t) _ srrn(t) .

Ot — 1/A) = () — + (12)

A, 21 A2 3! A

Substitution of (10), (11), and (12) into (9) transforms the re-
ceiver output to

T,g(t) = ﬂ{In/Ag{ﬂf(i, _ Ai) + g”f(t) _ 59”{;(;) 4.

2 A 6 A;
ENGLAOIN R L O) T
+ Ai + .t 6 Ag + } (13)

The first term is the frequency meodulation on the input signal,
delayed by 1/A, seconds. The second and third terms are linear
distortion and correspond to video roll-off. The fourth and fifth terms
are second and third order nonlinear distortions, respectively. Notice
that the second order distortion requires both amplitude and fre-
quency modulation—if there is no AM there is no second order dis-
tortion. The third order distortion is independent of any AM on the
input signal.

III. EXAMPLE—NOISE MODULATION

Let the modulating signal, 6!(¢), be a flat band of gaussian noise of
bandwidth O — W with a two-sided spectral density

Se.,(f) = o*/2W watts per eyele of bandwidth.
-W=f=W. (14)

Assuming an FM transmitter sensitivity of 1 Hz per volt, the param-
eter ¢ is also the rms frequency deviation. The notation S,(f) is used
to indicate spectral density of h(f) and is, of course, a function of
frequenecy.

Normally the input signal to a receiver is contaminated by noise.
Let this noise have a constant spectral density of n, watts per cycle
of bandwidth. The input signal is (2)* ,(t) where

4(t) = (2C) sin [wo t+ 6,(8)] + n(2), (15)
and C is the input carrier power. The additive noise, n(t), is narrow-
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band gaussian noise and can be represented as follows.?

n(t) = x.(t) sin [wet + 0,(8)] — z,(t) cos [wt + 0,()] (16)

where z.(f) and z,(f) are gaussian random variables with zero mean
and variances equal to the variance of n(t). Using (16) and assuming
a large carrier-to-noise ratio, that is, (20)* > n(t), (15) becomes

i(t) = [(20)" + 2.(8)] sin [, t4 6.() — .(8)/(20)*]. - (A7)
From (1), (2), and (8) we have
() = 0.() — 2l(1)/(20)}, (18)
and
A(t) = [80/(20) ]2, (D). (19)

Expression (18) contains the desired output signal 8/(f) and a noise
term which represents the frequency modulation caused by the additive
noise. The signal-to-noise relationships of FM receivers have been
discussed widely in the literature;'* since the noise is small relative
to the signal, that is, z/()/(2C)* < 6/(t), it will have a negligible effect
on the distortion and need not be considered further.

The quantity of interest in broadband radio systems is the ratio
of signal spectral density to distortion spectral density. From (13)
the second and third order distortions are

D) = AN (20)

Al '
and
_ [82@)
Dy(t) = “5 45 Al 1)
The distortion spectra are
Soulf) = = Siasalf) = 5z Sl (22)
Dy AS [A30%,] 20 Ag 20’y ]
and
Sof) = 2 Storsro(f) = g o) (23)
DPa 36 A% FL0e) 36 AL PV

To evaluate Sp,(f) notice that z.(f) and 6,(t) are statistically inde-
pendent. The speetrum of the product can then be written

S.eor () = S..() * Ser (),
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where the asterisk means convolution. Performing the convolution,

and letting B > 4W, where B is the RF bandwidth of the FM signal,
the output distortion spectral density in the baseband is

Snulf) = 5752 e *Sen. (1)

~ fo'n

= <
and the signal-to-distortion ratio is
- (5]
. = =, o=f=WwW. 2
Snh /g f 2

The evaluation of Sp,.(f) requires an expression for S;.. where 6:(t)
is the input signal (14). From Hateh,'

Sooll) = o= [1 -3 (%) ] , 0<fsW, (26

_ f‘lali B —1- i 2
So.(h) = 157 a0 [1 3 (W) ] , O0=f=W, @)

and
S () 8 Ap
Sp.(f) ”[l_l(i)u]' 0=f=W. (28)
o 3\W

For a locking bandwidth 2a, = 200 MHz, a baseband W = 5 MHz,
and an rms frequency deviation ¢ = 15 MHz, the signal-to-distortion
ratios in the worst message channel, that is, at f = W are:

S,-.(f) .

() |,y = 522 Db (29)
So..(f) _

S |, = 097 Db. (30)

In computing (29), the carrier-to-noise ratio in the RF band B
was assumed to be near threshold, that is, C/(n,B) = 16 (12 dB)
where

B = 2.117(1 + %‘;ﬁ) (31)

is the Carson bandwidth and 4e¢ 1s the peak frequency deviation. If
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this receiver were used in a radio system with a fading margin of
30 dB the signal-to-distortion ratio for second order distortion would
he 82.2 dB during periods of normal propagation and the performance
would be limited by the third order distortion.

IV. AUTOMATIC FREQUENCY CONTROL

If the natural resonant frequency of the oscillator, wg , is not equal
to the input signal earrier frequency p, the receiver output contains
a direct current component. From (9),

Ly
De T AO

(P — wy). (32)

This current gives the direction and magnitude of the frequency
difference and, by using it to control a suitable oscillator parameter,
the oscillator can be kept tuned automatically to the input carrier
frequency.

V. DISCUSSION

One may question whether & (w) is really constant in the band of
interest. If the oscillator eircuit is a single resonance then the locking
bandwidth is equal to the 3 dB bandwidth of the passive circuit divided
by the eurrent gain of the locked oscillator. For a 20 dB gain the circuit
phase changes +4.5° over the locking band, therefore ® () is reasonably
constant over bandwidths less than the locking bandwidth. Since
®'(w) is the slope of a passive circuit, it can be made arbitrarily close
to constant over the necessary frequency range by increasing the com-
plexity of the circuit.

It would be nice to compare the theoretical performance of the
injection-locked-oscillator receiver with the conventional FM receiver
consisting of a limiter and a balanced discriminator. There is, how-
ever, no theoretical analysis of the conventional receiver comparable
with the analysis presented here. Such an analysis can probably be
done with the aid of recent work by Bedrosian and Rice,® although
it would be difficult to deseribe analytically the amplitude-to-phase
conversion in a real limiter and to take into account the nonlinearity
of the envelope detectors which are used in the diseriminator.

The situation with the injection-locked-oscillator receiver is dif-
ferent. The amplitude-to-phase conversion has been accounted for
in the present analysis and practical linear mixers are certainly linear,
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most important question about the practical realization of the

receiver is the extent to which real oscillators can be described by
the van der Pol model. The evidence in the literature® answers the
question favorably in that the locking equation (7) does indeed
deseribe the locking hehavior of tunnel diode and avalanche diode
oscillators,
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