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This paper is concerned with the distortion produced in a frequency
modulation wave when it passes through a filter. The phase or frequency
modulation representing the signal is assumed to be a band of gaussian noise.
The main result is an expression for the power spectrum W, (f) of the output
phase angle 0(t). This expression holds for any filter, contains all of the
distortion terms due to second and third order modulation, and is suited
to computer evaluation. It is useful in many cases, but it has the shortcoming
of not containing any modulation terms higher than the third order.

A second result is an approzimation to W,(f), based on log (1 + z) =~ =
(that is, a “first-order” approximation), which is encountered in the deriva-
tion of the main result. Although it does not contain all of the second and
third order modulation terms, it does contain higher order modulation terms
which may give most of the distortion in some cases. The results given here are
compared with those obtained earlier.

I. PREFACE

This work is a sequel to “Distortion and Crosstalk of Linearly
Filtered Angle-Modulated Signals” by E. Bedrosian of the Rand
Corporation and myself.! One of the principal results of that paper
is an expression for the distortion produced when a frequency modula-
tion wave, modulated by gaussian noise, passes through a filter as-
sumed to be symmetrical about the carrier frequency.

The assumption of symmetry simplified the analysis, but led to
zero second order modulation; and consequently the results do not
apply to many cases of practical interest.

The main result of this paper is an expression for the distortion
which contains all of the second and third order modulation terms pro-
duced by a general filter. It includes the earlier result as a special case.
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As before, the input phase angle is assumed to be a gaussian noise.

Some time ago Mr. Bedrosian and I worked out, independently,
the second order modulation terms. His analysis is somewhat different
from mine and throws a different light on the problem. Since each ap-
proach is of interest in its own right and since we were unable to
combine the two without losing useful results, we decided to publish
our work separately. An early version of Bedrosian’s analysis is given
in a RAND memorandum.?

II. INTRODUCTION

When an angle-modulated wave (FM or PM) passes through a
filter, the signal becomes distorted. For a multichannel system this
distortion may produce crosstalk. In many practical cases the second
and third order modulation terms give a good measure of the distor-
tion. These terms have been studied by a number of investigators. In
this paper we obtain some general expressions for them for the case in
which the modulation is gaussian.

Our main results includes all of the second and third order modu-
lation products. In this respect, it is more general than some of the
earlier expressions for the distortion (see Medhurst,® Magnusson,* and
Liou®). However, it does not give higher order modulation terms, some
of which appear in earlier “first order” approximations. A first order
approximation (similar to the earlier ones) occurs in our derivation of
the main result. It is stated, along with the main result, in Section III.

As in Ref. 1, the complex form of the filter input is

s(t) = exp [twot + (b)) (1
where the carrier frequency is w, = 27f, and the signal is carried by the
real input phase angle ¢(f). Let the filter have the transfer function G(f)
and the impulse response g(f):

o) = [ GO exp (it df, o
- 2

o) = [ o o (—iwhat, = 2ef,

where the response g(f) may be complex and may be different from zero
when ¢t < 0.
The filter is regarded as a bandpass filter for which G(J) is large only
near =+f, . Let normalized functions be defined by
Gfo + 9 g(?) exp (—iwol)
() = — A5+ ) = L4 =22 T,
0 ="6gy » "0 o ®



DISTORTION IN FM WAVES 89

From the definitions and the Fourier relations (2) it follows that

W0 = [ 1 e Gandf,  T() = [ Aty exp ity a,

N (4)
[Cawar=1, =p= [ 0 e (~iwhat
where the asterisk denotes “conjugate complex.”
The filter output corresponding to the input s(¢) is
s(8) = f glu)s(t — u) du
= [ gt exp liolt — ) + dplt — )] du
- (%)

[G(fo) f_ : v(u) exp [fe(t — w)] du:l exp (iwot)

= exp (—ao — 1B0) {E(l) exp [z6(1)]} exp (dwot)
= exp (—ay — 160 {exp [1O(})]] exp (iwol).
The definition of () is used in going from the second to the third line.
In going from the third to the fourth line, the attenuation and phase
shift, a , Bo at the carrier frequency have been introduced by writing
G(f,) as exp (—ay — 18,). The complex phase angle ©(f) is related to
the envelope R(t) exp (—a,) and phase angle —B, + 6(¢) of the output
[ao and B, are constants which do not depend on ¢(t)] by
exp [i©(1)] = R(1) exp [26(1)], 0(t) = In R(t) + 76(8), ©)
8(t) = Re O(1), In R(t) = —Im O(f).

Comparing the third and fifth lines of equation (5) leads to

o) = —iln [ [ ) exp Lt = v du]- )

The analysis may be simplified by introducing the “linear portion”
®(t) of O(). Working with the case in which the input ¢(f) is small gives

O) = —tln [1 +ifiy(u)¢(z — w) du + ]

-1
-9

m ()i [ (el — ) du,
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and this leads us to define the linear portion of @(f) as
a() = [ elt — w du. (®)

The complex phase angle @(f) may be separated into its linear and
nonlinear portions by adding and subtracting ®(f) in the exponent in
equation (7):

() = &) —iln l:fw y(u) exp [te(t — w) — 19(1)] du]- 9)

Adding and subtracting 1 in the integrand and using the fact that the
integral of v(u) is unity gives the fundamental relation

0@ =a@) —iln [l + K()] (10)
where

K(t) = f_i du y(u) {exp [ip(t — u) — 1®(f)] — 1}. (11)

In most cases of practical interest, K(f) tends to be small. When
| K(t) | < 1, expansion of the logarithm gives the series

O = B(t) — iK() + 2 K1) — LKW + -+ (12)

upon which our analysis is based. When ¢(f) is gaussian, | K(f) | will
occasionally exceed unity. It appears that results obtained from the
series of equation (12) represent the first few terms of an asymptotic
series. This is further discussed in Appendix F.

If ¢(t) is small for all values of {, expansion of the exponential in the
definition of K(f) [equation (11)] shows that K(t) is 0(¢%). OQur main
expression for the distortion, given in Section III, neglects terms of
order ¢°. For this accuracy, equation (12) can be written as

Ot) = a(1) — iK() + 3 K*() + 0. (13)

Sinee the variable portion 0(f) of the output phase angle is the real
part of ©(t), the de portion, 8, , of 8(f) is the average value of Re O(1).
When the input ¢(f) is a stationary gaussian process with zero mean,

83, = Re (@(t)),w

M<—mm+§Kwﬁ + 0" (14)

Im (K(t) — 27'K*()).. + O(¢")

I
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where ( )., denotes “ensemble average” and (®(t)).. is zero because
®(f) depends linearly on ¢(t). Notice that from equation (5), the total
output phase angle is 6(f) = —B, + 8(t) and that the de part of 6(2) is

gdc = _‘.60 + O .

The two-sided power spectra W;(f), Wo(f) of 8(t), 8(f) contain the de
spikes (—B + 04.)* 8(f), 63, 8(f), respectively. Furthermore,

Wi(f) = (82 — 2B00a.) 8(f) + Wa(f).
Here 3(f) is the unit impulse function.

In the following work it is convenient to ignore 8, , and we shall
call 8(f) itself the output phase angle.

III. STATEMENT OF PRINCIPAL RESULTS

In all of the results stated here, the input phase angle ¢(t) is gaus-
sian with zero mean. The two-sided power spectrum of ¢ () is W,(f).
The two-sided power spectrum of the output phase angle 8(t) is Wy(f).
3.1 Second and Third Order Modulation Terms in Wo(f)

The principal result given in this paperf is an expression for We(f)
which contains all of the second and third order modulation terms:

W) = 6. 8(f) + W, | U + UKD [

[ ae W W = 9 [ Tl f = 9 = T*=p, ~T + 8 [

+ 21—4 ‘/:, dp f_m de W (W (W (f —p— o)

'IS(P,O’,]‘“— P — 0') +S*('ﬁp! -0, —f_l_ P+g) |2
+ 0("W,). (15)

 Note added at press time: Equation (15) gives essentially the first few terms
of a general expansion due to A. Mircea, Rev. Roum. Sci. Tech —Electrotechn
et Energ., 1967, ¢. 12, No. 3, pp. 359-371, and Proc. IEEE (Correspondence), Octo-
ber 1966, 54, pp. 1463-1466. I regret the oversight of Mircea's excellent work. Use
of his results would have substantially improved this article.
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Here the de part, 6;,, of 8(t) is the imaginary part of

L _dp W,()S(o, =)

_% _°° dp f_“’ do W ,(p)W ,(6)8(—e, —p)[28(e, p) — T'(c + p)]

and
T(o, f — ) = S(p, f — p)
+ [_Z doe W, (0)[28(c, p)S(—0o,f — p) — S(o, f — o)
— T@T(=a)8(p, f — ) + 8o+ 0, f — p— )] (A7)

Ug) = 1) + [ do WAT@S(—p, 1)

+ [ o [ o W W) (4T + S(—p— 0, D+ T@)

-[88(—e, )S(—p, N — 8o, f—p—0a)+8(p—0a,f— p)]}.
(18)

The I'(f) is the normalized filter transfer function defined by equa-
tion (3) and the functions S are discussed in Appendix B. They depend
only on the filter. That is, they are independent of W,(f), and are
defined symbolically by

8@, @) = H ™ — T'@)] (19)

where the power y* of ¥ is to be replaced by I'(z) after multiplying
out the product. The §’s are symmetric functions of their arguments.
Forn =2 and 3,

8(p, o) = ¥**" — ¥’T(0) — ¥’T(p) + T(AT(e)
T(p + 0') - I‘(P}P(a): (20)
8(p, 0,v) =T(p+ o+ — T(p+ o)T()

— T(p + »T(e) — T(e + »)T'(p) + 2I'(p)T(a)T'().
The S(p, o, v) of Ref. 1 is the negative of the one used here.

Il
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In the “order of” symbol appearing in equation (15) the W, enters
for dimensional reasons. This is in line with

[ atw.p = @) 1)

as can be seen by integrating hoth sides of equation (15) from f =
—o0 t0 f = oo.

In some instanees the expression for Wy(f) is useful when rms ¢ (%)
is large but rms dyp () /dt is small.

Bedrosian has computed curves showing the second order distor-
tion for the case of quadratic phase shift, that is, for I’'(f) of the
form exp[tAf?].2

As equation (15) stands, it is oriented towards phase modulation.
For frequency modulation the time derivatives ¢'(f) = de(t)/dt, 0'(t) =
dd(t) /dt replace the phase angles ¢(t), 8(f) as the items of interest. Since
the power spectrum W,.(f) of #() is equal to (2rf)*W,(f), multiplying
(15) by (2#f)® converts it into an expression for Wy.(f). On the right side
of (15), the factor W ,(f) in the first line is replaced by W..(f) and the
W ’s appearing in the integrands may be transformed into W,.’s with-
out introducing infinities. The last statement is seen to be true for the
second order modulation integral when we write

Wo@W,(f —p) = W (@)W, (f —p) @m)7p7*(f — o)™

and observe that the product p™'(f — p)™'T'(p, f — p) remains finite
even when p and (f — p) approach zero. The third order term may be
treated in a similar way.

In many applications W,.(f) is proportional to D* where

- ().

and D is the rms frequency deviation in cycles per second. Then the
second and third order modulation integrals in (15) are proportional to
D* and D° respectively, as D tends to zero. This suggests that the
remainder term, 0(¢*W ), is proportional to D®. For this reason we shall
sometimes refer to (15) as the “small deviation’ approximation. When
the FM signal to crosstalk ratio in dB is plotted as a function of log D,
the behavior of the resulting curve as D — 0 can be computed from (15).
Indeed, if the second order modulation predominates, (15) furnishes an
asymptote to the curve with a slope of 6 dB per octave. If, because of
symmetry in the filter, the second order modulation term in (15) is
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zero, the third order term gives an asymptote with a slope of 12 dB
per octave.

Some idea of how equation (15) begins to fail as D increases from 0
may be obtained by considering the case ¢(f) = A sin w,t. Then the rms
frequency deviation is D = f,A/2! and the filter output is

soll) = Z T A + 1) oxp [iws + n)]

where J,(4) is a Bessel function and w, = 2rfa . Consider only the
second harmonie. It is proportional to J.(4), and the approximation
underlying (15) is roughly equivalent to replacing J,(4) by A?/8, the
leading term in its power series. The value of A which makes A%/8
exceed Jo(4) by 3 dB is A =~ 2.0 and the corresponding D is 1.4 f, . If
the baseband of a gaussian FM wave were flat and extended from 0 to B,
the expected number of zeros per second would be 1.16 B. This is the
same as the number of zeros of A sin w.t with f, = 0.58 B. This represen-
tative value of f, leads to the estimate that (15) will be in error by 3 dB
when D =~ (1.4) (0.58) B ~ 0.8 B. Comparison of (15) with experimental
values indicates that the 3 dB error point typically occurs when D lies
between B/2 and B.

3.2 Power Spectrum of a8(t) + b In R(%).

Equation (15) for Wy(f) may be modified to give information re-
garding the fluctuation of the envelope R(t). This information may
be of interest, say, in determining the distortion produced by “AM to
PM conversion.”’s More generally, suppose that one is interested in the
power spectrum W, (f) of

z(t) = ab(t) + b In R(t) = Re [(a + b)O(H)] (22)

where @ and b are arbitrary real constants. Then W, (f) is given by
an expression obtained from equation (15) upon replacing U(f),
T(p, j—p) and S(p, 7, f—p—a) by (a+b)U(), (a+ib) T (p, f—p), and
(a+1b)8(p, o, f—p—a), respectively, so that U* (—f) is replaced by
(a—ib)U* (—f), and so on. (See Appendix E.)

3.3 Second and Third Order Modulation Terms for “Small and Slow”
Frequency Deviations

The expression (15) for Wy(f) simplifies when

- (1) T(f) can be expanded as a power series
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rg) = Wbl _ g o ek (23

and

(1) the effective spread of W,(f) is so small that the I's used in
equations (15) to (20) can be replaced by the first few terms of their
power series expansion. Roughly, this means that the top baseband
frequency is small compared with the filter bandwidth. The instantaneous
frequency changes slowly in comparison with the envelope of the impulse
response of the filter, and the quasistatic case is approached. With these
assumptions the resulting simplified form of W,(f) is given by equation
(126). A more complete form of the small and slow deviation approxi-
mation is given in equation (133) which brings out the asymptotic
nature of the results.

The sum of the second and third order modulation terms given by
the integrals in equation (126) [which are the simplified versions of
the corresponding integrals in equation (15) ] is

Wilf) = 270 + 277D\ f_w do W (o)W, (f — 0)o*(f — p)’

+ 6700 [ do [ de WW.W.( = p = )p's"( — p— o).

o - (24)

Here Wi(f) is the portion of W,(f) which gives the interchannel inter-

ference, that is, the noise a listener would hear in an idle channel in a

multichannel frequeney division multiplex angle-modulation system.
D is the rms frequency deviation in cps,

y- (2]),

where { )., denotes ensemble average. The quantities A,; are the im-
aginary parts of the semi-invariants \, defined by the expansion
o kn "
mr( = 3 (26)
Equations (125) express the first five A,’s in terms of the first five a.’s,
the coefficients in the expansion of I'(f).
The corresponding approximation for the power spectrum Wi(f)
of z = ab(t) + b In R(t) [see equation (22)] is obtained by replacing M.
in equation (24) by (a\.; + b\..) where \,, denotes the real part of A, .



96 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1969

In the important FM case in which the baseband signal ¢'(f) has
a flat power spectrum, the two-sided power spectrum of ¢'(f) may be
taken to be

0, [f|>B
(2xD)*/(2B), |f| =B

where the baseband extends from f = 0 to f = B (that is, from —B
to +B for two-sided spectra), and D is the rms frequency deviation.
Then

W) = { (27)

0, [f|>B

W.(f) = W,.(/@r))* = { (28)
D’/@2Bf), |f| = B.

When this expression is used, the integrals in equation (24) may be
evaluated and it is found that, for 0 = |f| = B,

Da 2 2 2
1550 OB — M0,

0=<|f|=B. (29

Wi = 35 2B — |1 D0hss + 27DV +

The average signal power in an elementary frequency band extending
from{ to f + Af in the input base band is W,.(f) Af (radians per second)®.
The ratio of the interference power to the output power in the same
elementary band is

WLG) Af _ WD)
W) A — Wl (30)

For the flat baseband FM case we may approximate W, (f) by W, (f) =
D?/(2Bf*) and use equation (29). This leads to the approximation

v = [ s o+ F - flor]

629)

for the ratio of the interchannel interference power to the signal power
in the elementary band (f, f + Af). This ratio has meaning only if
171 < B.

Liou has given an approximation which is equivalent to equation
(24) for W3(f) with several more terms included.” This approximation
is discussed in Section XII.

The small and slow deviation approximation described above gives
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results which agree well with Monte Carlo computations made by C. L.
Ruthroff.® For illustration we take the simplest of Ruthroff’s cases,
the one in which the transfer admittance of the filter is

60 = Ty © = = 1.

(32)

Here f, is the carrier frequency and f. is the filter semibandwidth.
Putting { = f, gives G{f,) = 1. Putting f = f' + f, gives z = ¢f'/f,
and

1 @0+ 1)
G(f.)

= —In (1 + 2z + 22° + 2%

In T(f") =

(33)

5

3
€ T €T
= 2yt 2 A8t

= th"‘

n=1

The last line follows from the series of equation (26) defining the A,’s
as the coefficients in the expansion of In T'(f’). In going from line 2 to
line 3, the logarithm is expanded by setting a;, = 2, an = 4, az = 6,
a, = 0forn > 3in

In (1 + i a,,.'c"/n!) = i Azt /nl

and by using the expressions (125) for the A,’s.
Substituting * = %f’/f. in line 3 of equation (33) and comparing the
result with the last line gives

o= =20, A = 0, X = 20f7Y°, A = 0.

Hence hy; = 0, \;; = —2f7%, A;: = 0, and the approximation of equation
(31) for the ratio of the interchannel interference power to the signal
power leads to

T 2 )4 2
_ WA [fD ( _i)].
10 log,, W) A 10 log,, o B (34)
In his Fig. 15 Ruthroff has plotted values of

—10 logio [W3(f) A/We(f) 5]
for several different values of D/B and f/B with B = 7 MHz and
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f. = 119 MHz.® The agreement with our equation (34) is good at
f/B = 1.0. Our D/B is the same as Ruthroff’s ¢/W and our {/B = 1.0
corresponds to Ruthroff’s slot 10. At f/B = 0.4, equation (34) gives
values which are about 3 or 4 decibels less than the Monte Carlo values,
but this may still be regarded as good agreement.

Similar agreement is found when the small and slow deviation approxi-
mation is applied to a number of the other cases examined by Ruthroff.

34 A “First Order” Approzimation

Although equation (15) is useful in some FM distortion problems,
in some cases it is of no help. One example concerns the distortion
produced by an ideal filter centered on the carrier frequency and having
a semibandwidth exceeding 3B, where B is the baseband. That is,
W,(f)is0for|f| > B.In this case the distortion is produced by modula-
tion terms of order higher than the third, and these are neglected in
equation (15).

For such problems “first order’” approximations can sometimes be
used. The term ‘‘first order” refers to the approximation In (1 + z) &~ =z
where z is of the nature of K(t) in equation (10); it does not refer to the
order of the modulation products in z. Different choices of x lead to
different first order approximations. The first order approximation
given by the first two terms in the series of equation (12) for @(2) is

8(t) =~ Re ®(f) + Im K(z). (35)
The output phase angle 6(f) may be written as the sum
0(t) = b + 6,() + 0a,(D)
where #,(f) = Re ®(£) is the “linear portion” of 6(¢), and 6,,(f) given by
Bae(t) = 6() — 0.8 — bac
6(f) — Re ®(t) — 6.,

(36)

Il

is the time varying part of the “nonlinear distortion” in 6(f). The first
order approximation for 8,.(f) corresponding to the first order approxi-
mation of equation (35) for 4(f) is

Bnt(t) ~ Im K(t) — O Im K(t) — Im (K(t))nv = y(t) (37)
where
y(@) = Im [K(t) — (K())ul (38)

The work of Section VI, which is part of the derivation of equation
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(15), shows that the power spectrum of y(t) is
W,(f) = 27" Re [P(f) + Q) + P*(—f) + Q*(—] (39)

where
P) = =5 [ drexp(—ion) [~ au [ dovtin®
-exp [aw) + al)]{exp (20, 0, 7)] — 1}
0 =1 [ arew (—iwn) [ du [~ aryrwno)
-exp [0%() + o) exp 26,0, )] — 1]
aw = =5 [ o WD w0
w0, 1) = —3 [ af WLDHA=DH() exp (o)

dwo, =1 af W ,(NHADH.() exp (iwr)

H.(f) = exp (—ieuw) — T(f), w = 2xf.

The funection Q(J) is real when f is real, and P(J) is an even function of f.

The first order approximation W,(f) for the power spectrum of 6,.(t)
contains some higher order modulation terms which are not contained
in our main equation (15) for W,(f); conversely, equation (15) contains
terms which are not in W,(f). In using the first order approximation of
equation (35), which may be rewritten as

8(1) = Re®(t) + Im K(t) + O(K"),

one should guard against throwing away* [in the O(K®) terms] quantities
which are of the same order as those being computed from Re ®(f) +
Im K(t) (the leading term). Although each case requires its own in-
vestigation, it is helpful to remember that K (t) is O(¢®). Furthermore,
when v(t) is real, Im K(f) is O(¢"). Also when I'(f) = 1, K(t) becomes
0; and when

T — 1] < ekl

for all real values of f (as in the case of small wave-guide echoes), it

*This type of error has been discussed by Enloe, Ruthroff, Gladwin, and
Medhurst in Refs. 7 and 8.



100 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1969

may be conjectured that K(f) itself is O(e) irrespective of how large
(’PE)M may be.

The approximation 8,,(f) = y(¢), is not quite the same as earlier first
order approximations.®**™"* It is a closer, but more complicated,
approximation because ¢(t — u) — ®(1) is used in the integral equation
(11) for K (f) instead of ¢(t — u) — (f) as in the earlier approximations.
Appendix D gives some results obtained when the present analysis is
repeated with o(t — u) — ¢(f) in place of ¢(t — u) — 2(1).

Equation (39) for W,(f) gives a first order approximation for the
power spectrum of 8,.(f) = 6(t) — Re ®(f) — s . The corresponding
approximation for the power spectrum of

In R(t) + Im&(t) — [In R())e ~ Re [K(#) — (K())a] = 2(0)
is
W.(f) = 27 Re [—P(f) + Q) — P*(—NH + @*(=1l

3.5 Simplification When Filter has Symmetry T(—f) = I'*(f)
When the filter has the symmetry

(=) =1*0 (41)
about the carrier frequency, the even order modulation terms disappear,
S*(—z,, +-+ , —%,) becomes equal to S(zy, -, z.), and equation (15)

becomes

Wilf) = W) | UG
+ % .[_: dp _/:: do WW(p)Ww(O-)W'P(f - p— a)

| 8,0, f—p— ) |"+00W,). (42

Here U(f) is still given by equation (18) and S(p, 7, ) by equation (20).
This expression for W,(f) agrees with one of the main results of Ref. 1
when the double integral in equation (18) for U(f) is assumed to be so
small that it may be neglected.

When T(—f) is equal to T*(f), the coefficients a, in the power series
of equation (23) for I'(f) are real when n is even, and imaginary when
n is odd. The same is true for the A,’s of equation (26). Hence Az , A
are zero and the second order modulation terms disappear from the
small and slow deviation approximations equations (24), (29), and
(31) for Wi(f).

The relation T'(—f) = T'*(f) implies that v (w) is real and that H.(—7)
is equal to H%(f). Then a(u), ¢(u, v, 7), and é(u, v, 7) are real and é(u, v, 7)
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is equal to —c(u, v, 7). Both P(f) and Q(f) become even and real. Equa-
tion (39) for the power spectrum of y(t), that is, the first order approxi-
mation for the power spectrum of the nonlinear distortion 6,.(t), be-
comes

w.(f) = P() + Q). (43)

Here the triple integral for P(f) is the same as that given in equation
(40); and the triple integral for Q(f) may be obtained from the integral
for P(f) by changing the sign of 2¢(u, v, 7). Hence equation (43) be-
comes

W) = — [ drexp (—ion) [ du [ don)

-exp [a(w) + a@®)] sinh [2¢(u, v, 7)] (44)

where w = 2xf, and a(u), c(u, v, 7) are given by equation (40).
IV. INITIAL EXPRESSION FOR THE POWER SPECTRUM OF 6 ()

When 6(¢) is a stationary noise process its two-sided power spectrum
W,(f) is the Fourier transform of its autocovariance:

-]

We(f) = f exp (—iwn)(0(D) 6t + 7)) dr, w = 2xf. (45)

Denoting functions with arguments ¢, t + r by subscripts 1, 2 and using
6(t) = Re O() = 27'[0() + O*(®)] (46)
gives
(0()0(t + 1)) = (6102)n
27! Re [(0,02)., + (0%160,)..].

(47)

li

The procedure of Appendix A and equation (13) for the complex phase
angle ®(t) lead to

082) = A7) + A(=17) + 06"

(48)
(©%8s)ey = B(r) + B*(—7) + 0(¢")
where A(7) and B(r) are the ensemble averages
A7) = (®,27'®, — 1K, + 127'K3) — 27K (K, — K3))w (49)

B(r) = (8*(27'®, — iK, 4+ 127'K3) + 27'K4(K, — K2))uv -
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The remainder terms in equation (48) are O(¢®) instead of O(¢") be-
cause the ensemble average of an odd order term is zero.

It also follows from Appendix A that equation (45) for the power
spectrum of 8(f) goes into

Wi(f) = 27" Re [P(f) + Q) + P*(—1) + @Q<(—N] + O('W,) (50)

Py = fm exp (—iwr) A(r) dr
o (51)

el

Q) = f_ exp (—iwr)B(r) dr.

Although the funections P(f), Q(f} used here are not the same as those
in Section III, they are of the same nature.

V. CALCULATION OF AVERAGES NEEDED FOR COVARIANCES

The equations of Section IV show that the value of (8(1)0(¢ + 7))u.
depends upon various ensemble averages of produets of ®(f) and K (7).
When the input phase angle ¢(f) is gaussian, these averages may be
computed by using a result proved in Ref. 1.

Let L be a linear operator which operates on functions of ¢, and let

L exp (iwt) = exp (wt) £(f), w = 27f, (52)

Let ¢(f) be a stationary gaussian process with two-sided power spectrum
W, (). Then

(exp Gie0)) = e | 3 [T arw.epn-n ] @

Setting xLe(t) for Le(f) and comparing coefficients of z* in the power
series expansions of the two sides of equation (53) shows that

[ arw.puna—p = QL.

That (exp [iLe(f)])er is equal to exp {—2 '{([Lo()]*)e] follows from
the fact that the real and imaginary parts of Le(t) are correlated gaussian
processes.

In dealing with K (¢) it is convenient to introduce the function J (v, 7)
defined by

J(v, ) = exp [ie(t + 7 — v) — @ + 7)]. (54)
The dependence of J(», 7) on ¢ is ignored because the right side of
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equation (54) is a stationary random process, and J (v, 7) will be used
only to calculate ensemble averages. The examples, which follow from
the definition of equation (11) of K(),

]

(K e = (K(D))e = [ du v (T, 0) — 1y

(K \Kopo = (KIOK( 4 7)) (55)

= [ [ dorwrne)@, o) = 10, ) = 1

Kk = [ du [~ oy ar@ 7w, o = 10176, ) = 1

show that averages of the type (J(u, 0)).., (J(u, 0)J (¥, 7)), and
{J*(u, 0)J (v, 7))ay are needed.

To caleulate {J(u, 0)})., from the general result, equation (53), let
L be the operator which carries ¢(f) into ¢(t — u) — ®(t). Replacing
®(t) by the integral which defines it gives

Lo() = ot —w) — [ ds v(8)ell — 5.

The funection £(f) associated with I is obtained by setting exp (iwt)
in place of ¢(t):

exp (iwtf(f) = L{exp (iwt)]

L]

exp [tw(l — u)] — f ds v(s) exp [tw(t — 8],

((f) = exp (—iwu) — T(f) = H.]).
Then equation (53) gives
(exp [1Le(D)])ay = {exp [ip(t — w) — 1®(1)])as

= (J(u, 0)),. = exp [a(u)] (56)
where

aw) = — [ W DHDH~1. (57)

The funetions a(u) and

H.(f) = exp (—i27fu) — I'(f) (58)
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play important parts in the analysis. The present H.(f) is the negative
of the one used in Reference 1, a change made to simplify the analysis.

The calculation of {J(u, 0)J (v, 7)., proceeds in much the same way.
Let

Le(t) = ot —uw) — ®(f) + ot + 7 —v) — ¥ + 1),
(f) = HJ(f) + exp Gon)H.(f),

1 ==]
-5 df W .(HehHe—1
2 f-‘” (59)

--1f af W (DIHNH—1) + HDH.(—)
+ 2 exp (for)H.(—f)H.(f)]
= a(’u,) + a(?)) + 20(’&6, v, T)

where W _(f) is an even funetion of f and c(u, v, 7) is the integral

v, 1) = —5 [ df WOHS—DH() exp (2efr). (60

Consequently,
{(J(u, 0)J (W, 7)), = exp [a@) + al) + 2c(u, v, 7)]. (61)
Similarly, to caleulate {J*{(u, 0)J (v, 7)).. let
Le(t) = —p(t —u) + o*(t) + ot + 7 —0) — ®(t + 7), (62)

Il

6) = —exp (—iw) + [ dsy*(E) exp (—ius) + exp (wr)H.(0)

= —H*(—f) + exp (lwr)H.(f

where the Fourier transform of y*(s) is I'*(—f). The work of equations
(59) and (60) goes through much as before with —H*(—f) in place of
H.(f). The result is

(J*(u, 0)J (v, 7)) = exp [a*(w) + al) + 26(u, v, 7)] (63)
where

by, ) =5 [ df WOHSDHG) exp G2efr).  (64)

All of the averages needed are given in Tables I and II. Items 1, 3,
and 6 in Table I have just been computed, and the others may be ob-
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tained in a similar manner. The entries in the last column of Table I
may be verified by expressing the a’s and c¢’s as ensemble averages
[see equation (67)] and using {exp [iLo(t)])er = exp {—27([Lo(®)])av}-

Table IT gives averages of products in which one factor is ¢(f — u).
The first average, {(¢(f — w)¢(t + 7 — 9))u. , is the Fourier transform of
W, (f). The second average, (p(t — w)J (v, 7)) , is the coeflicient of
in the expansion of exp ([7Le¢(t)]) where

L‘P(t) = $q9(t - ’H.) + Sa(i —I_ T — L') - cI)(t + T) (65)
L) = z exp (—iww) + exp (for)H,(f).

The third average may be computed in a similar way.
The following list brings together the integrals a(v), c(u, v, 7), -
which appear in Tables I and II:

aw) = =3 [ a4 W.HMH~D
clu,,7) = —5 [ df WLDH(~DH.() exp (2xfr)
- (66)
) = — [t W.HADHY—)

be,0, ) = 5 [ df WADHEDHL (D) exp (2efr)
where H,(f) = exp (—i2nfu) — T'(f), and replacing H,(f) by —H*{—{)
in a(u), c(u, v, 7) gives a*(u), é(u, v, 7). Also
a(u) = c(u, u, 0), cw, v, 0) = clv, w, 0),
clu,v, —7) = cl, u, 1), éu, v, —1) = @, u, 1), 67)
e, v, 7) = —¥[e(t — w) — 2D]le(l + 7 —v) — B(t + 7)]}wv
b, v, 1) = Hlelt —w) — P*D]le(t + 7 —v) — 2 + 1)])av -

When I'(—f) is equal to T*(f), both v{¢) and ®() are real; and it
follows that a(u), ¢(u, v, 7), é(w, v, 7) are also real. Furthermore, H,(—{)
= H*(f) and é(u, v, 7) = —c(u, v, 7).

VI. THE POWER SPECTRUM OF K ()

The dec portion of the complex random process K (t) defined by the
integral in equation (11) is the complex constant
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KO = Koo = [ dun@d(7, 0 = Da
- (68)

= [ duvtexp la@] — 1).

This follows from equation (55) for (K,)., and the expression for
{J (4, 0)).v given in Table I.

The power spectrum of K(t) is the Fourier transform of (K*4Ks)u .
The integral for (K*K,).. given by equation (55) and the ensemble
averages of J*(u, 0), J (v, 7), and J*(u, 0)J (v, 7) given in Table I lead to

(KAK ) = (KK + f_w du f " oy W) exp [0*@) + al)]

- {exp [26(u, v, )] — 1}. (69)

Integrals of the type appearing in equations (68) and (69) may be
expressed as infinite series involving the S functions [which depend
only on T'(f)] deseribed in Appendix B and the more complicated func-
tions S, described in Appendix C. Only the first few terms need be
considered when most of the distortion arises from second and third
order modulation.

The definition [equation (167)] of the complex constant S, and its
series expansion [equation (171)] give

<K(t)>n.v = SU -1

= -% f: dp W.(p)S(p, —p)
- éf dp f do HTP(p)]’Vw(U)S(P: o, —p _0') + O(‘PB)-
- o (70)

Expanding exp [2é(x, v, 7)] in equation (69) in powers of 2¢é(y, v, ),
replacing each é(u, v, 7) by its defining integral [equation (66)] with p in
place of f, and integrating with respect to u and v with the help of

Sors o100 = [ oy e (a0)] [THG0 (D)

leads to

KK = | G [+ 53 [t [ an T

=1

- exp [’iQWT(PI + -+ Pn)]ST-(Pl y "t pn)Sa(pl y T Pn)' (72)
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When this expression for (K%¥K,),, is put in the integral
Wel) = [ exp (—iwn)(KiK dr, @ =2ef  (73)

for the power spectrum, Wx(f), of K(t) and the Fourier transform of
unity denoted by &(f), the result is

W) = | (KO [ 5) + [ dr exp (—iwr)

[ du [ do+ve) exp [a*+a)] fexp [26u,0, 9] -1}

=18 = 1o+ S [ dme [ do,
S — o — e — pn)[kf_Il Wp(pk):l | Salpr , ==+ 5 pw) I°

=8 — 1) + W, | S(H) [

+5 [ W= B Supf = ) I

t5 [ a0 [ aoW W WG~ o=

| 8slo, o f—p—a) P+ - (74)

The leading terms in the series for S,, S,, S;, S; in terms of un-
subscripted S’s are given by equations at the end of Appendix C. The
inequality for S, given in Appendix C may be used to show that the last
series in equation (74) converges when W.(f) remains finite for all
values of f and ([¢(£)]*).. is finite. The convergence of similar series which
will be encountered later will be tacitly assumed.

vir. “FIRST ORDER” APPROXIMATION FOR POWER SPECTRUM OF #(t)

Before taking up the problem of computing W,(f) from 8(tf) = Re 0(¢)
and

Oy = a() — iK(1) + % K*(t) + 0",

which is the same as equation (13), we shall go through a similar, but
simpler, calculation using the “first order” approximation

o) = 2t — iK({t) +0("). - - - (75)
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Neglecting O(K®) terms in equation (14) for 6,, , and in the covariance
expressions given in Section IV, shows that

ba. = Im (K(t))s + 0(¢")
W) = 27 Re [P(f) + Q) + P*(—1) + Q*(—=N] + O('W,)
where P(f), Q(f) are the respective Fourier transforms of
Alr) = (8,@27'®, — 1K,) — 27K, K,),,
B(7) = (@%(27'®, — iK,) — 27'K%K,).,

Expressions for (K*K,),, have been obtained in the preceding sec-
tion. Repeating the work with K, in place of K¥ brings in v(u), a(u),
c(ul v, T)) '_Hu(_p): and (_)“Sn(_pl: T _pn) in pla'ce of 7*(“’)J
a*(u), é(u, v, 7), and H¥(p), 8*(p;, -+ , pa). The result is

Koo = (KT + [ du [ dortn) exp 0@ + a0)]
- {exp [28(’!1,, v, 7)] - 1}

T+ 5 [T [T an| I Woo |

(76)

(77)

n=1 n!
-exp [2r7(py + -+ + pa)]
'Sn(_Pl ] _Pn)Sn(Pl y " pﬂ)' (78)

The remaining portion of A(r) in equation (77) is
(8,(27'®, — iK>))uy

= [ [ o) @ el — gttt =) — et — 0T 6, s
= [ au [ dovtin)

[ a4 W) exp liotr + w)i2 exp [—iwn] + HL() exp [a0)])
- (79)

where w = 27f and Table II has been used in going from the first equa-
tion to the second. Integration with respect to w brings in I'(—f), and
integration with respeet to v brings in both I'(f) and the function S,(f)
of Appendix C.

(3,27'®, — 1K) = fw df W, (f) exp (lon)T(—[27'T() + S,Ef)].
o 80)

Replacing &, , v(u) by ®F, v*(u) causes I'*(f) to appear in place of
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I'(—f) and shows that the remaining portion of B(r) in equation (77)
is

@50 — K = [ 4 W) exp (n TR T + Si()].

- (81)

The function A (r) is the sum of —27'(K,K,), obtained from equation
(78), and (80). Its Fourier transform is

P(f)y = W, OT(—=NE2T'TH + SiH] — 27 KK Dwl” ()
— é f _dr exp (—a2nfn) f du f R

-exp [a(w) + a@)]{exp [2¢(u,v, 7] — 1} (82)

where the leading term follows immediately from equation (80) and
the Fourier integral theorem.

The function B(7) is the sum of 27'(K#K,),., obtained from equa-
tion (69), and (81). Its Fourier transform is

QP = WOT*DERTTH + S0 + 27 | K [* 50
+ % -/‘_“" dr exp (—12rfr) ﬁm du -/;: dv v )y ()

-exp [a*(w) + a@)]{exp [26(w, v, )] — 1}.  (83)

A first order approximation for W,(f) may be obtained by eombining
equations (76), (82), and (83). Deleting the terms multiplied by &(f)
and W, (f) gives the first order approximation to the power spectrum of
the nonlinear distortion #,, (). This approximation is stated by equations
(38), (39), and (40) in the section describing the results. We now proceed
to express the first order approximation for We(f) as the series given by
equation (90).

When equation (82) for P(f) is added to equation (83) for Q(f) and
the triple integrals replaced by their series, namely, the Fourier trans-
forms of the series appearing in equations (78) and (72), the result is

P() + Q) = W.(NIT(=H + T*(f)
27T 4+ 8] + 27 (K [P — KT 801

+% ;%fwdm j:mdpn 8(f — pp— - — pn)[g Ww(Pk)]
"Sn(pi y T ?Pn)[_(_}ﬂsn(ipl y Ty _pn)+8t(Pl » T Pn)}

(84)
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Changing the signs of f and the variables of integration p,, ++- , pa,
and then taking the conjugate complex shows that the series in the
expression for P*(—f) + Q*(—f) differs from equation (84) only in
that the S, factors are replaced by

St(_Pl y T —Pn)[—(*)ﬂsrf.ﬂ] y Py pn) + Sn(—Pl 3 T T _Pn)]-
(85)

Taking (—)""" out of the square brackets in equation (85) and then
adding the series term in P(f) 4+ Q(f) to the series term in P*(—f) +
Q*(—1) gives

1& 1 (® - [
5 Z?’T!_/‘_w dP] e jlm dpn 6(f - P — = pn)[AI;II I/V'w(pk)]

'| Sn(Pl y T ;Pn) - (_)"Sﬁ(_Pl y T _pn) L2 (86)
for the series term in P(f) 4+ Q) + P*(—f) + Q*(—/).

The term for » = 1 in the series of equation (86) is
W0 1 8. + SH=NI". (87)

TFrom the first line in equation (84), the sum of the other terms in
P + Q) + P*(—f) + Q*(—f) containing the factor W.(f) is

W.(NIT (=1 + T*N)]
27T () + 27 T*(=)) + Su) + SH=D] (88)
The real part of the sum of equations (87) and (88) may be written as
W I TG + TN + S + SH=NF (89)
These results and equation (76) for W,(f) lead to
Wo(f) = 6. 8(f) + 47 W.(N | T + Si(h + I*(=) + SN [’

b S [Cdp e [ dn o= - o 11 W00 |
l Sﬂ(pl y " Pn) - (—)"St(upl y " _Pn) 12 + O(‘Pﬂlyw)' (90)

The remainder in equation (90) for W,(f) is O(¢*W,) while the one
in the main result, that is, equation (15), is O(¢"W,). The result of
neglecting all O(x'W,) terms in equation (90) agrees with the result
obtained by neglecting the O(¢*W,) terms in the main result. This may
be verified with the help of
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80 = =3 [ do W.(0)S(e, =5, 1) + 06

Sz(p: V) = S(P; V) + O(ﬁaz)
which follow from the equations at the end of Appendix C.

on

VIII. ““SECOND ORDER” APPROXIMATION FOR THE POWER SPECTRUM OF 8(t)

In Section VII the “first order” approximation to Wy(f) is com-
puted using the approximation

O(t) = @@t) — iK() + 0(") (92)

for the complex phase angle @(f). In this section the ‘“‘second order”
approximation to W,(f) will be computed using the approximation
given by equation (13),

0() = @l — iK() + 5 K*() + 06). 93)

The equations needed are given in Section IV. Portions of the ensemble
averages A (1), B(r) defined by equation (49) have already been obtained
in Sections VI and VII. The remaining portions needed are

(27 %K, (27'K,KD.., (94)
for A(r) and
(127'®% KD,  (—27'K%AKD)we (95)
for B(r).
From Table 11,
oK), =2 [ au [ [ w6
'(W(t - u)[J(U, T)J(w’ 7) - J(T)a 'r) - J(wr 7') + 1]>n'

-2 j: du j: dv f: dw v(u)y@)y(w)

[ ap W exp st + wIREOIVIVE — 7,

w = 2xf. (96)

In going from the first to the second equation, symmetry in » and w
has been used to replace H,(f) 4+ H,(f) by 2H,(f) and we have introduced
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part of the notation
U = exp [a(w)], V = exp [aW)], W = exp [a(w)]
z = exp [2c(u,v, )], vy = exp [2c(u,w, r)], 2= exp [2c(w,v, 0)]
£ = exp [28(u,v, 7)], ¥ = exp [2(u, w, 7)], U* = exp [a*(w)].
(97)

As in equation (80), integration with respect to u brings in I'(—f),
and integration with respect to » and w brings in the functions S.0(f;),
S, (f) of Appendix C:

@27 0D, = — [ df exp (o)W, (OT(~DISulf) — S (98)

The corresponding portion of B(r), {127'®%K3).., is equal to the
expressions obtained when y(u) and T(—f) are replaced by +*(u)
and I'*(f) in the right sides of equations (96) and (98).

The last portion of A(7) is

(27K K3)y = 277 f_ : du f_ : dv _/: : dw y(w)y(@)y(w)

{[J(u, o) — 1IJ@, 7) — 1J(w, 7) — 1]
Ci + Du(7) (99)

where C, is independent of = and represents the value of equation (99)
at 7 = oo. With the help of Table I and the notation defined in equation
(97), the ensemble average in the integrand may be written as

UVWzxyz — UV — UWy — VWz+ U+ V + W —1. (100)

The only variables in this expression w}}ich contain 7 are z and y. When
r— o, ¢(u, v, 7) tends to 0 and = and y tend to 1. Therefore the portion
of equation (100) which contributes to C, is

UVWz — UV —UW - VWe4+ U+ V+W-—1
and the portion contributing to D,(r) is the remainder

UVWz(zy — 1) — UV({x — 1) — UW(y — 1). (101)
The portion contributing to C, will be ignored since the Fourier trans-

form of C, , namely C; §(f), is part of &), 6(f), and 6,, will be treated by
itself.

When zy — liswrittenas (z — D@y — 1) + @ — 1) + (¥ — 1)
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equation (101) becomes
UVWzlz — )y — 1) + UV(Wze — D)z — 1) + UW(Vz — L)(y — 1).

The symmetry in » and w allows the last summand to be replaced by
the second and hence

= fj’ du f_xl dv j:m dw v (w)y @)y (w)
27UV Wzr — D)y — 1) + UV(Wz — I)(z — 1)]. (102)

Expanding (x — 1), (y — 1) in powers of e(u, v, 7), ¢(u, w, 7), respec-
tively, and integrating termwise in much the same way as in the passage
from equation (69) to equation (72) leads to

o = 5 o [T an [ 1700

wexp [2r7(py + -+ + p.)]
'S|x(4'pl y T _pn)[Snﬂ(pl y T pn;) - Sn(Pl y T, pn)]

1 n+m 00
522 [ oo [ do.

~ = nl m’

dcrl . f de,, [II W}(PL)}[H W‘w(m.-)]
cexp [2rr(p, + - + oo+ o + o+ o)l

Suenl=pry oy T, —O, e, T 0w
Sunlor , =0+ s paior, tr, 0w (103)
When the last portion of B(7) is written as
(=27 K%K = Ca + Da(7) (104)

the work goes through much as for €, + D,(r). The functions y*{u),
J*(u, 0), U* £, and g replace v(w), J(u, 0), U, x, and y, respectively.
The functions H.(—p,), and H.(—e,) in c(u, v, 7), c(u, w, ) are replaced
by —H*(p,), and —H*(s,). This carries z, y into £, § and causes S,(p, ,

, —pn) to be replaced by (—)"S*(p,, - -+, p.)- A similar replacement
holds for S, .

The resulting expression for D,(r) is obtained by changing the sign
(because — K* replaces K,) of the expression (103) for D,(r), and then
replacing S,(—py, -+ —pn) and S,un(—py, *++ 5y —aw) by (—)"S*(ps,

<y ) and (=)"SE Lo, v da), reSpectively
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Now that expressions for the portions (94) and (95) of A(r) and B ()
have been obtained (in effect), there remain two problems:

(¢) taking their Fourier transforms to get their contributions to P
and Q(f), and

(#3) adding these to the first order approximation for We(f) given by
equation (90).

The Fourier transform of (127'®,K32)., follows from equation (98)
and the Fourier integral theorem. The Fourier transform of (42" K.
may be obtained in much the same way and consequently the contribu-
tion of these terms to P(f) + Q(f) is

[ dr exp (—ionl2 7@K + (27 B1KD).

= =W (NIT(—N) + T*NIS:lfs) — Si(D]- (105)
Consequently their contribution to the right side of
Wo(f) = 27" Re [P()) + Q) + P*(—) + Q*(=N] + 0("W,) (106)
[from equation (50)] is
27 W () Re [T(—1, + T*DIS.() — Swlfs) + S3(—=)) — SHl=1)].

(107)
The Fourier transform of the portion D, (r) of (27'K,K3).. is obtained
by replacing exp [i277(p; + -+ + p.)] and exp [277(p, + -+ + )]

in equation (103) for D,(r) by 8f —p — -+ — pyyand 8(f — p1 —

. — @,), respectively. The Fourier transform of D,(r), from
( 27'K *K2)m, , can be obtained similarly. The sum of these two Fourier
transforms gives the contribution of D,(r) 4 D.(r) to P(f) + Q(f).
Changing the signs of f and the variables of integration p,, **+ , om,
and then taking the conjugate complex, gives the contribution of
Di(r) + Dy(r) to P*(—f) + Q*(—/). When the two contributions are
added, it is found that the contribution of Di(r) + D.(7) to P(f) +
Q) + P*(—f) + Q*(—/)is

>L s [ 2o 17000 |

5(fmpl_ =t _Pn)[Sn plr' )_( )Sn(iplj)]
ASalpy s o) = (=)"S%(=p1y o)
- Sno(PL y t T ) + (_)HS:E‘)(_FI ) ﬂ
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ICD -] 1 [-<] - -]
S P3P> f_d,,l-..f_da,,,

=1 mmnlm!

2
[ T W,,(pa][fg Wp(crz)] o — oy — -+ — 0w

k=

'[S::+m(pl y U ) - (_)n+mSn+m(_Pl [ }]
[Sampr 5 - ) = (=)""Sk(=p1y -] (108)

where the complete arguments of the S functions are shown in equation
(103).

The desired expression corresponding to equation (106) for W,(f)
is obtained by adding the significant terms in the first order approxi-
mation of equation (90) for W,(f) to the second order terms given by
equations (107) and (108). The remainder term, O(¢*W,), in equation
(90) can be ignored because the significant terms are obtained from
®(t) — ¢K(t) without approximation [compare equations (92) and (93)
for @(2)]. The result is

Wilf) = 62 8(f) + 47 W, () [ TU) + Si) + T*=1) + Si(=A [
T IR A R b X

n=2

'l Sn(.pl y P pﬂ) - (_)”St(_pl e _pn) iE
+ expression (107) + 27" Re[expression (108)] 4 O(c°W,).  (109)

The next section is concerned with the elimination of all O(*W,)
terms from the significant portion of equation (109). When these terms
are eliminated, the result is the “main result” stated in equation (15).

IX. ELIMINATION OF HIGHER ORDER MODULATION TERMS FROM W, (f)

In this section all terms of O(x°W,) in equation (109) for W,(f)
will be discarded, that is modulation terms of order higher than three
will be discarded. Since the integral of W, (f) is O(¢"), all terms in
equation (109) containing the product of four or more W,'s may be
dropped immediately.

First consider the terms which explicitly eontain the product of three
W¢'s. This corresponds to n = 3 in the single series in expressions (108)
and (109), and to the pairs of valuesn = 1,m = 2;n = 2, n = lin
the double series. The contribution of the double series can be dis-
carded because it is O(f [ Wio") = O(¢°W,), the functions S, and
8.z being O(p") [from S(f) = 0, S,(f) = O(¢®) and Appendix C]. The
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= 3 term in expression (108) can also be discarded because, from
Appendix C, 8; — S, is O(¢"). Using S; — 8 = O(¢") in then = 3
term in equation (109) shows that the contribution to W,(f) of the
terms which explicitly contain the product of three W,’s is

511 ./:: dp LZ do W (AW ()W ,@)

'| S(p; a, "') + S*(_pl —a, —y) |2 + O(‘pﬁwv) (110)

wherev = f — p — o.

Next consider terms which explicitly contain the product of two
W ,’s, namely the terms n = 2 in the single series and n = m = 1 in
the double series. When we put p; = p, p» = f — p = » in the single
series terms, and p, = p, 6y = [ — p = v in the double series term, all
of the integrands contain the factor

= [8%(p, v) — Sa(—=p, —7)]

and the contribution of their sum to W,(f) can be written as

s [ ap W00 Re (5% + 2]
where 8 is 0(1), and v is not the earlier v(u). Here
v = Silp, v) — Swole, v;) — Sule;v) — S%(—p, —v)
+ St(—p, —#;) + Sk (—p; —v)
is O(¢%) since both S; — Sy and S;, are O(¢®). Furthermore,
ReB*@B+2v]l=|B8+v[ —m* =18+~ + 06",
B+ v =T, — T*(—p, —), (111)
T(p,») = 28u(p,») — Saolp, v;) — Sulp, 7).

The equations at the end of Appendix C may be used to show that
T(p, ») is equal to T'(p, ») + O(p") where

I

T(,9) = 86,9 + [_do Wo)=38(e, =7, ,)

-+ 18(c, —0)8(p,v) + 8(o, PS(—0, )]  (112)

and eonsequently the contribution to W,(f) of the terms which explicitly
contain the product of two W, 'sis . .
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T do WA W 6) | T(o, ) — TH(—p, =) [* + 06"W,)  (113)
8/

where v = f — p.

Now consider the terms in W,(f) which are multiplied by W ,(f). From
equations (109), (107), and the term for n = 1 in the single series in
equation (108), the sum of these terms is W, (f) multiplied by

47| T + Silf) + T*=f) + S%(=D "
+ 27 Re [T(—f) + T*NIS:(N — Swolfs) + S4(—f) — Sk(—1)]
+ 277 Re [S%() + Si(=DILS:(N — Sulf5) + 83— — SH(=1)]
=47 |a+ 8"+ 27 Re (@* + 890)
47 + Ble* + 8% + (@* + 4y + (@ + BOv* + m* — 1v*]
=4 a+ B+ [ =4
=47 |00 + O*H(=) [P~ 47 (114)
Here, with 8 and v different from those in equation (111},
() + (=) = 0Q1)
8 = 8.1) + SK(—D = 0 15)
v = S — Swlf;) + 8= — SK(—1) = 0@")
U = 1(f) + 280 — Sulf3)-

The equations at the end of Appendix C may be used to show that
U(f) is equal to U(f) + O(e") where

(23

Il

v =10 — 5 [ de Woo)So, —a, N+ [ do [ do W (W)

'[%S(p! g, —p, —0, f} - iS(FH P, f)S(UJ _0-)
— 38(p, NS(e, —a, —p) — 38(p, o, NS(—p, —0)].  (116)

Since vy* is 0(¢®), the terms in W(f) which are multiplied by W, (/)
can be written as

W.() UG) + U*(=NI* + 06" W,). (117)

Finally consider the de spike, 83, 8(f), in W,(f). From equation (14),
the de component of 8(2) is

b = Im (K(t) — 27K (#))er + O(°). (118)
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The value of (K(f)).. is given by equation (70) and from equation (78)
with 7 = 0,

K D) = KOR, = [ do W98, (=9S(0)

1 1~ = G
+5 [ do [ do W 0)Si=p, —0)Slp, o) + 0.

Since 8,(p) is O(¢%), the single integral is O(¢") and may be included in
the remainder term. Squaring the leading term in equation (70) to get
(K(1))*, combining terms, and using S:(p, o) = S(p, o) + O(")
leads to

(K(l) — 27 K*())u = D.
D= _% f_w dp W(p)S(p, —p) + fﬁm dp L do W (o)W (o)

[%S(p} o, — P —0) - %S(P) '*,O)S(U', _U) - %S(P) G-)S(_P) _Cr)-]
+ 0(¢"). (119)

The imaginary part of D, gives 6, .
Addition of equations (110), (113), and (117) shows that

Wo(f) = 63 o) + W.() 1 UM + U=

2

+ % f_w do W.(W(f — o) | T(p, f — p) — T*(—p, =/ + p)

1 L =
Y f_m dp f_ B de W (pW . ()W, ()

'l S(pl a, V) + S*{ips 0, _V) {2 + O(‘Pﬁurnr) (120)
where v = f — p — o. This is the same as equation (15) in the state-
ment of results. However, the expressions for D., T (p, f — p), and U(f)
given in Section IIT are simpler than the ones given in this section. The

method of obtaining the simpler expressions will be outlined in Sec-
tion X.

X. SIMPLIFIED EXPRESSIONS FOR 6., U(f), aND T'(p, v)

The expressions obtained for 64, U(f), and T{p, v) in Section IX
may be put in forms better suited to ealeulation by writing the higher
order 8 functions in terms of S funetions of two arguments,

S(p, o) = T(p + o) — T(p)T(a). (121)
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These simplified forms are the ones stated in equations (16), (17), and
(18).

Since no really satisfactory procedure of reduction was found, the
expressions given here may not be the simplest. The procedure is il-
lustrated for the double integral

1= [ a0 [ dr W70

'[S(P, -P T, HO‘) - S(P! _P)S(O-J ——'7) - 28(9} U)S(_pr ""0')]

which appears in equation (119) for ;, = Im D,.
After some cancellation, the general equation (159) for S(p, 7, », )
shown in Appendix B gives

S(ps =py 0, —0) = 1 = (p)(—=p) — (0)(—0a) + (o + o) (—p)(—0)
+ (o — ) (=p)(@) + (=p + o) () (—0)
+ (=p = 0) () (o) — 3(p)(—p)(a)(—0).

Here I'(z) has been written as (z) and (0) = T'(0) = 1 has been used.
When this expression is multiplied by W,(p)W,(s) and integrated
with respect to p and ¢, changes in the variables of integration show that
the value of I is unchanged by the substitution

S(py —py 0y —0) = 1 — 2(p)(—p) + 4(p + o)(—p)(—0)
= 3(p)(—p)(e)(—0).
‘may be replaced in the double integral by”.

Here the arrow means *

Similarly,
—8(p, —p)8(g, —0) = —[1 — (p)(—PI[1 = (e)(—0)]

— =1+ 2(A(—p) — (A(—p)(o)(—0)

—28(p, 0)8(—p, —0) = —2[(p + o) — (A()][(—p — o) — (—p}(—0)]

= =2(p + o)(—p — ) + 4(p + o) (—p)(—0) — 2(p)(—p)(c)(—0).

Addition shows that the quantity within the square brackets in the
integrand of I may be replaced by

8(p + o(—p)(—0a) — 2(p + o)(—p — @) — 6(p)(— p)(0)(—0)
= 6(—o)(—a)(p+ o) — (0)(@)] — 2(p + o)[(—p — ) — (—p)(—0)]
= 6(—p)(—a)8(p, 0) — 2(p + 0)S(—p, —0)
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6[(—p—0) —(—p— o) + (—p)(—)]S(p, ) — 2(p+ 0)S(—p, —0)
6(—p — 0)S(p, @) — 68(—p, —0)8(p, &) — 2(p + 0)S(—p, —0)
— 4(p + 0)8(—p, —o) — 68(—p, —0)S(p, 0).

Hence

I=[:w[fwwumnw&—m—ﬂu@+@—w&mm

which is the form of I used in equation (16) for D (except that p and
o are interchanged).

The simplification of equations (112) and (116) for T'(p, v) and
U(f), respectively, proceeds along the same lines. In dealing with
U(f), the symbolic substitution

S(p, o, —p, —a, ) = [1 + (p)(—p) — 2¢°(—p)]
N+ (@ (=) — 2 (=)l — D]

was found helpful.
In addition to the simplified forms for T'(p, ») and U(f) given in
equations (17) and (18), we also have

S(p, o, %) = S(p + o, v) — T(p)S(e, v) — T(0)S(p, ¥). (122)

XI. THE “SMALL AND SLOW” DEVIATION APPROXIMATION TO Wj(f)

This section and the following one are concerned with approxima-
tions to Wys(f) which are obtained by replacing the I's used in equa-
tions (15) to (20) by the first few terms in their power series expan-
sions. These expansions are assumed to exist and to converge rapidly
over the range of frequencies for which W.(f) is effectively different
from zero. Roughly speaking, the top baseband frequency is assumed
to be small compared with the filter bandwidth.

When the top baseband frequency is small, the modulating fre-
queney, ¢ (t), changes slowly and we have the quasistatic case. The
name “small and slow deviation approximation” is used because (15)
holds only for “small” rms frequency deviations (D small), and here
the requirement of “‘slowness” is added.

Two series which play important roles are

') = 2 af/nl) =1 (123)

8 1[\15

mT() = 2N/, AN =0 (124)
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The first one is the series assumed for T'(f). Substituting (123) in .
(124), expanding the logarithm, and equating coefficients of powers
of f leads to expressions for the A’s in terms of the o’s:

No= o,
N = @y — 0‘? ’
As = a3 — 3ena, + 205 (125)

M= ay — daga; — 305 + 120507 — 6a}
As = ay — doyay — 1000, + 2000’ + 30030, — 600,08 + 2408 .

and so on. When the «,’s are the moments of a probability distribu-
tion, the A,’s are the associated “cumulants” or semi-invariants. In
our problem the «,’s are proportional to the moments of the normal-
ized response y(¢), a relation which follows when the series (123) for
I'(f} is compared with the one obtained by expanding exp (—12«f¢) in
the Fourier integral (4) for T'(f).

The small and slow deviation approximation obtained from (15)
and the first few terms of (123) is

Wo(f) — 62, 8(f)
+ WD+ IO + 27D + 87D + (e + 27D%4,)}]

+ 270 + 27 D)) ‘_/:m dp W (o)W .(f — p)p’(f — p)*

+ 67'(A0)° fm dp fm do W (oW (W, (f— p— a)p’c”(f — p — 0)°
= - (126)

Here the a,'s, A,'s are the imaginary parts of the coefficients in the
series (123), (124), D* = ([¢'(£)/(2x)]%, D is the rms frequency
deviation in Hz, and as,, A, denote the real parts of a., A where

A = o, — 2030y — a3 + 2a50 .

The detailed derivation of equation (126) from equation (15) for
Wy(f) makes use of equation (162) which gives S(x,, z., --- z,) for
small values of the 2’s. The leading term in equation (162) gives

S(p, 0) — pok.
S(p, o, ¥) — pav)s
—8(e, —a, p,») + S(o, —0)8(p, ») + 28(s, p)S(—0,v) — o’ pu),
(127)
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where the left side of the last equation is proportional to the integrand
in equation (112) for T'(p, »). There is a similar equation which shows
that the integrand in the double integral in equation (116) for U(f)
tends to a quantity proportional to p’c’fA; . To deal with the single
integral in U(f) we use both terms in equation (162) to obtain

Sp, —p, ) = —p’fh — 2700°f AL (128)

Combining equations (127), (128), and the first three terms in the
series for T'(f) gives

S(P: a, V) — povhg
T(p,») — PV()\E + 2-1D2?\J)
U) =1 4 (an + 27D + 87 DN)f + 2 ', + 47 DA

Substitution in the small deviation approximation (15) for W,(f) then
gives the small and slow deviation approximation shown in equation
(126).

A form of the small and slow approximation which is more complete
than (126) may be obtained by starting with the quasistatic form of
equation (7) for ©(¢) instead of from the small deviation approximation
(15) for We(f). In the quasistatic case the instantaneous frequency
© = w, + ¢'(f) changes slowly and hence rms ¢''(f) is small. This leads
us to replace ¢(t — u) in (7) by the equivalent expression o(t) — ue'(t) +
27" (£) where £ lies between ¢ — u and t. Let F denote the filter
bandwidth and suppose that the impulse response y(u) is effectively 0
outside an interval of length 1/F. Then, heuristically, the integral in (7)
is given by

f,m ¥(w) exp lip(t — w)] du = [1 + O2'F* rms ¢'")]

]

| 7(w) exp Lip(t) — dug'(0)] du.

The integral on the right is the desired quasistatic approximation. It is
almost equal to the integral on the left when 27'F~* rms ¢”” <« 1. How-
ever, for small rms frequency deviations, the contribution of ue¢’(f) may
be less than the term 27'F~* rms ¢’ even though

(7) the latter may be <« 1, and

(74) despite the fact that when ¢(f) is band-limited with top frequency
B we always have rms ¢'' £ (2rB) rms ¢'. Therefore, in order to make
the quasistatic approximation meaningful for small (as well as large)
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deviations, we impose the additional restriction 27'F~* rms ¢’ /(F~" rms
¢') < 1. Then, if

rms o/ (2F%) « 1, rms ¢’/ (2F rms ¢') < 1

the Fourier transform (4) gives the quasistatic approximations

[ ) exp Lot — ] du & Tl (0)/20)] exp L)
o (129)

0(1) & ¢(t) — ¢ In T[¢/()/(2m)]

which are equivalent to the usual quasistatic approximation for the
filter output, namely

8o(t) = G(Q) exp [iwet + ip(D)]. (130)

D. T. Hess" has given a rigorous bound, roughly equivalent to rms
¢ /(2F?) « 1, for the error in (130).

For the flat FM baseband case discussed in Section 3.3 the above
restrictions go into

10 DB/F? « 1, 2B/F « 1

where D is the rms frequency deviation in Hz and B is the top baseband
frequency in Hz. Notice that although the term “quasistatic” implies
that rms ¢'’ tends to 0 in some sense or other, the requirements that the
quasistatic approximations (129) and (130) hold differ from the require-
ment that the deviation ratio be large, a condition used in calculating
the quasistatic approximation to the power spectrum of cos [wet + ¢(£)]"*
Thus, for the flat baseband case, the deviation ratio can be taken to be
D/B, and this does not have to be large for (129) and (130) to hold.

To continue with the derivation of the more complete form of (126),
we substitute the series (124) for In I'(f) in (129) and take the real part.
This gives

8() ~ oll) + B()
B(t) = Z Male' (0@ /.

Since B(t) depends only on ¢'(f), the power spectrum of ¢(t) + B({) is
W.(f) + Ws(f) (Ref. 15). The covariance of B(f) is

BB = 3 3 Mihudlel"ed™@n) ™" /] m)) (131)

n=1 m=1

where subscripts 1 and 2 denote arguments ¢ and ¢ + 7, respectively.
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From the characteristic function of the joint gaussian distribution
function of ¢! , ¢} we have

(K (2ri)? f‘"” du f“”) dv exp [— ¥’ 4+ v")27" — y.uv]
n! m! U ] ™

2 uv

_ v [1+ (=)0 + (=)™ PVAWE AN
B ,; B 4T[(n — k)27 + LT[(m — )27 4+ 1] (\aa ) (2 )

(132)

where . = {¢/ol), ¥o = (2rD)* and we have used, for integer !,

. {0+) e . 3 — ) o 2
(2m) f W exp [— yal/2] du = (iéilf(;_%%%)—

Actually, instead of « the upper limit of summation for kin (132) is the
smaller of n, m. Also the sum is 0 unless n, m are both even or both odd.
When n is even, k runs over even integers; and when n is odd, k runs over
odd integers. When (132) is substituted in (131), the Fourier transform
of the resulting series for (B,B,) gives a series for W (f) which leads to
the more complete form of (126) we have been seeking, namely

=1 = )\2n+k‘iDzn ?
W) ~ W0 + 25 [E m‘]

(2m) f_ Z ¢t exp (—i2nfr) dr  (133)

The integral in (133) can be expressed as a (k — 1)-fold convolution
of the power spectrum’ W,.(f) = (2f)’W(f) of ¢'(t). This gives the
first few terms of (126), except for the term (as, + 27'D°4,) W,.(f)
which arises from terms neglected by (133).

Equation (133) is useful only when D is small because the summation
with respect to n usually diverges. To illustrate this, consider the single
pole filter for which T'(f) is (1 + iffz) 7" and A, is (n — 1) I(—2f7")"
Equation (133), with k replaced by 2k + 1, gives

< 1 2 (=)(2n + 2k)! D™ |°
w’rﬂ(]‘) ~ IV'F(D + E (2k + 1)[ [Z ( )’1’3(1 2nﬁn+2k21 ]

k=0

n=0
o N —tk—2 ” 2k+1 .
-(2m) f P exp (—i2xf7) dr. (134)

The quasistatic approximation for W(f) obtained by starting with
(130)-s (see Ref. 13) " ) optatned by Sk ;
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mm~mm+§%$%;—

I _r oz
Iz,,—j; x exp[ 5 Df,]dm.

This series, which converges for all D, is of the same form as (134) in
that it has I,,/D**! in place of the divergent sum with respect to n.
When D becomes small, the two expressions for W,(f) approach equality
in the sense that the sum with respect to n is the asymptotie expansion
Of I2k/D2k+1'

f V5 exp (—i2nfr) dr,

XII. LIOU’S APPROXIMATION FOR SECOND AND THIRD
ORDER INTERCHANNEL MODULATION

It is instructive to relate our main result, equation (15) for W,(f),
to an approximation for the interchannel modulation given by Liou.’
Liou’s approximation is equivalent to taking additional terms in the
small frequency deviation approximation given in Section XI.

The interchannel modulation is represented by the portions of
W5 (f) in equation (15) which contains T'(p, f — p) and S(p, o, f — p
— ¢). Liou’s approximation may be obtained by (i) approximating
T (p, f — p) by the leading term, namely S(p, f — p), in equation (17)
and (i) expanding S(p, f — p), Slp, o, f — p — o) in powers of
p, o, and f out to and including degree 4. This leads to

T, f— o)~ 8S(p,f — p) = T(f) — T(RT{ — p)
= olf — PN + 16 + s + o(f — p)bs] + O(f°)
S(p,o,f —p—0) = po(f — p — s + 7] + O(F) (135)

where

I = Saf/nl,  a =1

2 3
N =@, — o, A3 = @y — 3owa; + 2a)

6 = (o — 20500 — &) + 20:03)/2
£, = (013 - 0!2“1)/2
'63 = (ﬂ!.; - aaal)/ﬁ

(136)

£ = 4oy ~- 0d) — 3 Yaw — azey).

Equation (162) of Appendix B gives the approximation for S(p, o,
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f — p — o) shown in equation (135). It does not give the higher order
terms in S(p, f — p) shown in equation (135). These must be cal-
culated from the series for T'(f). Although the £s and M's used here
are not precisely the same as those used by Liou, they are of the
same general character,

When the expressions [equation (135)] for T'(p, f — p) and S(p, o,
f — p — o) are used in equation (15) for Wy(f), the second and third
order interchannel modulation terms are found to be

%j:: dp W (W .(f — p)p*(/ — )
ADi + Pl + ol — DT + )
1 2 2 50 * -]
rips+ e [ an [ o

WADW(@DWo(f — p— 0)p’*(f — p — 0)*  (137)

where the second subseripts r and 1 denote “real part” and “imaginary
part.” The basic approximation used by Liou [his Eqs. (29) and (30) ]
may be put in this form by expressing his Fourier transforms as
convolution integrals and combining terms.

APPENDIX A

Power Spectra of Real and Imaginary Parts
of a Complex Random Process

Let z () be a complex, stationary, ergodic, random process [for ex-
ample the complex phase angle ©(f)] and let z(t), y(¢) be its real and
imaginary parts. We seek convenient expressions for the power spectra
W.(t), W,(£) of (t) and y(¢) when z(f) is the sum of several correlated
complex random processes, say a(t), b(f), ¢(t), - - - . For illustration we
take

z2(8) = a(t) + b(®) + c(@) (138)

which corresponds to equation (13) for ©(f) with a(t), b(t), and c(t)
in place of ®(t), —iK (¥), and i27'K*(f), respectively.

Denoting functions with arguments ¢, { + 7 by subseripts 1, 2 and
using relations of the type

x, = Rez = (z + 2%)/2 (139)

leads to the following expression for the ensemble average (¥1%2)ay
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<I1-'52>av = ((21 + -3*1‘)(32 + z’;»nv/‘jl
= {(z1z2 + 2%2%) + (2%2. + 2:2%))un/4 (140)

= 27" Re ((z:22)ar + (2%22)ur).
It is convenient to write {(z,2,).. as
(m1z2)sw = A(r) + A(—7) (141)
where
A = (F(@is + bibs + €:62) + @bs + arcs + bicy)er . (142)

This is suggested when the product 2,2, is multiplied out and terms of
the type a,b; + b,a, are considered. Thus, if

(ale)av = (a(t)b(t + 7)>nv = f('r)? (143)
setting ¢ = ¢’ — 7 and making use of stationarity leads to
<b1a2>uv = (a‘(t + T)b(t)) av = (a(tl)b(t’ - T) )av = f(—'r) (144)

and hence to equation (141).
Similarly, replacing a,, b,, ¢, by a¥, b¥, c¢* leads to writing the
second ensemble average in equation (140) for {z,z,)., as

(2¥22)0w = B(7) + B¥(—1) (145)
where
B(r) = (j(a%a, + b%b, + cfe)) + atb, + ale, + bico)y . (146)

For terms of the type a*b, 4 b*a, , the analogues of equation (143) and
(144) are

(aﬂlgb2)av = <a*(t)b(t + 7))av = f(7), (147)
(bias)ar = (a(t + Db*())ar = (a(tIV*(' — 7))y
= (@*()b(t’ — & = f*(—n.

Comparing equation (13) for ®(f) with equation (138) for z(t) sug-
gests setting a(t) = &), b(t) = —iK(f), and c(t) = 27'K*(); this
leads to equation (49) for A(r), B(r) given in Section IV.

Equation (140) for the autocovariance {x,,)., of z(f) now takes the
form

(#:%2)w = 27" Re [A(r) + A(—7) + B(r) + B*(—1)], (148)
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and the power spectrum of x(f) is

I
o
3

—

W.(f) =f exp (—lwn) (@) dr, @

This may be written as

W.() = 27" Re [P(f) + Q) + P*(=)) + Q@*(=1)] (149)

where

P(f) = fw exp (—iwr) A(r) dr, (
- 150)

Q) = f: exp (—iwr)B(r) dr.
Equation (149) for W.(f) may be derived from
27 Re [A(r) + A(=n)]) = 47TAGR) + A%() + A(=7) + 4%(=7)]
27" Re [B(r) + B*(—1)] = 47'[B(r) + B*(r) + B(—7) + B*(—1)]

(151)
and relations of the type
P*(f) = f_w exp (fun) A*(7) dr = f_w exp (—wn)A*(—7) dr
P(—f) = f_w exp (—iwr) A(—1) dr, (152)

PH—f) = f_: exp (—iwr) A*() dr.

The power spectrum W,(f) of the imaginary part y(f) of z({) may be
computed in much the same way, starting with
(ylyE)nv = ((zl - Z";)(Zg - zt))uv/(z?:)z
= 27" Re [~ {(a22)ur + (#h22)us]-

This differs from equation (140) for (z,%,).. only in the sign of (z122).y .
Therefore only the signs of A(r) and P(f) need be changed in the earlier
work, and we get

W.(f) = 27" Re [ P(f) + Q() — P*(—f) + @*(—N] (153)



130 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1969

APPENDIX B

The Functions 8(p, o), S(p, o, v), -+
The function

Sz, e a) = [ dur@H @) - W) (159
where

H (x) = exp (—2rau) — T'(z) (155)

is a symmetrical function of the z's. It may be expressed as the sum
of products of I's by replacing the H,’s by their definitions, multiply-
ing out, and using the fact that I'(f) is the Fourier transform of y(%).
This evaluation of the integral shows that S(z;, s, - -+ , z,) is given
symbolically by

8@, 7a, o, w) = 11 1™ — T (156)

k=1
where, after multiplying out, the various powers of y are replaced
by I'’s according to the rule y* — I'(z).
For example,
S(p) = 0, (157)
S(p, o) = [y" — T(p]ly" — T(o)]
¥ — y’T(e) — T(p)y” + T'(p)T(0)

= T(p + o) — T(pT(0)

I

S(p,0,9) =T(p+ o+ — T+ )TF) — T(p + »T(o)
— I(e +»T{p) + 2T(IT()T().  (158)
For four variables, writing (z) for I'(z),
Sp,o,v,m)=(+ct+tv+u—(+to+nNk —(tot+up
—(pt+r+ e — e+ up+nkm+ o+ )W
+ (o + (@) + (o + W) + (o + »)(0) ()
+ (@ + w)6) + & + w)e) — 3(p)wb).  (159)

S(xy, 22, *** , x,) vanishes when one or more of its arguments are
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zero because H,(0) is zero. Of interest is the form taken by S(z;,
«++ , z,) when the 2’s are small and T'(f) may be expanded as a power
series in f. Let the power series be

I(f) = iﬂ%a , o = 1. (160)
Since
() = [ v e @hdu, = —i2mu
= ;ﬂ%f_mv(u)s" du
it follows that
o= [ " ) du. (161)

—o0

When z is small, equation (155) for H,(x) gives

exp (¢x) — T(z)
2l — @) + 273 — )] + 0@).

H.(2)

Then

i_Il H.(z,) = (331172 . x")[(lé _ al)" + Z—I(E — al)"_l(&-ﬂ — ) ;,i.; ﬂik]

+ 0@™*?)
and substitution in the integral [equation (154)] defining S(z, , - - -, ¥.)
leads to

S(xl y P ,I")

n

+ 2—1 12 z, n- (‘n ; 1)(E¢+2 _ Eca2)(_al)n—t—l] + 0(:[:“2)

£=0

= (@ - xn)[i (T;)ac(—al)"_‘

£=0

+ 27 i: Ty, ﬂi (n ; 1)(‘1”2 - aeaz)(_al)"_t_l] + O0(z™*%). (162)

&=1

This is the approximation needed to examine the form taken by W,(f)
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when the bandwidth of ¢(f) becomes small, as it does in Section XI.
When T'(f) is such that | T(f) — 1| < e « 1 for all values of f, it

may be shown that the symbolic form of equation (156) for S(z,, - -+ , z,)
becomes
S@y, -+, a) = [ @ = 1) 4+ 0) (163)
k=1
and the Is appear only linearly. Furthermore, S(z, , -+ , z,) 1s O(¢).

For example
Slp, o) =y =y — ¥ + 1+ 0()
= I'(p + o) — T(p) — T(o) + 1 + O(").

This result is of interest in connection with the first order approximation
discussed in Appendix D.
To establish equation (163) let

2y = y:u - 1, € = 1— I‘(:Bk)

so that equation (156) for S becomes

S@ sy = 11 G + &)
k=1 (164)

n

= Ila+ e I 2 + 0.
k=1 k =1

=1

Here the factor z, is omitted from [[’. When the product
22 2= [ W — 1)
k=1

is multiplied out and the y*’s are replaced by I'(u)’s, the result is the
sum of 2"IVs [(1 = T'(0)]. Half of the I''s will have plus signs and the
other half will have minus signs. Adding -1 for each —TI" and —1 for
each + T shows that the entire sum is O(e). Hence 2,2, -+ 2, is O(e),
and when this is used to show that the []” in equation (164) is O(e),
the result stated in equation (163) follows.

APPENDIX C

The Functions S, and Sun

The functions S.(z,, 2, -+ , To) and Spn(@1, = T Uss ) Yu)
are defined by the integrals, forn = 1 andm = 1, - ; .
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S, o vm) = [y exp la] T Hate),
—> k=1 (165)
Sum(xl y Ty T Y1y Jym)
= [ " f " dw v@)y(w) exp [al) + a(w) + 2c(w, v, 0)]
(e [ o]
where H,(z), a(u), c(w, v, 0) are given by
H.(z) = exp (—2mau) — I'(x)
at) = —5 [ ap W pH(~DHD) (166)
cw,v,0) = —2 [ df WANHA=DH) = e, w, 0
[see equation (66)]. For n = 0, S, is defined as
S, = fw du v(u) exp [a(u)] (167)

and for the double subscripts,

SnD(:El y "ty r)
= [" o [ dwyytw) exp la) + alw) + 2e(w, v, 0] 1T H.(a
Snu(a:l y Tt 5, Xy )) = Sﬂn(; Ty oy "y .’l',,)

Sul) = [ v [ dwrtn) exp lat) + aw) + 20w, v, o).
o o (168)

The functions S, and S,., depend upon both W, (f) and T'(f) [through
H.(f)]. This is in contrast with the function S(z,, - - , z,), defined in
Appendix B, which depends only on I'(f) and is independent of W, (f).

The function S, may be expressed as the sum of multiple integrals
involving the functions S. Expanding exp [a(u)] in powers of a(w) and
replacing each a(u) by its integral [equation (166)] with p in place of
the variable of integration f leads to

S—1+i£:—%)—i md md
So = 2 . .01““_;(J P
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.[inWw(pk)]S(pl,... B =Py —p)
S"(xl’le T ;mn)
= Sz, , 22, -+, ")+Zl( 2)'[ dp, - j‘j"dpi
.[I,IWw(Pi:)]S(PI,--. Br B e — Py a2
- (169)

where n = 1.
Similarly, expanding exp [2¢(w, v, 0)] in the integrand of the integrals
defining the S, functions leads to

s = S+ X8 [T oo [ an,

i=1

[kI;I W¢(pk)]si(pl ] pi)Sr'(_pl y Ty _PJ’)
SnO(:‘Ul y N7 :xn ;)
= s+ 5 G dn o [T [ T W]
i=1 — k=1
J'+n(Pls"'api;-TlJ"':xﬂ)Si(_Pli"'l_Pi)
Snm(xl gyttt 3 Tn Yyt :ym) = Sn(xl y T :xn)Sm(le te ?ym)
] (_)1’ o o o0 [ i ]
+ ,-Z;—j! f_w dp, f_w dp; H W .(ps)
Si+n(p1 y Uty Py Xy :In)SH—m(_P] Yttty TPy Yyt y,,,)
(170)

whenn = land m = 1.

In order to obtain an inequality for S,(z,, -+ , «,) assume that (z)
the termwise integration in the derivation of the series in equation
(169) is legitimate, and (74) an M > 1 exists such that for all real values
of f

M >|TM| = |GG + 1)/GUW) |

Since S(z,, --- , .) may be expressed as the sum of 2" terms, each of
which is a product of not more than n of the I's,

|8z, -y x| < 2",
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Furthermore, since the integral of W, (f) from — e« to 4« is equal to

(¢*())uv , the terms of the series in equation (169) for S,(z,, - -+, %)
are dominated by the terms in

> % (LEMY” ™ = M) exp 2MYH)u.

Therefore the series in equation (169) converges and
| Su@y, ooy @) | < (2M)" exp [2M(¢")].

This inequality may be used to show that the series in equation (170)
for S,.. converges and that

| Som@1s o s @i Yay s ) | < (2M)™™ exp [8M* (™). ]

The leading terms in the series required to handle the second and third
order modulation are

So=1- %f_ﬁ dp W.(p)S(p, —p)
+ 2 e [T o WA W S0, 7, =, =) + O, (7D
S =0—3 [ do WlpS(o, =,
t3 [ o [ de WW S0, 7, 0, =, )+ O, (T

Su(p,9) = 8o, — 5 [ do W.()S(o, =0, p,0) + OLe),  (178)
Sule, 5, 1) = Sp, o, ) + 06, (174)

Swl) = S5 [ do [ do WaW 01800, )S(=p, —o)
+ 06", (175)
Sulf) = 80 + [ do [~ do W)W ()47 86, =5, DS(e, —2)

+ 2_18(91 f)S(Ur L) ‘_P) + 2_18(!7, a, f)S(_P; _0')1 + O(‘ps),
(176)

Suolps vi) = Silo,0) = 5 [ do Wo(@)S(o, —0)S(p, ) + O(").
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SEO(F: o, V;) = Sﬁ(p: a, V) + 0(502))
Suloi) = — [ de W (0)S(e, 9S(—a,1) + 0,

Sai(p, o;7) = 0(e").
In obtaining the leading terms in Sy(;) and S;.(f;) the leading terms in

So, S:(H) and S,(p, ) were used. S,(f) is O(®) in contrast with S, ,
S, , S, --- which are O(1).

APPENDIX D

Derivation of Earlier First Order Approzimation
by Present Procedure

The first order approximations which are given in Section VII
are somewhat more complicated, as well as more accurate, than the
ones which have appeared in the literature.* * *** Here the relation
between the earlier and present work will he brought out by applying
the procedure of Section VII to obtain a first order approximation,
which is the same as the given in Ref. 10 [the #(¢) of Ref. 10 is §(¢)
— ¢(t) in the present notation].

The derivation starts from the initial equations (5) and (7) for
the filter output sq (),

Sn(t) = {exp [_an - 7'160 + 3@(0]} exp ('iwut) (177)
O = —iln {f du y(uw) exp [ip(t — u)]}-

The difference between the output phase angle 8(f) = Re @(f) and the
input phase angle ¢(t) is assumed to be small, and the filter delay is
usually taken to be zero at the carrier frequency, that is, Im [dT(f) /df]
is zero at f = 0.

Adding and subtracting #p(f) [instead of the linear portion ®(¢) of
the output] in the exponent appearing in equation (177) for @(f) gives

®(t) = Gﬂ(t) —in 1+ k@), (178)
KO = [ durt)lexp biglt — w) — ie()] — 1.

The first order approximations to the complex phase angle ®(¢) and
the output phase angle 8() are now

BO@) ~ o) — k(@)
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and
6() ~ o(t) + Re [—ik(1)], (179)

respectively.
The analysis of the earlier sections goes through much as before with
k(t) in place of K(#), and

h(f) = exp (—27fu) — 1 (180)
in place of
H.(f) = exp (—i2nfu) — T(]).

An illustration of how h.(f) enters the analysis is furnished by the
computation of {exp [fe(t — u) — dp()]).. . As suggested by equation
(56) for ot — u) — ®(1), let

Le(t) — ot —w) — (1)
[‘(ﬂ = exp (—?:wa‘lt) - 1= hu(f)

= df W (D)

(181)
f% f_ df W, (Dh(Dha(—f) = a’(w)

(exp [fe(t — w) — tp()]) = exp [a’(w)].

Of most interest in practice is the power spectrum W.(f) of £(t),
() = Re [—1k(D)]
0(0) ~ () + (1)

(182)

where £(f) is an approximation to the distortion. The power spectrum
W(f) is the Fourier transform of the covariance (£, ;) where, as before,
subscripts 1, 2 refer to times ¢, ¢ 4+ =, respectively. By putting £(t),
—1k(t) for 8(f), ©(t) in equation (47), or directly,

(k) = 27" Re [—(kiko)e + (B5ka)]. (183)

It may be shown that

o0

(k) )uw = f du y(u) exp [a’(w)]

(ke = (o + [ du [ dovn®) esp 0/) + @)

-{exp [2¢/'(u, v, 7)] — 1}
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W) = | (oo '+ [ [ o) exp (@) + 0'0)]
fexp [~2¢/@, 0, )] — 1}
(184)
where
1 [ )
e, 7) = — [ Al WDh(= D) exp (i2fr)
a't) = ¢/, u, 0) (185)

', v, —1) =c'(v,u, 7).
Since A(—7) is equal to h*(f), a’(x) and ¢'(u, v, 7) are real. Furthermore,
¢'u,v,7) = —3R(r+u—1v) — R,(r — ) — R,(r +u) + E,(7)]
() = —R.(0) + R, (186)

where R, (7) is the covariance {(p(t)¢(t + 7)) of ¢(2).

The expression for (£ £). obtained by combining equations (183)
and (184) is similar to equation (8) of Ref. 10.

The power spectrum of £(¢) may be written as

W) = &. () + 27" Re [P() + Q) + P*(—f) + @*(—N]1 (187)
in which &, is equal to Im (k,).. and

P() = [ dr oxp [—i2nfrIl— 3k — R, -
- 188

= [ r o (—2em (D — | e )
Addition gives
P+ Q) = [ dr e (—izafn) [ au [ dvew @ + o)
() fexp (26,0, D) = 1

v y@) {exp [—2¢'(w, v, 7)] — 1}) (189

which, when used in equation (187), leads to an expression for W,(f)
which is similar to the main result given in Ref. 10 [equation (16) of
Ref. 10].
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The relation ¢’(u, v, —7) = ¢’(v, u, ) may be used to show that Q(f)
is real and P(f) is even. When v(u) is real, T(—f) = I'*(f), and the
expression for W,(f) may be simplified.

Expanding exp [£2¢' (%, v, 7)] in powers of ¢'(%, », 7) leads to

WD = & ) + i gi_gf_:dm f_:dpﬂ 8(f — pp— o+ — pa)
[H W*’(“):l [ 8oy ) — (S8 (—py ey =)
(190)

where, as in Appendix C for the unprimed S’s,
S,’.(Il y T In)

= fj du v(u) exp [a’(w)] ;.Ij [exp (—227ux,) — 1]
o0 _lj ] E-] i
= G, w4 5 T [T [T |
'S’(Pl y Ut Py TPLy TP, Ty ,LL',.).

The series in equation (190) is analogous to the series in equation (90)
for the more aceurate first order approximation based on ¢(f — u) —

®(f). The function S’(z,, --- , z,) is the analogue of S(z,, - , x.)
discussed in Appendix B and is defined by
Sy, o ow) = [ duyo TT )
— k=1
- [T e - .
k=1

The second equation is symbolic in that y* is to be replaced by T(2)
after expansion of the produect. It is shown in Appendix B that when
| T(f) — 1] < e < 1 for all real values of f,

S(-T‘l y T 'Tn) = S’(:El y Tt rxn) + 0(62)'
APPENDIX E

Power Spectrum of ad(t) + b In R ()

Section III states that an expression for the power spectrum W.(f)
of 2(t) = a8{) + b In R(f) may be obtained from equation (15) for
Wﬂ(f) by replacing U(f)! T(p: f_p)y and S(p: a, f—p—d') by (a'i'?:b) U(f):
(@ + ib)T{p, f — p), and (a + )S(p, o, f — p — o), respectively. Here
the steps leading to this result are outlined.
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From equation (6) for the complex phase angle @ () we have
O = In R(®) + 108(@),
and it follows that, for arbitrary real values of @ and b,
ad + bIn R(t) = Re [(a + ®)O{)].

Consequently W.(f) may be obtained by replacing O(t) by (a + b)O(f)
in the analysis which led to equation (15) for W,(f).

The functions A (r) and B(r) appearing in equation (48) are replaced
by (@ + b)*A(r) and |a + b |* B(r), and their respective Fourier
transforms P(f) and Q(f) are replaced by (a--ib)*P(f) and | a+1b |* Q(f).
Each factor in (@ + ) = (a + #b)(a + ) can be associated with
factors in P(f), and each factor in (¢ + 4b)(a + b)* with factors in
Q(f), in such a way that U(f) becomes multiplied by (a + 7b) and
U*(—f) by (a + b)*, and so on. This may be verified by repeating the
analysis of Sections VIII and IX with the modified expressions.

APPENDIX T
Results Obtained from the Series for In[1 + K(t)] may be Asymptotic

For gaussian ¢(f) with average 0 and rms value o, the following con-
siderations suggest that results obtained from equations (10) and (12),
namely

O = o) — 7 In [1 + K(8)]

I

(191)
= &) +i X7 [-KOr

represent the first few terms of an asymptotic series when ¢ — 0.
Since K (¢) is difficult to handle, we replace it by a[a’*’ — 1] where a
is somewhat like the integral of v(u) between — c and . The value
of this integral is 1, and we regard a as being near 1. The series for
In [1 4+ K(#)] behaves somewhat like the series

In (1 + afesp le(®] — 1) = — 5 S foxp lip(o] — 117 (192)
in which the mean square value of the modulus of the nth term is
f_ %“—Hn*m sin ¢/2]> de. (193)

When ¢ << 1 and 7 is not too large, most of the contribution to the
integral (193) arises from the region around ¢ = 0, and the integral is

approximately
1-3 --- (2n — 1)(ac)™/n’.
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Consequently, the first few terms decrease rapidly when ¢ < 1.
However, when 7 is very large most of the contribution arises from the
regions around ¢ = =, £3m, - -- , where [sin (¢/2)]*" is a narrow pulse
of height 1 and area 2(r/n)!. When ¢ < 1 only the regions around
¢ = =+ are important and the integral (193) is approximately

¢ 1203 2752(2)™ exp [— 12/ (26%)]

which tends to © when a is near 1 and n — .

The fact that the rms values of the terms of the series in equation
(192) decrease rapidly at first and then increase without limit suggests
that results attained from the somewhat similar series in equation (191)
may be asymptotic in nature as ¢ — 0.
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