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A broadband antenna is described with an elliptical beam suitable for
efficient illumination of the United States from a satellite in synchronous
orbit. The antenna s also suitable for use in terrestrial radio systems
above 10 GHz. It consists of a corrugated feed and two parabolic cylinders
that efficiently transform the circularly symmetric beam radiated by the
Jeed into an elliptical beam. Depolarization of the incident beam by the
two cylinders is very small and essentially independent of the angle of
incidence, which can therefore be chosen as large as required lo avoid
aperture blockage.

The performance is described of an antenna with a 5.8° X 2.9° elliptical
beam at 18.5 GHz. For any input polarization, the cross-polarized
component of the far field remains over the entire beam at least 33.5 dB
below the main component on axis. This cross-polarized component is
due in part to imperfections in the corrugated feed and in part to some
aperture blockage by the feed and depolarization by the cylinders.

A first-order analysis of the frequency dependence shows that the
beamwidths vary little with frequency for an antenna using a properly
designed feed and cylinders of sufficiently large apertures. As the frequency
18 increased from 18.5 to 29 GHz, the measured horizontal and vertical
beamwidth variations are +2.7 and — 14 percent, respectively.

I. INTRODUCTION

The suitability of corrugated feeds for use in reflector antennas of
revolution is well known.!* When this feed is properly designed, the
resulting far field of the antenna is a circularly symmetric beam
reproducing, in all directions, the input polarization of the feed. It is
shown here that this feed is also suitable for use with orthogonal

1351



cylinders, with excellent performance. Although the far field in this
case has a cross-polarized component resulting from depolarization by
the cylinders, this component is very small, negligible for most appli-
cations. An important advantage of cylindrical reflectors over re-
flectors of revolution® is that this cross-polarized component is essen-
tially independent of the angle of incidence, for incidence in a plane
orthogonal to the axis of the first cylinder. Because of this property,
aperture blockage can be eliminated by properly orienting the feed
without sacrificing the polarization properties of the antenna.

We describe the performance of an antenna consisting of two
orthogonal parabolic cylinders and a corrugated feed (Fig. 1). The
two cylinders transform the circularly symmetric beam radiated by
the feed into an elliptical beam. Thus, this antenna is particularly
suitable for applications requiring different beamwidths in the two
principal planes. One such application arises when a satellite in
synchronous orbit is required to efficiently illuminate a region of
approximately elliptical shape, such as the United States. Another
application’ arises in connection with terrestrial microwave radio
systems above 10 GHz, where an important limitation arises in the
use of antennas with very narrow beams, because of the finite stability
of the towers on which the antennas are to be mounted. In that case,
the choice of beamwidth in a vertical plane may be governed by the
maximum movement of the tower in heavy wind, and it may therefore
be desirable® to choose different values for the beamwidths in the two
principal planes.

In Fig. la the two parabolic cylinders are so arranged' that, if a
point source is placed at F in front of the first cylinder, a spherical
wave is transformed by the two cylinders into a plane wave. This
implies that the focal point F lies on the focal line of the first cylinder.
The spherical wave is therefore transformed by this reflector into a
cylindrical wave originating from a virtual line source behind the
reflector (see Fig. 1a). The second reflector, which is disposed so that
its focal line coincides with the line source, then transforms the
cylindrical wave into a plane wave. All this means that the rays from
F that are intercepted by the first cylinder become, after the two
reflections, parallel rays, i.e., rays focused at infinity. Because of this
property, it can be shown that if the two cylinders are of sufficiently

* The dpoln.nza.tlon properties of reflectors of revolution for oblique incidence are
discusse:

TRDFt.m]s of the geometry of the two cylinders and their transformations are given
in Ref. 4.
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oP, =d,
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(b)

Fig. 1—Double cylinder antenna (a) with feed removed and (b) with feed shown.
FPy = fi, FP, + P\P; = f5, FQ, = f; OP, = dy, OP, + P\P; = d,.

large aperture there is a simple relation® between the far field and the
field over the focal plane Z, which is the plane orthogonal to the feed
axis at F. More precisely, consider a plane 2, orthogonal to the beam
at a great distance from the antenna. To a first order, 2, and =, are
conjugate planes and therefore their field intensities can be determined
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accurately using the imaging laws of geometrical optics.* Since the
magnifications of Z; in the horizontal and vertical directions are
proportional to the focal lengths fi and f,, respectively, it follows that
the circularly symmetric field radiated on Z¢ by the feed is imaged
into an elliptical beam whose beamwidths in the two principal planes
have the ratio
_ I
r = 1. (1)
An important consequence of the relation of far field to focal plane
field is that, since the field distribution over the aperture of a properly
designed feed varies little with frequency and since the feed aperture
is normally placed close to the foeal plane, the beam of the antenna is
essentially frequency independent. This can be an important property
in many applications. We now derive the antenna characteristics under
the assumption that the wave transformation by the two cylinders is
efficient, i.e., that each cylinder intercepts essentially all the energy
incident on it.

Il. ANALYSIS

Throughout this section we assume that the feed radiates a narrow
beam. This implies that the radius a of the circular feed aperture is
much larger than the wavelength A,

ka > 1,
where & = 27/,

Suppose the wave incident on the first cylinder is a spherical wave
originating from the focal point F. According to geometrical optics,
this wave is transformed by the two cylinders into a plane wave having
the following characteristies.* If, for the incident wave,

E. =0, (2
then the resulting plane wave is vertically polarized; if, instead,
H. =0, 3)

then the plane wave is horizontally polarized. In the first part of this
section, we assume the former condition.

Since the feed radiates a narrow beam, consideration can be re-
stricted to the field in the paraxial region of the principal ray, which

* This result is derived in Ref. 6 for systems having rotational symmetry and is
extended in Appendix A to the asymmetric system of Fig. 2.
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Z=d,

Fig. 2—System consisting of a feed and two ideal cylindrical lenses.

is the ray that corresponds to the feed axis. The system of Fig. 1b
can then be replaced by the fictitious system of Fig. 2, consisting of
two cylindrical lenses of focal lengths, fi, fi. The lenses in Fig. 2 are
assumed ideal; they simply multiply the incident field by the phase
factors

_ik _ik Y.

exp( szl.z) and exp( szzy) (4)
The distances, di, dz, of the two lenses from the feed aperture are the
distance in Fig. 1b between the two reflectors and the feed aperture,

measured along the principal ray. We assume that the separation
dz — d; between the two lenses is equal to f, — fi,

dy —dy = fa— fu, (5)

so that the focal lines of the two lenses coincide. Then a spherical wave
originating from the point z = z,, where

Zn=d1—‘f1=d2—f2, (6)

is transformed by the two lenses into a plane wave. The rectangular
system of r, y, z coordinates in Fig. 2 has been chosen so that the feed
aperture lies in the z = 0 plane centered at x = y = 2 = 0.

The following correspondence exists between the two systems of
Figs. 1b and 2. Let s be a parameter measuring distance from the
center of the feed aperture along the principal ray of Fig. 1b. Then
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the field distribution over a plane normal to the principal ray at some
point s = &' is given by the field in Fig. 2 over the corresponding
plane z = §’. This correspondence is, of course, valid only in the
neighborhood of the principal ray.

2.1 Field for z— ©

Using the Fresnel diffraction formula,* a simple expression for the
far field is derived in Appendix A, relating the far field to the focal
plane field. Consider a plane z = z; at a great distance from the
antenna. Because of condition (5), the planes z = 2, and z = 2, are
conjugate planes. If o, yo, 20 and zi1, y1, 21 are corresponding points
over these two planes, it follows from eq. (32) of Appendix A that
Viifa E ( 1 )

1 v M,

| Ey(z1, Y1, 21) | — T

M.’ M,

) 7

where M. and M, are the magnifications in the zy-directions,

=0__ A =% __ 2,
M-'l_xn_ ,fl’ er_ yﬂ_ fﬂ (8)
Thus, the far field is given by the field over the focal plane z = z,.
Since in practice this plane is not too far from the aperture plane of the
feed, its field distribution can be determined accurately with little
difficulty, using the Fresnel diffraction formula or the procedure of
Appendix B.

2.2 Feed characteristics

The corrugated feed is a conical horn with circular symmetry. Its
aperture is illuminated by the fundamental mode of the horn, which is
a spherical hybrid mode? generated from a TE;-mode of a smooth
waveguide by a transducer’ connected to the input of the horn. Let
(0, ¢) be polar coordinates defined by = = pcos¢, ¥y = psin ¢ (see
Fig. 2) and assume the input TE;;-mode is vertically polarized. Then
we can show that the vertical component of the field over the aperture

* Fresnel’s formula is applicable provided the wave equation (k* + 8?/dz? 4 a%/9y?
+ a*/3z*)E, = 0 can be approximated by the parabolic wave equation (Ref. 7)

[k* + %(0*/0x* + 0*/ay*) 1By = —jkoE,/0z.

This approximation is justified in our case (we assume ka >> 1; f1, f2 >> a), since

the field radiated by the feed is made up of plane waves whose directions of propaga-

tion are mostly confined to a small angular region about the z-axis (Ref. 8).

B T Details of the feed and the transducer, which are of standard design, are not given
ere.
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is given accurately by the function
- - 0 P
v =) = Jow exp (k7 ), )
where J is the Bessel function of order zero and
=P
uw = a Ua,

Uqo being the first zero of Jo(u),
Jo(tao) = 0,  tUeo = 24048,

The factor exp [jk(p?*/2R)] in eq. (9) arises because the hybrid
mode illuminating the feed aperture has a spherical phase front with
radius of curvature R approximately equal to the length of the horn
from vertex to aperture. Equation (9) is true provided B> a, a
condition approximately satisfied in the experiment (R == 4.17 a).
Note that ¢ = 0 for p = a. This is due to the corrugated wall that
imposes to a good approximation the boundary condition

Es=Hy =0, (10)

where E4, H, are the components of E, H in the ¢-direction. Appendix
C shows that a consequence of this condition is that the field over the
aperture contains, in addition to the component E, = ¢(p), & small
component given accurately by

1 8,
As a consequence, the far field contains a small (undesirable) horizontal
component* that can be determined accurately by replacing the
system of Fig. 1 by that of Fig. 2. The amplitude of this component is
therefore given by a formula analogous to eq. (7) [simply replace
E, with E, in eq. (7)].

2.3 First-order polarization properties of the far field

The location of the feed is normally chosen so that its phase center,
the center of curvature P. of the phase fronts of the far field, coincides
with the focal point z = z, of the two reflectors. We assume this con-
dition. Consider first the ideal case B = «, in which P, is at the center

* Actually, E, also causes a small vertical component. This component is, however,
much smaller (for large ka) than the vertical component resulting from E, and can
therefore be neglected.
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of the feed aperture and therefore the aperture is placed in the focal
plane. Then, over this plane, E, is given by ¥ (p) and eq. (7) gives for
the far field

1B, - Y012 4], (12)
where
—NEEa  g=h Uk (13)

A relation identical to eq. (7) can be written for E,. Therefore,
since, for z = 0, E, is given by eq. (11),

”ffﬂ 1 Z'I’ Uf fﬂ 1 |&n " \V(v)
B atan 5 2_k’|72(‘b Q) _T)| (14)

We note from this relation that |E.| attains its maximum value for
£ = 9 = vo/VZ, where v, is the value of v for which |¢"'(v) — ¢/ (v)/|
is maximum. In the particular case of eq. (9), with 1/R = 0,

(5
N -

for v < a. We can verify that the maximum value of J; in the interval

v < a oceurs for v = a and is J3(U.0) = 0.431. Therefore, if C denotes

the ratio between the peak of |E.| and the peak of |E,| (the peak of

|E,| occurs on axis), using eqgs. (12), (14), (15), and (16), we find
0.6231

lElmﬂ_i Ua0
C [E Im“—‘i( k ) J?.( aﬂ)— (ka)g (17)

¥l = ) (15)

Uao

iV@—WmM=(?)

Next, consider the case 1/E ¢ 0 but, instead of considering the
distribution of eq. (9), assume that E, over the aperture plane z = 0

varies as
L T 18
EXP(_E)BXP(J]EEI_B)' (18)
Appendix B points out that, for
w == 0.6437a, (19)

this distribution represents fairly accurately that of eq. (9).
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The phase center P. (and, therefore, the focal plane) is now behind
the aperture of the feed, located ats.10

R

HETIF R/ (20)
and we can verify that, over the plane z = z,, E, varies as
2
wheref 10
2
wh b (21)

T 1+ (/AR
Since the maximum value of |y — ¥o/p| occurs for p = wy and is

" ' 4
I‘,’D _\bo/leu:ngn (22)

the ratio C between |E.; | mex and | E} | max is now given by

1

¢= e(kwo)?

(23)
To allow a direct comparison of eqs. (23) and (17), let us assume
1/R = 0 and w given by eq. (19). From eqs. (19) and (23) we get

_ 0.889

¢ = Thaye’

(24)
which gives values somewhat larger than eq. (17).

In the case of the experiment a =~ 2.35 ), R = 9.78 \. For these
values of @, R, from egs. (19), (21), and (23), we obtain, for C?, —44 dB.
This, of course, is only a rather crude estimate of the actual depolariza-
tion by the two cylinders (the mean square error in representing the
actual distribution (9) by means of (18) is almost 2 percent; see
Appendix B). For the present purpose, however, this estimate is quite
adequate, since in the experiment other effects such as imperfections in
the feed and some aperture blockage by the feed are found to be
predominant.

lll. EXPERIMENT

Two mirrors and a feed were constructed and assembled as shown
in Fig. 3. Their radiation characteristics were measured at 18.5 GHz.
The cylindrical surfaces of the two mirrors were milled to a tolerance
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Fig. 3—Double cylinder antenna with corrugated feed.

of about 1 mil. The parabolas generating the two cylinders have the
same focal length f = 12.919 A.
The feed, a corrugated horn with

ka = 14.76, R =417aq, (25)

satisfies the boundary condition (10) at 18.5 GHz, and therefore its
radiation pattern is essentially circularly symmetric.!? A measured
pattern is shown in Fig. 4. Figure 4 also shows the pattern calculated
for the gaussian distribution (18), with w given by eq. (19). The two
patterns are somewhat different, as expected, since the distribution (18)
represents only the fundamental term (m = 0) of eq. (35). A much
closer agreement with the measured pattern could be obtained from
eq. (35) by considering also the term relative to m = 2 (it turns out
that the term m = 1 is negligible), but for the present purpose the
accuracy of Fig. 4 is satisfactory.

If we consider only the fundamental term (18), the location of the
phase center P, and the beamwidth of the feed can be calculated
straightforwardly by using eqs. (20) and (47); the 3-dB beamwidths
of the antenna in the principal planes are given by eqs. (45) and
(46) of Appendix B.

The distance 2z, of the feed aperture from the focal point F was
chosen using eq. (20), in which case the phase center P, of (18) coin-
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Fig. 4—Radiation patterns of vertically polarized corrugated feed measured at
18.5 GHz in the ¢ = 45° plane for the main component ( )} and the cross-polarized
component, (—:—-— ) of the far field. The curve (———-) is the pattern calculated for
the gaussian distribution of eqs. (31) and (32).

cides with F. We can show, using eqs. (46) and (47), that under this
condition the beamwidths of the antenna are stationary with respect
to small displacements of the feed. The orientation of the feed with
respect to the first cylinder was chosen as follows.

When the angle of incidence x in Fig. 1 is 0, which is the condition
assumed in Ref. 4, the axis of the beam reflected by the first cylinder
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coincides with the axis of the feed. Because of the relatively large size
of the feed aperture, this condition (uz = 0) is undesirable, since a
relatively large fraction of the energy reflected by the first cylinder is
then intercepted by the feed aperture. Thus, in the experiment, a
relatively large value (36°) was chosen for x. For this value, the energy
blocked by the feed is small. Using the distribution of eq. (18), we

0
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8

F 5—Radiation patterns of vertically polarized double-cylinder antenna mea.-
at 18.5 GHz in the horizontal plane ¢ = 0 for the main component ( ) and
the cross olarized component (—-—-— ) of the far field. Curve (- —--) is the pattern
calcula.te from eq. (18? for the gaussian distribution of eqs. (31) and (32).
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can show that the field incident on the upper edge of the feed is about
—10 dB with respect to the field on the axis of the incident beam.

The first cylinder in Fig. 3 (14.91 X by 14.32 ) intercepts most
radiation from the feed; the illumination of its four edges with respect
to the illumination at the center is less than —16.5 dB on the upper
edge and less than —24.5 dB on the other three edges.

0
Y |
4
/ -
/ ¢ =900
-10
\
\
20 \1
; \
-30| \ A}
—40 —/\’/‘/"‘-\‘
™\ /_‘_,/’ \\
f " ,
. r~ \\ / N
N S
50 o 0 L1 1 \.I [ 1\.
120 100 go° 62 40 20 0 20 40 60 go 100 120

Fig. 6—Radiation patterns of vertically polarized double-cylinder antenna mea-
sured at 18.5 GHz in the vertical plane ¢ = 90° for the main component ( ) and
the eross-polarized component (—-—-— ) of the far field. Curve (-~ ——-) is the pattern
calculated from eq. (18) for the gaussian distribution of eqs. (31) and (32).
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Fig. 7—Radiation patterns of vertically polarized double-cylinder antenna mea-
sured at 18.5 GHz in the ¢= 45° plane for the main component ( ) and the
cross-polarized component (—-—-— of the far field.

The second reflector (44.77 A by 14.32 )\) is sufficiently large that it
intercepts essentially all the energy reflected by the first cylinder,
except for the energy blocked by the feed. The distances f1, f2 measured
along the principal ray between F and the two reflectors are* 14.282 A

* We can show (see Ref. 4) that
fi o

= 1_+ cos p

fr=2
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Fig. 8—Radiation patterns of vertically polarized double-cylinder antenna mea-

sured at 18.5 GHz in the ¢ = —45° plane for the main component ( ) and the
cross-polarized component (--—-— ) of the far field.

and 25.837 \. Since di = f1 + 20 and d: = f2 + zp, using eqs. (46)
and (47), we obtain for the beamwidths in the two principal planes

2, = 5.75°, 20, = 3.18°.

The measured values (Figs. 5 and 6) are 26; = 5.84° and 28, = 2.87°.

Figures 5 to 8 show the measured patterns in the principal planes
¢ =0, ¢ =90° and in the planes ¢ = 45°, ¢ = —45° In these
figures, ¢ is the angle from the beam axis. Also shown in Figs. 5 and 6
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are patterns calculated for the distribution (18). In all these cases,
the feed is vertically polarized ; the main patterns of Figs. 5 to 8 (the
solid curves) give, therefore, the magnitude of the vertical component
E,, in dB with respect to the field on axis.

The patterns for the horizontal component E. are given in Figs.
5 to 8 by the dashed curves. In the worst case, the plane ¢ = 45°, the

— =0
¢ =0

-20

1 \
a ~ e I'f‘ n I’\
f/\ i ‘I \[ \ i \,n‘
A N U |
A R TR R NN
oL |H|0 § i L \410' L1\ \Lu

Fig. 9—Radiation patterns of horizontally polarized double-cylinder antenna
measured at 18.5 GHz in the horizontal plane ¢ = 0 for the main component ( )
and the eross-polarized component (—-—-—} of the far field.
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ratio C' between the largest value of |E.| and the peak of |E,| is
—33.5 dB, which is approximately 10.5 dB larger than the value given
by eq. (23). This larger value of C is due in part to blockage by the
feed and in part to imperfections in the feed that were found to cause
a cross-polarized component in the feed radiation patterns with a peak
of approximately —41 dB (see Fig. 4). The effect of blockage by the

1]
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Fig. 10—Radiation patterns of horizontally polarized double-cylinder antenna
measured at 18.5 GHz in the vertical plane ¢ = 90° for the main component (——)

and the cross-polarized component (

) of the far field.
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feed was evaluated by measuring the variation of C with x. Decreasing
u from 36° to 31° caused an increase in C of approximately 3 dB.

The radiation patterns for a horizontally polarized feed are shown
in Figs. 9 to 12. The cross-polarized component now has a peak of
—35 dB in the worst case, the ¢ = 45° plane, which is about 1.5 dB
lower than the value measured for vertical polarization.

0 7
7 p=as0
—10
—20
o
a
—30 1 \
l’\l
AYa
a0 | N R WA
A HERVEAR
AW \
n \ f \
N ! [ \ 7/
‘ ! Il -~ ]
_=3|||;h11u I IR N N S
120 100 Bgo 60 40 20 4] 20 40 69 8 100 120
6

Fig. 11—Radiation patterns of horizontally polarized double-cylinder antenna
measured at 18.5 GHz in the ¢ = 45° plane for the main component (——) and the
cross-polarized component (—-—-— ) of the far field.
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Fig. 12—Radiation patterns of horizontally polarized double-cylinder antenna
measured at 18.5 GHz in the ¢ = —45° plane for the main component ( ) and the
cross-polarized component (—-—-— ) of the far field.

In all the above measurements, the frequency was 18.5 GHaz.
Measurements at 29 GHz were also made to determine the frequency
dependence of the two beamwidths 26;, 26.. At 29 GHz the measured
values of 26, and 26, with the feed vertically polarized were 26, = 6°
and 20, = 2.47°. Thus, 26, increased by only 2.7 percent, with respect
to the value measured at 18.5 GHz, while 20, decreased by 14 percent.
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This difference in the variation of 26, and 28; is due to the lack of
feed pattern symmetry as the frequency was increased. At 29 GHz in
the H- and E-planes, 26, was greater than 26;; by approximately
10 percent.

IV. CONCLUSIONS

Cylindrical reflectors are well adapted to efficiently generate an
elliptical beam from the circularly symmetric beam radiated by a
corrugated feed. Depolarization by the cylinders is negligible (10
logio C? < —40 dB, for a > 1.25 \) for typical feed diameters, and it
is essentially independent of the angle of incidence x which can there-
fore be chosen as large as needed to minimize aperture blockage.

In the experiment, blockage by the feed,* although small, was large
enough to cause some deterioration in C? The measured value of C?
in the worst case was —33.5 dB, approximately 10.5 dB higher than
the value given by eq. (23). This higher value was due in part to
certain imperfections in the feed.

A first-order analysis of the antenna was given in Section II. It
was pointed out that, if the feed aperture is located close to the focal
point F, then the beamwidths 6, and 6, vary little with frequency,
assuming that each reflector intercepts all the energy incident on it.
Simple approximate expressions [eqs. (45) and (46)] were given for
6, and @;. The measured values, 20, = 5.8° and 26, = 2.9° agree well
with the values given by those equations.
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APPENDIX A

This appendix derives the field transformation through the two
lenses of Fig. 2. Consider first the one-dimensional case of Fig. 13,
where it is assumed that E, is a function of only z, z,

E, = E\(z, z)e*=.

Let the problem be to find E, over the image plane z = z;, with E,
*The antenna considered here has an unusually large (=2.75) ratio of focal
distance to feed diameter (this is mainly due to the relatively large value required of

61). If & much narrower beam is desired, aperture blockage can be entirely eliminated
without difficulty.

1370 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1974



N

| |
' |
| |
. 1 i
I |
I |
[ |
| |

OBJECT PLANE IMAGE PLANE
(a)

————

OBJECT PLANE IMAGE PLANE
(b)

Fig. 13—Imaging (a) of one-dimensional field distribution by a cylindrical lens and
(b) of two-dimensional field distribution by two orthogonal cylindrical lenses.

given [by some function ¢:(z)] over the object plane z = z,,

Ei(z, z) = ¢1(x) for z = zo.
The distances d., and d.; between the cylindrical lens and object and
image planes are related by

1 1 1

4= 26

R A (26)
where f; is the focal length of the lens. The field immediately to the
left of the lens can be expressed in terms of the field on the object
plane z = z; using the one-dimensional form of Fresnel’s formula

which, for z < 2zp + d.1, gives

_ 1 = o (T — x0)?
EI(I; Z) m ,/’,-m El(Io, Zn) exp [ _Jkﬁ]dxn- (27)
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By multiplying the field immediately to the left of the lens by the

factor
2
exp (—jk Exﬁ ) ,

we obtain the field immediately to the right, which can then be used
(with the help of Fresnel’s formula) to determine the field over the
image plane z = 2z;. The resulting expression gives the result

_ i /d,;]_ (E ) . x? d:l
El(a’:]_, 21) = +J CE El ( d:z Ty, 20 ) €Xp (jk 2f1 Ez—z f (28)
as we may verify by using the procedure of Ref. 6.

Next, consider the two-dimensional case of Fig. 13b where fi, f2
now satisfy eq. (26) and

1 1 1
an + dn o (29)
and assume that over the plane z = z,, E, is of the type
Ey(z, 9, 2) = 1(x)2(y)ei=, for z = z,. (30)

Then, using the two-dimensional form of Fresnel’s formula we find
that for any z > 2z, the distributions of E, in the 2- and y-directions
can be treated separately, and each distribution can be determined
using the one-dimensional form of Fresnel’s formula. More precisely,
B, can be written in the form

Ey(z,y,2) = Ei(z, 2)Ea(y, 2)e*, (31)

and the relation between E,(z,z) and E.(z, 0) [or between E;(y, z)
and E:(y, 0)] can be found considering the one-dimensional problem
of Fig. 13a (replacing, in the case of E,, d.1, d.s, f1 in Fig. 13a with
dy1, dy2, f2). Thus, using eq. (28), we find

E x1, , 2 e-:'ku J— dzldyl _ g:_:} _ iq_‘l
+(Z1, Y1, 21) 4 ’dzgdygE” ( il i S
o (2 % Yexp (30 L1 )
exp (Jk 2f: dut ) exp (]]C 32 dys (32)
Note that, because of eqs. (26) and (29), the object and image
planes (z = 2z, and z = 2, respectively) are conjugate planes. All rays

emanating from a point (z,, ¥o) in the object plane intersect each other
at the conjugate point (z;, ¥1) in the image plane where z, and y, are
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related to z, and yo by the magnifications

I dao dy2
=2 =% and M, = Guz,
Zo dz1 an yu dy
Equation (32), derived for the particular case of eq. (30), is valid also
for arbitrary E,(z, y, z0), as may be seen by writing E,(z, ¥, 2,) in
the form

Ey(z,y,20 = 2 Amn‘t’lm(x)\bﬂn(y)e"k"’, (33)

and then applying eq. (32) to each term of this expression. Equation
(32) can also be derived using eq. (15a) of Ref. 7. If one conjugate
plane, z = z,, is in the far field, eq. (32) gives eq. (7).

APPENDIX B

In this appendix the field radiated by the corrugated horn is repre-
sented in terms of Laguerre-gaussian modes of propagation.’® Let the
truncated Bessel function

Y = IJD('”); Iul Uao (34)

0, I’LL' > Uao

be developed into Laguerre-gaussian functions

2
up—ZBL ( )exp( 21;2), (35)
where L., are Laguerre polynomials,

Ln(z) = (e zpn), (36)

n'd

and % is a parameter whose optimum choice is, for the present purpose,
that which maximizes the ratio

B
ﬂ = @™
> Bi
0
We can show that % is maximum for
% = 1.09549, (37)
and that
7mex = 0.9811. (38)

We therefore assume this particular value of .
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We now derive the field E, for z > 0 subject to the boundary
condition

By(2,,0) = Yexp [ 4 5t 2+ 47| (39)
for z = 0. We assume that Fresnel’s formula is applicable, which

implies that the wave equation (4%/d2® + 8%/dy* + 08%/92* + KO E, = 0
can be approximated by the parabolic wave equation

[k* + 3(9*/0a* + 0*/0y*) ]E, = — jkoE,/ dz.

We can verify that the solution of the parabolic wave equation that
satisfies the above boundary condition is given by!°

Ey(z, y, 2)
= gits Z: BuCnLnm ( k_(sz+_y2) ) exp [ LAy y’)] (40)

where C,,, 4, and ¢ are functions of 2,

qg=q(z) = q0) + = (41)

Zl —IM ( ;) (42)
2z " 1 m+}

Cn = o[22 ;‘—’(0)* ’ (43)

A

1
OR
and Ay = A for z = 0. The complex beam parameter ¢(0) appearing in
these formulas is determined by the feed characteristics,

1 o1 kuag
?© = 7 (hayt @ 3

We can verify by means of eqs. (35) and (40) to (44) that E, satisfies
condition (39) for z = 0.

In the experiment, the focal plane is behind the aperture of the
feed. In this case, to derive the far field using eq. (7) we have to
consider not the field radiated by the feed in the half space z > 0, but
its virtual extension into the half space z < 0. We can show, however,
that eq. (40) is valid also in this case (i.e., for z = zp < 0).

According to eq. (38), 98.11 percent of the total energy radiated by
the feed is caused by the fundamental gaussian mode (18), which is
the term m = 0 of eq. (35). Therefore, the horn is an efficient gaussian

(44)
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beam launcher, and a rough estimate of the radiation characteristics of
the feed and the antenna can be obtained considering only this m = 0
term. In this case using eqs. (7) and (8) we obtain, for the 3-dB beam-
widths 26; and 26: of the antenna in the two principal planes,0.1

2%, = V21n “’7: (45)
2, = V2 1n % (46)

with w, given by eq. (21). The beamwidth 26, of the feed pattern is'
26, = 2 \21n 2. (47)
mTWo

The distance zo of the phase center from the feed aperture is® given
by eq. (20).
The spot size* of the gaussian beam at the horn aperture is"

w=,/@=ﬂ(@)ﬂ=~o.6437a. (48)
™ Uao
APPENDIX C

Derivation of Eq. (11)7

It can be shown!? that the far field of the feed of Section 2.2 has,
because of boundary condition (10), the following property: If the
far field is transformed into a plane wave using an optical system of
revolution centered around the feed axis, then the resulting plane
wave is vertically polarized if the input of the feed is vertically polar-
ized. We now show that this property implies condition (11).

Consider an optical system of revolution centered around the
z-axis, and let (p, ¢) be polar coordinates defined by = = p cos ¢,
y = psin ¢. Consider an input ray entering the optical system with
direction parallel to the axis of symmetry and with polarization
characterized by unit vector e,. Let the meridional plane defined by
this ray be the plane ¢ = ¢, (see Fig. 14). Because of the symmetry
of the system, this ray will be transformed into an output ray leaving
the system in the same meridional plane ¢ = ¢o. Therefore, if
(kz, ky, k) is the wave vector characterizing the direction of the output
ray and 6, is the angle between (k., ky, k.) and the z-axis (see Fig. 14},

* })ot size is defined (Ref. 10) as the radius at which the field amplitude drops to
1/e of its value on axis.
T See Chapter VI of Ref. 12 for a justification of the approach used in this derivation.
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o // PLANE ¢ = ¢y
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INPUT i
PLANE AXIS OF
SYMMETRY
OUTPUT
PLANE

Fig. 14—Transformation by an optical system of revolution of an input ray incident
parallel to the axis of symmetry.

then
k: = —k sin 6; cos ¢q
ky =—Fk Sill 61 sin ¢o (49)
k. = k cos 8.

Now if e, is a unit vector characterizing the polarization of the output
ray, there is a simple relation between e; and e, that can be obtained
as follows. The ray in question, as it passes through the system,
describes a plane curve since it remains in the plane ¢ = ¢o. It im-
mediately follows that if e, lies in the plane ¢ = ¢, then e; must lie in
this plane also, while if e, is orthogonal to it, then e, is also. In other
words,

€1 = 'iqb if €y = 'L'¢

er = cos 017, + sin 017, if ey = 1,

where 7, and 7, are unit vectors in the ¢, p-directions. From these two
relations it follows that, if the input ray is polarized in the y-direction,

ey = sin ¢oi, + COS oty

then
e1 = sin ¢o(cos 617, + sin 812.) + cos ol (50)

Now the field along the output ray can be written in the form
E = e1Aef"’,
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where A is approximately constant and

¥ =k + ky + k.2 (61)
We now determine the z, y-components of E using eq. (51) and the
relations 7,4 = €08 ¢y, 14-4: = —SiN o, 1,2y = SIN o, 14°%y = COS o

The result is
E. = sin ¢, cos ¢g(cos 8; — 1)Ae#¥
E, = [1 + sin® ¢o(cos 61 — 1)]Ae¥.

From these relations and egs. (50) and (52), we can verify with little
difficulty that for small 8,
sip.22 6, it o 1 &E,

E,E—Sinqbgcosm :Waray

(52)

Now we assume that the angle 61, which is a function of the distance
po of the input ray from the z-axis, remains small for all p,. Then,
according to eq. (53), a plane wave polarized in the y-direction is
transformed by the optical system into a wave satisfying eq. (11).

Equation (53) was derived by ray optics that apply in the far
field of the feed. However, if a differential relation such as (52) holds
in the far field, it must hold everywhere (e.g., in the aperture plane
of the feed horn).
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